o UNIA EUROPEJSKA
KAPITAL LUDZKI ‘a‘g EUROPEJSKI
NARODOWA STRATEGIA SPOINGSCI PO“[(‘ChﬂikEl Wror:fawska FUNDUSZ SPOLECZNY

ROZWOJ POTENCJALU | OFERTY DYDAKTYCZNEJ POLITECHNIKI WROCtAWSKIEJ

Wroctaw University of Technology
Civil Engineering
Dariusz t.ydzba

EFFECTIVE PROPERTIES
OF COMPOSITES
Introduction to Micromechanics

Wroctaw 2011

Projekt wspétfinansowany ze srodkdw Unii Europejskiej w ramach
Europejskiego Funduszu Spotecznego



Wroctaw University of Technology

Civil Engineering

Dariusz tydzba

EFFECTIVE PROPERTIES
OF COMPOSITES

Introduction to Micromechanics

Wroctaw 2011



Copyright © by Wroctaw University of Technology
Wroctaw 2011

Reviewer: Tomasz Strzelecki

ISBN 978-83-62098-48-4

Published by PRINTPAP L6dz, www.printpap.pl



Contents

PREFACE

1. MICRO-MACRO PASSAGE
1.1. Methods of weight and volume averaging

1.2. Continuum micromechanics

2. ANALYTICAL METHODSOF ESTIMATING THE EFFECTIVE
PROPERTIES

2.1. Diffusion Problem
2.1.1. Single inclusion solution
2.1.2. Maxwell approximation scheme
2.1.3. Mori-Tanaka approximation scheme
2.1.4. Self-consistent scheme

2.2. Elasticity Problem

2.2.1. Single inclusion solution
2.2.1.1. Spherical inclusion
2.2.1.2. Eshelby’s tensor for particulate shageslipsoidal inclusion
2.2.1.3. The strain localization tensor for parite shapes of ellipsoidal inclusion
2.2.1.4. Isotropization of the strain localizatiensor

2.2.2. Mori-Tanaka approximation scheme

2.2.3. Self-consistent scheme

3. NUMERICAL DETERMINATION OF THE EFFECTIVE

PROPERTIESFROM DIGITAL IMAGESOF MICROSTRUCTURE
3.1. Microstructure descriptors

3.1.1. Numerical estimation of 2-point probabilityiction

from digital image of microstructure

3.1.2. Microstructure reconstruction based on 2vppiobability function
3.2. Minimum RVE size

3.2.1. Numerical determination of minimum RVE size

3.2.2. Evaluation of sample size

3.3.Procedure of numerical estimation of effective properties

4. FINAL REMARKS

REFERENCES

98

99



Preface

A common feature in mathematical formulations of mechanical behavior of solid
material is an explicit assumption of that the material is homogeneous within itself.
Apparently, in real materials, given their discrete structure, the presence of
heterogeneities and discontinuities is evident at the level of grain clusters and/or
microcracks. In this context, the postulate of homogeneity must be understood in a
broader, more abstract sense and should be applied only with respect to the natural scale
of observation.

The homogeneity of material is understood in a statistical sense; i.e., in a homogeneous
system the local arrangement of grains/microcracks is said to be invariant with respect to
translation. In other words, the mechanical as well as geometric properties of grain
clusters/microckracks, are independent of position relative to the chosen frame of
reference.

For materials that in the actual scale of observation may be considered as statistically
homogeneous, it seems natural to employ smoothing techniques to develop descriptions
that are similar to those used for homogeneous continua. Indeed, the existing
experimental data indicates that for a material containing a large number of
heterogeneities, the response at the macro-level is virtually the same, in an average sense,
as that of a homogeneous body. Thus, in order to solve a boundary value problem
formulated for a material with a sufficiently large number of inhomogeneities, the notion
of ‘equivalent’ continuum is introduced whose average macroscopic response is
synonymous with that of the original material. In other words, from an engineering
perspective, the material is considered to be homogeneous on the macro-scale. In civil
engineering, this approximation forms the basis of vast majority of numerical approaches
employed in engineering practice.

The primary objective of the homogenization method is to define for a given
heterogeneous medium, which possesses the property of statistical homogeneity, an



‘equivalent’ homogeneous material that has the same ‘average’ properties. In other
words, the homogenization approach is aimed at establishing an equivalent macroscopic
description of a given physical process based on the description of the same phenomenon
at the level of micro-inhomegeneities.

There are two distinct approaches in formulating the homogenization problem (e.g.
Refs. [1,2]). The first methodology incorporates the notion of representative volume
element (RVE) and is based on volume averaging of the basic field variables. As a result,
the fields that are strongly discontinuous at the level of inhomogeneities undergo
‘smoothing’ through the process of volume averaging. Thus, this approach is often
referred to as a smoothing method or a micromechanics. The other methodology is
known as the mathematical theory of homogenization. In this case, the mathematical
transition from micro- to macro-level is accomplished by introducing a scale parameter
& >0, which is associated with a characteristic dimension of inhomogeneity (i.e. average
pore size), and imposing the requirement of ¢ — 0. The formulation that is obtained in
the limit corresponds to the macroscopic description for an equivalent homogeneous
continuum.

In this book, the basic principles of homogenization technique are reviewed with
emphasis on application to problems related to civil engineering. In order to distinguish
between different scales employed, the description developed at the level of
inhomogeneities is referred to as microscopic, while that corresponding to equivalent
continuum is termed as macroscopic. Similarly, the physical field variables employed at
the micro-level are referred to as micro-fields, while those at the equivalent continuum
level as macro-fields (e.g. micro-stress/strain vs. macro-stress/strain tensors, etc.).
Special attention is paid on the methods of effective properties estimation. Two different
approaches are presented, i.e. methods based on a single inclusion solution called as
analytical methods and numerical estimation of effective properties from a digital image
of microstructure.

Throughout the book an index notation with Einstein convention is used that the
repeated indices indicates summation from 1 to 3. An example of the notation used is
presented below:

X6, = X8 +X,8, + xe,
Cy&; =01,6,10,,6, 03,6, =

=06, T 0, T 06 +

T8y T 08y 058, +

+03,85, T 03,85, + 03385



CHAPTER 1

Micro-Macro Passage

The basic assumption in the homogenization approach that is perceived as a smoothing
method, is the postulate of the existence of a representative volume element (RVE). The
latter is defined as the smallest volume that contains all the essential information required
to describe the structure and properties of the material on the macro-scale [3].

In order to take into account the statistical nature of the microstructure of random
heterogeneous media, RVE must be large enough to be statistically representative, i.e. it
must include all elements of a microstuctural arrangement. This implies that RVE should
contain a sufficiently large number of inhomogeneities, such as grains, inclusions, voids,
microcracks, etc. [4]. At the same time, RVE must be small compared to entire volume of
the considered material so that the equivalent medium may be defined as macroscopically
homogeneous.

The transition from micro to macro-scale is based on the averaging operation. If u(Y)

is the considered physical field in micro-description, then the associated macro-field is
represented by its average over RVE, i.e.

(u)(X)= j u(Y)Ym(Y = X)dv (1.1)

Vrve

In eq. (1.1) two sets of coordinates are engaged; X :(xl,xz,x3) - defining the location
of the centroid of RVE and Y =(y,,,,y;) specifying the position of a material point
within RVE. Clearly, both these spatial coordinates X and Y describe the same



geometric domain (Fig.1.1). Furthermore, m(Y) is a weight function and integration is
carried over the elementary volume Vg .

b b i e

X Y

Fig.1.1. Schematic view at averaging process

In physical terms, the averaging (1.1) implies that to each material point X (i.e.
centroid of RVE) a physical field is attributed that represents the average, with weight
m(Y), of the original micro-field. If the material contains a number of phases, e.g. solid
skeleton with voids filled with a fluid, as a result of averaging a hypothetical equivalent
continuum is created that has a homogeneous structure, i.e. each point contains all phases
simultaneously (Fig. 1.2). Furthermore, it is clear from (1.1) that in the smoothing

process two families of variables are employed, i.e. macroscopic variables <u> describing

the equivalent continuum and the microscopic variables u(Y) that define the state within
RVE.

The weight function m(Y)must be selected in such a way that all macroscopic variables
have a clear physical significance, i.e. they are measurable from experiments conducted
at the macro-scale. Note that if the weight function is a constant and has the value equal
to 1/Vgy, then the macro-variable is identified with the volume average of the

corresponding micro-field. In case of density, for example, such an average is physically
justified. However, when the stress field is concerned, the macroscopic variable should
represent the force per unit area, so that it should be taken as the average of microstress
per unit area. Similar situation arises in case of fluid flow through porous media. Here,
the macroscopic variable should represent the flux, i.e. the averaging should be
conducted over the area.



Equivalent homogeneous medium
Overlapping continua

continuum
Multiphase medium solid phase

continuum
liquid phase
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L solid liquid

| Smoothing method |

Fig.1.2. Schematic of a smoothing method

The micro-macro transition, i.e. development of a macroscopic description from that at
the micro-level, consists of transforming the latter, through appropriate averaging
procedure, into a framework in which only the macroscopic variables are employed. In
what follows, two basic smoothing techniques are reviewed. The first one is typically
applied to analysis of flow in porous media, while the second one is representative of



problems involving specification of equivalent mechanical properties of heterogeneous
media.

1.1 Methods of weight and volume averaging

In mechanics of multiphase media, the most commonly used smoothing techniques are

the weight and volume averaging (see Refs. [5-8]). Let us examine first the weight
averaging approach, as the other one is a particular case of it.

, \ D(X)
\ }
\\ / X2=
\\ ,/ Y.
x./ Do) 2
m(y)
y
fe >
D(0)

Fig.1.3. Change of the observation scale by the spatial
convolution with a weight function m(y)

Let m(Y)be a positive even function, with compact support in D(0), such that (Fig. 1.3)
[ m(r)av =1 (1.2)

D(0)
By definition, the macroscopic quantity < g“> associated with a given microscopic field

g“(Y) is the convolution with respect to the spatial variable

m(g*)=(g*)= [ n(¥) g“(Y) m(Y-X)av (1.3)



where /“(Y)is a characteristic function for the phase «, occupying the volume

V., Vg » defined as
he (¥) = 1 for YeV, (1.4)
o for Yev, ’

The transformation laws governing the ‘micro-macro’ transition are the consequence of
definition (1.2) and the standard rules of differentiation. The derivation, in case of a two-
phase medium, is provided below.

Consider a medium containing two distinct phases ¢ and £, whose distribution is

defined by the characteristic functions #*(Y), h”(Y). Denote by w(¥) the microscopic

variable to be transformed to macro-level and assume that

h oy (Y)=y“
(//(Y): p p (1.5)
h w(Y)zx//
According to definition (1.3)
a s
m*[a‘"j: | {h"a'//+hﬁaw}m(Y—X)dV (1.6)
o D(x) ;i ;i
The right-hand side of eq.(1.6) may be expressed as
[ {haa'/’ w }m(Y—X) av
p{x) Vi Y,
o (Y-x ow’ m(Y-X
{ha l// m ) hﬂ d m( )} (17)
oy,
om(Y-X
_ {h”z//"+h/‘ v’ m(Y=X) 4
D(X) 6‘y,

Applying now Green’s theorem to the first of the integrals on the right-hand side of (1.7)
leads to
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a B
| {haa“’mﬂa"’} m(Y-X) av

D(x) Y, ;i
= [y m(Y=X)nzdS+ [y m(Y-X)nldS+
A% 4P
(1.8)
+ [ [v =y’ Jm(y-x)n?ds -
rof
- _[ {h”’ v+ 1//”} 78m(Y—X) dv
p(X) oy,

The geometric parameters employed in (1.8) above, are schematically shown in Fig. 1.4a.

In particular: 4%, A” are the boundaries of the region D(X)that belong to individual
phases @ and fB, respectively; 7" is the interphase boundary; »”,n” are the unit
vectors normal to A%, 4”7, respectively, and n® is the unit normal to the interphase

boundary. Note that the latter, i.e. 7, is directed towards the phase S.

The integrals over A%, A” are both identically zero. This is because the weight function
m(Y — X) has compact support in D(0), so that m(Y — X) =0 for all points that belong to
A“ and A’ . Thus, in view of (1.6) and (1.8), the following rule applies

m*[ZZj: [ v = v’ ]m(y-x)n?ds

rof

- I {ha v +h? y/ﬂ}
D(X)

om(Y-X) (9

oy,

i

dv

Let us define now the partial derivative of m#*y with respect to the macroscopic
spatial variable x;. Again, according to the definition (1.3), there is

0 a b BB
- [ {nw sy m(y=x)av (1.10)

i D(X)

a%(m*(,/):

In this case, the partial derivative of volume integral over a variable domain needs to be
evaluated; i.e. as X — X +dX the domain D(X) moves to a neighboring D(X +dX),

Fig. 1.4b. Such a derivative is defined as (see Ref.[9])

11



Fig.1.4. Representative elementary volume of two-phase medium considered (a),
geometrical interpretation of partial macroscopic space derivative (b),
geometrical interpretation of partial time derivative (c)

0 1
—(m*y)=lim — Wy + b y?lm(Y-X) dv
L) =tim, o {D(X[ X m(y-x) .

R m(Y—X)dV}

D(X)

In general, there are two distinct contributions to the difference on the right-hand side of
eq.(1.11); one over the region that is common to both D(X) and D(X +dX)and one

where they differ [9]. The former contribution is

12



}MdV (1.12)

I { VAR L
p{x) x;
The latter contribution comes from the value of w(Y)m(¥Y—X) on the boundary

multiplied by the volume swept by boundary particles during the translation dX . The
displacement of a point on the boundary of D(X) is dX ; thus, the volume swept by

particles of a surface element dS is dV =dx, n,dS . The contribution from the region

D(X)UD(X +dX)-D(X)ND(X +dX) is therefore equal to

jy/ m(Y - X) ”dS+_[1// m(Y - X) n’ds (1.13)

s

so that eq.(1.11) becomes

0 (mry)= [ {hyeen’ ﬂ}am(ny)dm
& ol) o (1.14)
+ [y m(Y=X)nfdS+ [y’ m(Y-X)nlds

Again, the integrals over A%, 4” are both identically zero as the weight function
m(Y — X) has compact support in D(0). In addition, there is
om(Y-X)  om(Y-X)

1.15
ox, oz (1
which allows to express the relation (1.14) in an equivalent form
0 v om(Y-X
- —(mry)=- j {hy +h/’y/ﬂ}(ay)dV (1.16)
D(X) i

Comparing now eqs. (1.16) and (1.9), the first ‘micro-macro’ transformation rule is
obtained for the weight averaging scheme, i.e.

13



The second transformation rule is the relation between the averaged value of the time
derivative of w and the partial derivative with respect to time of the average value of /.
Note that

a B
m*(a—l//]: | {h"aWJrhﬂaW}m(Y—X)dV (1.18)
o) i at ot
while
° (m*,,,)zﬁ [ {nye sy} m(y-x)av (1.19)
at o i)

In this case, in contrast to (1.10), the integration domain remains fixed, while the phase
distribution in D(x,), described by characteristic functions /4“and 4”, undergoes the

evolution, Fig.1.4c. By analogy to the former case involving representation (1.11), two
distinct contributions can be identified to the derivative (1.19). The first is the
contribution from the region that is common to both phases, i.e.

j {h”’ [y m(y-x)]+n 6[1// m(Y - X)J}dV (1.20)

D(X)

while the second is the contribution from moving boundaries, i.e.

jwm (Y=X) v nedS+ [y’ m(Y=X) v/ nlds
ya

] T Dmlrx) s

rof

(1.21)

Here, v*,v” are the velocities of 4%, 4” and v refers to the velocity of the interphase

boundary.

Since the boundary of D(X) = A%(f) U A1) = A%t + di) U A%t + dr) is now fixed,
Fig.1.4c, the volume swept by boundary particles over dt is equal to zero, so that
vin®dS =v/nfdS =0. Thus,

(jt(m*l//) (j){has[v/ m(Y-X ]+h'5 a|:l// m(Y - X)J}dV
D(x (1.22)
+.[ [1// -y ] Y- X) v n?ds

rob

14



Furthermore, the weight function m(Y — X) is independent of time, so that eq.(1.22) can

be expressed in the form

m*z// I { x// +hﬂ§t }m(Y—X)dV
D(X (1.23)
+.[ W z// m(Y=X) v ndS

ref

Comparing now egs. (1.23) and (1.18), the second ‘micro-macro’ transformation rule is
obtained for the weight averaging scheme, i.e.

0 0
m (B‘/t/) a(m*y/)—iﬂ (1// -y )n v/ m(Y-X)dS (1.24)

For a special case, when the weight function is constant and equal 1/V,, within a
sphere of volume V. while it vanishes outside this sphere, the transformation rules

(1.17) and (1.24) reduce to a form that is representative of spatial averaging (see Ref.

(10D

a4 a b a_y By b
<5yl> é’x<l//>+V [ W —y”)n?as

REV o

wN_ PN L @ _ By g P
<5t>—at<w> — [ oy vas

REV aff

(1.25)

Note that in this case the weight function is said to be discontinuous at the boundary of
D(X). This, however, has no implications on the spatial averaging rules. Indeed, the
transformation rule for the time derivative (1.24) was obtained without imposing any
restrictions on the value of the weight function along the boundary. At the same time, the
derivation of the spatial derivative (1.17) employed the condition of vanishing of the
weight function at the boundary of D(X), viz. egs. (1.9) and (1.16). Comparing,
however, the earlier representation (1.8) with the corresponding form (1.14), it is evident
that the transformation rule (1.17) holds good without invoking the constraint of
vanishing of the respective surface integrals. Thus, the discontinuity of the weight
function does not affect the structure of the micro-macro transformation in the spatial
averaging approach.

Summarizing, eqs. (1.17) and (1.24) are the basic transformation rules for a transition
from micro- to macro-scale that employs the weight averaging approach, i.e.

15



m*(awj:a(m*w) + [ (v’ n”

ay i axz l-oz,/)‘

m*[‘l//j:ﬁ (m
ot ot

rof

m(yi _xi)dS

W)= | (v ) v m(y—x)as

At the same time, eqgs.(1.25) give the rules corresponding to the volume averaging

scheme, i.e.

oy, ox, REV aff
[ AN a_ By pab
< ot > ot <l//> Veev F'Li W=yt &

<a"’> =) [ -y s

v¥ds

The transformation rules specified above define the averaging procedure only; i.e. they

do not incorporate any information on the interaction between RVE and the rest of the

body. As a consequence, the micro-macro transition cannot, in general, be fully described

by employing these relations alone. This is illustrated below by an example in which an

attempt is made to transform the local microscopic description of a flow of an

incompressible viscous fluid in a rigid porous medium using the transformation rules

(1.25).

The microscopic description incorporates the following governing equations:

- incompressibility condition

- kinematic constraint along the solid-fluid interface

v, =0 on I”
- equilibrium requirement
oo,
—+=0 inV,
oy,

16

(1.26)

(1.27)

(1.28)



- constitutive relation

5 ov, 5\’, .
0, =—po;+ I a—,+6—yl in V, (1.29)
In the equations above, Vyis the volume of fluid in RVE, v, is the fluid velocity, p is the
fluid pressure and g is the viscosity coefficient. Employing now the averaging scheme

(1.25) in relation (1.26), together with (1.27), gives the macroscopic form of

6<w>
Ox;

Apparently, eq.(1.30) is a standard constraint for an incompressible continuum. Applying

incompressibility condition, i.e.

=0 (1.30)

the averaging procedure to equations of static equilibrium yields

5<"fz’>

ox,

1
o — [o,n ds=0 (1.31)

REV I

while the averaging of the constitutive relation (1.29) gives

(o)) ==(p)o, +u [6<V>+6<v>j (132)

ox, Ox;

Finally, substituting eq.(1.32) as well as (1.29) in eq.(1.31), and employing the
incompressibility condition (1.30), yields

Ox, ayj 6)}1

J REV I

0:—M+yV§<vj>+%f li—pé;j-ky[avi +6fo n dl (1.33)

It is apparent that eq.(1.33) contains not only macro- but also micro-variables. Thus,
without additional assumptions, the averaged form (1.33) cannot be perceived as a
macroscopic description. The reason behind it is the lack of hypothesis that would define
the response along boundaries between RVE and the rest of the medium. Therefore, the
averaging scheme alone leads to a macroscopic equilibrium statement that incorporates
unidentified terms responsible for the interaction between constituents; such as the last
term in representation (1.33).

17



In order to complete a transformation between different observation scales, the
microscopic description needs, in general, to be supplemented by suitable boundary
conditions at the peripheries of RVE. These conditions should reflect, as closely as
possible, the actual state of RVE within the considered medium (cf. [11]).

Incorporation of specific boundary conditions in the local description is often referred
to as a ‘closing hypothesis’. It allows isolating RVE from its environment and, thus,
narrowing the scope of analysis to the examination of mechanical characteristics of RVE
alone. Furthermore, the specification of boundary conditions for RVE allows to define
appropriate ‘localization laws’, i.e. relations between macroscopic variables and their
micro-counterparts, for a given microstructure of the material.

For composite solids, the simplest and most frequently employed closing hypothesis is
the assumption of uniform stress/strain state. However, such a hypothesis is justified only
when the size of individual inhomegeneities is small compared to dimensions of RVE. In
case of periodic media, i.e. when the material structure can be reconstructed based on a
single RVE cell, the boundary conditions incorporate the local periodicity of the
considered physical fields.

18



1.2. Continuum micromechanics

As mentioned earlier, the applicability of wietilyolume averaging alone is limited due
to the absence of boundary conditions between RNE the rest of the body. The
specification of these conditions supplements thera¥description and leads to a
boundary value problem which, in turn, allows fantsition from micro to macro-level.
This is illustrated by an example that is provitetbw.

Consider diffusion process in a micro-hetenegris solid material. Assume that the
solid matrix contains several constituents thaehdifferent coefficients of diffusion. Let
the distribution of constituents be random andrtteglium be statistically homogeneous
on the macro-scale. The micro-description of tlitisiion process is based on:

- Fick's law, which assumes a linear relation betmvehe mass flux of the diffusing
substance and the concentration gradient, i.e.

8 Cu

q;\ — _Du z in Vu (134)
9y,
- the conservation of mass
0C" [ 94! _y i yo (1.35)
ot 0y,

In the equations above, the indexrefers to a given constituent. Thdé&] is the volume

N
occupied by this constituent in RVE, so thaf,, => V* and a=12,.N.

a=1
Furthermore g is the mass flux of the diffusing substan€¥, is the concentration and
D is the coefficient of diffusion in constituemt. The flux is said to be continuous at
the interfaces between the constituents.

Applying the spatial averaging rules, describethim preceding section, eq.(1.35) can be
written as

(C) , 9{a) _
TRl =0 (1.36)
where
(a) = <D" %—fj> (1.37)

19



Note that without specifying the boundary conditions at the peripheries of RVE, the
average flux(qi) cannot be expressed as an explicit function of macroscopic variables

(C) and x .

In order to formulate the boundary conditions, note that sifi¢e) =(C) and

<%C > = 86(O> , the concentration of the considered substanceygp@int within RVE
Yi T,

can be defined as

) c

C o (y, —z,)+{(C)+C (1.38)

Here, the indexa has been omitted as the concentration is defined as a function of
position within RVE, i.e.C=C(Y~X). The coordinateg specify, once again, the

location of the centroid of RVE, whil€' = C (Y — X) is referred to as corrector. The
presence of corrector function in (1.38) is the result of the heterogeneity of solid matrix;
for a homogeneous mediudi (Y — X) = 0, while for an inhomogeneous one there is

<5(Y — X)) = 0. The latter constraint can be formally obtained by averaging (1.38) and
noting that(y, — z,) = 0.

Now, the boundary conditions for RVE are typically formulated by assigning specific
values to corrector or its gradient. For a periodic structure, the periodicity of corrector
function is postulated; whereas for random media, the vanishing of the corrector or its
gradient is assumed.

In order to express the average fI(n;) in terms of macroscopic variables, consider a

stationary diffusion process within RVE
—£ =0 in Vyy (1.39)

Assigning a zero value to the corrector along boundaries of RVE and substituting the
Fick's law (1.34) together with (1.38) in (1.39), one obtains

20



2(C) , aC .
3<Ii>+3%}20 in Vi

C=0 on  O0Vuy,

6{D
9y, (1.40)

where D = D* for Y € V" . Note that the variables ,(C) and ?
X

€

with the centroid of RVE and are thus independent of the spatial coordinates

are associated

The boundary value problem (1.40) has a linear form, sd’thatlinearly dependent

on the macroscopic gradie%@, ie.
Z;

74 9(0)
=42\
4 O,

where A, = A, (Y — X) is the solution of (1.40) corresponding to macroscopic gradient

(1.41)

with its j-component equal to one and the remaining ones equal to zero.

By introducing now a tensor fiel#, = B, (Y — X) defined as

%:%, (1.42)
ay,

the gradient of the corrector can be expressed as

o0 _, o(0)
dy, ! Ox

(1.43)

Finally, utilizing egs.(1.38) and (1.43), the so-called ‘localization law’ can be established
that relates the local value of the concentration gradient, at an arbitrary point within RVE,
to its macroscopic counterpart, i.e.

9c _o(c)  aC _ , d(C)

e =P
dy, oz, 0y, ' Oz,

i

(1.44)

where P, = (5” + B, (Y - X)) is referred to as the localization operator. The relation

(1.44) allows now to express the macroscopic flux of the diffusing substance as a
function of the concentration gradient, i.e.

_Dholll a <C>
Ox Y Ox,

E
T

5

e
2
I

(1.45)
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The equation above represents the macroscopic constitutive relation which describes the
diffusion process in a medium that is homogeneous at the macro-scale. TheD;?ﬁsor

is the effective (homogenized) diffusion tensor.

It should be noted that by introducing the volume averadg @r constituenta , i.e.

) =Vi [Rav (1.46)

a 1

P

ij

—

the effective diffusion tensor can be expressed in the equivalent form
h - @
Dy =3"c¢"D"(P)) (1.47)
a=1
wherec® =V* /V,,,, is the volume fraction of constituent.

In special cases that involve simple microstructures, a straightforward assessment of
Dj;‘)"‘ can be made. Assume, for example, that the constituents are distributed in such a

way that in each of them the average value of the concentration gradient is the same as

the value representative of the macroscale. In this(daéfae = d,j , SO that

N
D™ =>"¢"D"6, (1.48)
a=1

The distribution of constituents and the average direction of diffusion corresponding to
this scenario are shown schematically in Fig.1.5a.

Il
I

Fig.1.5. Composite with a layered microstructure
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On the other hand, if the distribution of constituents is such that in each of them the
average mass flux is the same as that at the macro-scale, then

D" = D” <p, > (1.49)

)

Note that the averaging of eq.(1.44) resultél?p) =4, , therefore

Y (R) =g (1.50)

a " J;
2(R) == = DTE (1.51)
2o’
The values of components of the effective diffusion tensor are again representative of a
layered structure; this time, however, the direction of diffusion is along the layering.

It is evident from the discussion above that by supplementing the micro-description with
suitable boundary conditions a macroscopic form of the diffusion law is obtained. In
addition, in case when the geometry of microstructure is specified, the components of the
effective diffusion tensor can be defined as an explicit function of diffusion coefficients
of constituents. The later requires, in a general case, the solution of the boundary value
problem (1.40) and the specification of the localization oper@fes P, (Y — X).

It is noted that if the boundary conditions invoke periodicity of corrector, or if the
gradient of the corrector is said to be zero along the boundary of RVE, then the general
form of the constitutive relation remains the same as that of (1.45). Moreover, if RVE is
large enough then the effective diffusion tensor is independent of the type of boundary
condition employed.

Diffusion process consists of random molecular motions. At the same time, in
formulating the response at the micro-level, viz. egs.(1.34) and (1.35), a classical
approach of continuum mechanics has been employed. Thus, the framework does not
take into account the existence of substructures at a lower level of magnification. In
general, the application of the tools of continuum mechanics at the micro-level for the
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description of physical processes (such as heat transfer, mass transport, deformation, etc.)
is referred to ascontinuum micromechanics. This approach is aimed primarily at
assessing the macroscopic ‘effective’ response for a given microstructure under a
prescribed change in external agencies. Clearly, the framework allows for examining the
influence of micro-structural parameters on the characteristics at the macro-level.

Apparently, the specific mathematical description and its solution at the micro-level
both depend on properties of constituents and the type of physical phenomena that
occurs; viz. diffusion, filtration, chemical dissolution, brittle fracture, plastic deformation,
etc. The class of problems is clearly quite broad. In what follows, the discussion is
limited to fundamental definitions and description of procedures employed in continuum
micromechanics in relation to quasi-static deformation in composite solid bodies.

To begin with, consider a composite medium in which all constituents are linearly
elastic. In this case, the formulation at the micro-level is based on:

- equations of static equilibrium
0 o;
oy,

- constitutive relations that govern the response of constituents
0, =D& (V) (1.53)

whereU =(u,,u,,u,) is a displacement vector aBg; is the elastic stiffness tensor,

- kinematic strain-displacement relations (small deformation regime)

| 0u,
! 2\ dy, oy,

- continuity requirements for displacement and traction vectors at the interfaces between
the constituents.

The macroscopic measure of strain, associated with the micro-strain @m@c)r, is

defined as the average over the volume of RVE, i.e.

<,si.>:vi [ &) av (1.55)

RVE  VRvE
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Similarly, the macroscopic variable associated with given micro-stress diglds
defined as

<g”_>:vl [ gav=" [ o (y,-x)ds (1.56)

RVE  VRvE VRVE OVRVE

The relations above indicate that the macro-strain tensor is implicitly defined through the
kinematic boundary conditions, while the macro-stress is defined by the traction acting at
the boundaries of RVE. Furthermore, if RVE is perceived as a parallelepiped, then the
volume average of the stress tensor is the same as the average taken over the
corresponding surface area. The ‘effective’ response of the composite, regarded as an

equivalent homogeneous medium, is defined by the relation bet{nzgérand(aij). It

should also be noted that since the displacement is continuous at the interface between
constituents then, according to the spatial averaging rules,

<fu(U)>:l[a<ui>+a<uj>J (1.57)

2| ox 0,

The microscopic displacement field can be expressed in the form analogous to that
employed in the context of diffusion problem, eq.(1.38), i.e.

w=(e,)(y, — ) +{u) + 7 (1.58)

Here,u, = u, (Y — X)) are components of vectbr which is again viewed as a corrector

that accounts for heterogeneity of the microstructure of RVE. For random media, the

boundary conditions are normally defined by assuming a zero value for the coffector
or by imposing a uniform tractiom;n; =T, on 0V, wheren is the unit normal to the
boundary. For periodic media, the periodicity of corrector and its derivative is assumed.

The functional form (1.58) implies that
e, (U)=(e;) +¢,(0) (1.59)

Substituting the above equation in the constitutive relation (1.53) and utilizing the
equilibrium constraints (1.52), the following relation is obtained
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9
ady,

[DW (£)+Dye&y (U)J =0 (1.60)

Adopting now one of the boundary conditions, i.e. vanishing of the corrector, its
periodicity or uniformity of traction along the boundary, the general solution to the
boundary value problem for RVE can be expressed in the form

T (Y - X) =4, (c,) (1.61)

where the tensorial field}, = 4, (Y — X) is the solution to eq.(1.60), for a specific

boundary condition, undde,, ) = (6,6, + 6,6, -

1
o \Yii%mk Ik™~my
2 b ']

Following the same procedure as that outlined for the diffusion problem, the ‘localization
law’ can be established as

g, (U) = Py <€H> (1.62)

ij

The tensorial fieldP,, = P, (Y — X) is the localization operator that defines the micro-

strain in terms of the macroscopic effective strain measure. The averaging of eq.(1.62)
leads to the following constraint

(P = %(mﬂ +6,8,) (1.63)

The constitutive relation at the macro-level has the form
<O':,_;’> = <D7;7‘/c15w (U)> = <D7;7‘/c1Pk/nm><5mn> (1.64)

so that the effective elastic stiffness tensor is defined as

Dy = (DyiPu) (1.65)

igmn

If the composite medium within RVE contaiNgistinct constituentsr = 1, 2, ... N, then

by employing the averaging over the respective volum&sthe relation (1.65) can be
expressed in the equivalent form

N
D;ﬁlm = Z CHDi;mn (Rnnkl)a (166)

a=1

wherec” are the volume fractions.
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Furthermore, by analogy to relation (1.62), a similar localization law can be formulated
for the stress tensor, i.e.
o, =8, —X) (o) (1.67)

ij

where the localization operator is defined as
Si = Dy Prga[ D' | (1.68)

ijmn" mnpq pakl

Here, [Dggﬂ_l represents the effective compliance operator, which is defined as the

inverse of the elastic stiffness.

Quite often, when formulating the macroscopic relations the closing hypothesis
employs, instead of boundary conditions, the so-called Hill's macro-homogeneity
condition. The latter is expressed as

(o,6,)=(0 ) (&) (1.69)

In this case, the basic hypothesis defining the equivalent medium is that of equivalence in
energy. It needs to be emphasized that the equality (1.69) needs to be satisfied for
arbitrary &; and o;, even when these quantities are not explicitly related through a
constitutive law. The only requirement is that the microscopic stress field must be a self-
equilibrated one, it must satisfy the equilibrium conditions (1.52). It should also be noted
that Hill's macro-homogeneity condition is identically satisfied in case when the

boundary conditions described earlier are employed (cf. Ref.[11]).

As an equivalent approach, the problem can be formulated by invoking the principle
of minimum potential energy. Among all virtual displacement fieldy,) satisfying the
kinematic boundary conditions, the actual one is characterized by the minimum value of
the potential energy. For composite comprising N constituents, the actual displacement
field within RVE is the one that minimizes the average strain energy density, i.e.

UDLT{SI] » <W(Y' &U )> = Uziﬂ{qj » <Z1 hw (Eij v ))> (179
whereinf stands for infimum and
W (e,U) =3 Due, (U) &, (U) (1.71)
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is the strain energy in constitueat. Invoking, as the closing hypothesis, the uniformity
of the strain field, the kinematically admissible displacement field is represented by the
set

K(<£ij>):{ U |u =<‘sij>(yj —xj) on GVREV} (1.72)

The expression (1.70) defines the macroscopic (equivalent) strain energy potential

w(<gij }) = inf <W(Y, g, (U))> (1.73)

k)

which, in turn, defines implicitly the form of the macroscopic constitutive relation.

where the last transformation makes use of the property that the micro-stress tensor is a
derivative of the strain energy with respect to micro-strain.

Note that

Components of%, in view of eq. (1.72), verify the following relation, i.e.:
é‘kl

ou,

(&)

1
=E(5ik5rﬂ +0;I5mk)(ym_xm) on Ve, (1.75)

It means that% is a kinematically admissible field corresponding to a unit macro-
K

strain. According now to Hill's macro-homogeneity condition (1.69), one can write
ou )\ _ 1 _
<aij£ij [WJ>‘<%>2(5ikajh +5.h5jk) —<Ukh> (1.76)

Thus, the macroscopic constitutive relation is defined by

(g,)= ow(le,)) L.77)

Calg)
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Following an analogous procedure, the macroscopic complimentary energy potential
can be defined as

N
n) - H —_ H a a
wlle)= g, (W orm)= i (Srow) e
where V\F(Tij)is the complimentary energy in constituentand the statically admissible
stress field is defined by the set

or; .
s(o,) = {ri,. 12520 10 Vo (1) =0 >} (.79
In this case, the complimentary form of representation (1.77) becomes

e :6WD(<ak|>)
) 2(a;)

It is noted that if the stress-strain relations for constituents (defined at the micro-level by
means of derivatives of strain or complimentary strain energy) are non-linear and, at the
same time, the strain energy function is strictly convex, then the macroscopic
representation remains the same as that in egs.(1.77) or (1.80). Thus, the formulation of
the constitutive law at the macro-scale reduces to specification of macroscopic strain or
complementary strain energy potentials.

(1.80)

In case when the constituents are rigid perfectly-plastic, the dissipation function is
convex, but not strictly convex. As a result, such composite media should be treated
differently (cf. Bouchitte [12], Suquet [13, 14]). For random media, the closing
hypothesis is then the condition of uniformity of plastic strain rate; while for periodic
media, the condition of periodicity. The macroscopic form of the yield function becomes

F((o,))<0 = (g,)0P" =

or; (1.81)
:{<Tu>DTu (v) vT;:O*<Tij>:<qi> 19(r) s omyoy, O Da}
while the flow rule takes the form
o OF (<0’k| ))
(ep)=14 T‘W (1.82)
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In summary, the specification of the effective response of a composite medium requires
the solution of an appropriately formulated boundary value problem and the averaging of
the primary variables. In case of deterministic heterogeneous media, such as periodic
composites, the continuum micromechanics approach allows to uniquely define the
effective response at the macro-scale. In case of random composites though, the statistical
information on the microstructure is only partial, so that the precise evaluation of
effective properties is not possible. In this case, the micromechanical considerations are
used to establish the bounds for the effective properties, based on given statistical
information, and/or to provide estimates corresponding to specific types of composites
(Refs. [15,16,17,18]). The particular methods used for assessment of effective properties
are discussed in the next section.
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CHAPTER 2

Analytical Methods Of Estimating
The Effective Properties

In case of micro-heterogeneous media with a periodic structure, the problem of
assessment of effective properties reduces to solution of a boundary value problem that is
formulated for a periodic cell. If the geometry, the distribution and physical properties of
constituents are known, then the effective properties can be determined in a unique
manner. For random composites the distribution of constituents and their geometry are
not strictly defined, i.e. only limited statistical information is available. Typically, the
primary information which can be obtained is that on volume fractions of individual
constituents. Furthermore, if there is no preferred arrangement of constituents, i.e. the
structure is not ordered, the other statistical information available is that stipulating the
isotropy of the medium at the macro-scale.

Apparently, for random materials that are statistically homogeneous, one can invoke the
hypothesis of periodicity in order to formulate the macroscopic description. It is noted,
however, that methodologies for the assessment of effective properties in periodic and
random media are different. In particular, in the former case, since the statistical
information is incomplete, only the estimates of effective properties and the range of their
admissible values can be provided. Clearly, the most established and rigorous approaches
are those for estimating the effective parameters of random media in the linear range, e.g.
the effective linear-elastic constants. The problem of the assessment of the response in
non-linear range is still wide-open, although in the last decade some significant advances
have been made (cf. Suquet & Ponte Castaneda [19]). The most common approach is the
concept of a homogeneous linear comparison medium. In this case, the effective non-

31



linear response is estimated from the classical approach for linear media through an
appropriate selection of properties of the comparison material [19].

For random media, it is important to establish the range of admissible values of
effective properties. For a macroscopically isotropic medium, the narrowest range of
estimates, expressed in terms of volume fractions, can be obtained using the Hashin-
Shtrikman bounds (cf. Torquato [20]). For example, for a composite medium
comprising N homogeneous constituents with different diffusion properties, the
primary information available is that on the values of diffusion coefficients D%, volume
fractions c“ as well as that on the isotropy of the medium at the macroscale. In this case,
the Hashin-Shtrikman bounds take the form (see Ref.[20])

N% 2D, <D"™"< N% -2D, @.1n
2‘77 z ¢
2D +D" ~2D,, +D"
where
D, = rrgn(D“) D, = m:lx(D“) (2.2)

A similar structure of the Hashin-Shtrikman bounds is obtained for estimates of effective
mechanical properties for a macroscopically isotropic linear-elastic composite comprising
N constituents (see Ref.[20]), i.e.

1 4 1 4
_ G . S Khom S o G 2.3
N Ca 3 min N CD( 3 max ( )
014Gmm+K“ azlﬂGmax+K“
3 3
1 H,, <G"™ < ! H 2.4
)\/ a - min — - Nia_ max ( . )
; Hmm + Ga z] max + Ga
éK"-rZG‘Z 3K”+2G"
H, =min| G2— | H_ =max|GZ—— 2.5)
@ K*+2G“ a K*+2G*

where K% and G“ are the bulk and shear moduli, respectively, of the constituent o.
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The inequalities given above define the range of acceptable values of effective
properties. Apart from volume fractions and the isotropy of properties at the macroscale,
no other information about the microstructure is incorporated. In general, the estimates of
effective properties are typically established by using approximate schemes that employ
more information about the material structure, e.g. that on the geometry of constituents.
Most of the existing schemes are based on a solution of a single inclusion problem.
Examples include approximations of Maxwell, Mori-Tanaka as well as the self-consistent
scheme [41].

2.1. Diffusion problem

2.1.1. Single inclusion solution

The considerations here start with a discussion related to a diffusion problem in an
infinite domain that contains a single spherical inclusion. For ellipsoidal inclusions only
the final form of the solution is provided.

Consider a diffusion process in an infinite homogeneous medium that contains a single
spherical inclusion of radius R (Fig.2.1). Assume that both the matrix and the inclusion
are isotropic and have diffusion coefficients D™ and D”, respectively. In order to
define the geometry, introduce a spherical coordinate system with the origin fixed at
the centroid of the sphere (Fig.2.1). As a boundary condition, assume that at infinity
the x;-component of the concentration gradient has a specified constant value, while

the remaining components are equal to zero.

Fig.2.1. Coordinate system for sphere of radius R embedded within an infinite matrix
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The concentration of the diffusing substance, C, satisfies the Laplace equation

%ﬁ(ﬂﬂ P sin9§j=0 2.6)
r-or or r-sinf@ 06 06

where @ is an angle between the x, -axis and the radial direction 7.

Along the surface of the inclusion, both the concentration as well as the radial
component of the flux vector must remain continuous. Thus,

Cl, =€l =0 .7
pe %€ _pn9C (2.8)
or |, or X

where C| . and C| x are the values of C at the surface (#=R) taken from the inside and

outside, respectively. A similar notation is used for the flux vector as well, viz.
eq.(2.8).
The boundary condition for the radial component of concentration gradient requires

r—ow = C—>Wrcosb 2.9)

where W, is the assumed constant value at x, — .

The general solution of eq.(2.6) takes the form

cos@

C(r,0) = AW,rcos6+ BW, (2.10)

2
B
where 4, and B, are constants that can be determined from the boundary condition and

the continuity requirement. Since outside the sphere, the boundary condition (2.9)
must be satisfied; the solution in this region takes the form

C(r.0)=Wyreos0+ B, %0 1> R @.11)
r

For the domain enclosed within the sphere, the concentration C must assume a finite
value at 7=0, so that

C(r,0)=AW,rcos6 r<R (2.12)

Imposing now the continuity requirements (2.7)-(2.8) in eqs.(2.11) and (2.12), a set of
two simultaneous linear equations is obtained for 4, and B, from which



3Dm B R3 Dm _Da

_ ) _p Y 2.13
' 2D+ D ! 2D" + D* 213

Substituting the above values in the expressions (2.10) and (2.11) leads to the following

representation
R 3
C(r,0)= W3rc059+ﬁ:W3r(7j cosd r=R (2.14)
W,rcos @+ B'W,rcos @ r<R
where
DI?I _DIZ
T 2.15
Pa 2D" + D 2.15)

The coefficient B is commonly referred to as ‘polarizability coefficient’ through an

analogy to electric/magnetic polarizabilities.
The value of the x;-component of the concentration gradient inside the sphere (r < R)

is defined by the relation

E:a—ccosﬁ—la—csinﬁ (2.16)
ox, Or r 00

which, after substitution of the second equation in (2.13), reduces to

%:(Hﬂ;”)W} (2.17)
3

The remaining components of the concentration gradient inside the inclusion, i.e. those in
x, and x,-directions, are equal to zero.
Note that by invoking now the notion of a localization tensor, as introduced in
Section 1.2, the relation between the concentration gradient within the sphere and its
value at infinity can be established, viz.

oc

B Br=(181)8) (2.18)

The localization tensor F;*"is an isotropic second-order tensor whose value depends on

the diffusion coefficients of both the inclusion and the matrix.
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A similar methodology can be employed to analyze the case of an ellipsoidal
inclusion embedded in an infinite matrix. In this case, the solution is more complex so
that only the final results, which are later employed in various approximation schemes,
are provided here. If the axes of the ellipse are aligned with the coordinate axes x,,

then the latter also define the principal directions of the localization tensor P". The

i
principal values Fff‘)’"’ (i=1,2,3) are identified as

a,m __ 1

K g (219
+4, =
A(l) Dm

where the coefficients 4, are defined by an elliptic integral

1 c dz
Ay = RR:R, )

0 (Z+RX.2)\/(Z+Rlz)(Z+R22)(Z+R32)

(2.20)

and the symbol R, denotes the length of the semi-axis of the ellipse in the direction x,.
The orientation average of the localization tensor represents an isotropic tensor

P" = P*"5, , whose eigenvalues are equal to

o 1 1
ST @20
P4, ——

(i) Dm

Particular cases of an ellipsoidal inclusion include a sphere (R;=R,=R3), a needle-shaped
inclusion (Ri= R,, Rj3/ Rj—>) and a disk-shaped inclusion (R;= Ry, Rj3/ R;—0).
Apparently, for a spherical inclusion there is 4, =4, =4, =1/3, so that the relation
(2.20) reduces to that obtained earlier. For a disk-shaped inclusion, the eigenvalues of
the localization tensor become

pen - D7 F2D7 (2.22)
3D"

while for a needle-shaped inclusion there is

wm_ SD"+D"
= (7 0°) (2.23)
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Before moving on to the single inclusion problem in elasticity, let us examine first
different approximation schemes for dealing with assessment of effective properties
within the context of a diffusion problem.

For this purpose, consider composite medium comprising N homogeneous constituents
that have different diffusion properties. Assume that all constituents are isotropic within
themselves and that their distribution is random. Once again, the statistical information
given is that pertaining to volume fractions of constituents and the lack of preferred
orientation, i.e. the isotropy of the structure at the macroscale. The problem to be solved
is the assessment of the components of the effective diffusion tensor.

In what follows, all the basic approximation schemes are illustrated by considering an
abstract auxiliary problem. In this problem, the analyzed composite material is perceived
as a sphere of radius R that is embedded in an infinite continuum with known diffusion
properties. The sphere is said to be large enough and its constituents small enough, so
that the analyzed problem can be conceptually reduced to that of a single spherical
inclusion contained in an infinite homogeneous domain. In this case, one can again
assume that at infinity the concentration gradient is constant.

2.1.2. Maxwell approximation scheme

This scheme is typically applied to composites in which one of the constituents forms
the matrix, while the remaining ones represent the spherical inclusions. Let »n”be the
number of inclusions made of constituent & and contained within the primary sphere of
radius R. If the radius of the inclusion is R”, then the volume fraction of a given

constituent & becomes

3
R(l
¢ =n"| — 2.24
=] .20
A similar expression holds for the remaining constituents a =1,2,....., N —1; except, of

course, the constituent &« = N which forms the matrix material.

In the Maxwell’s scheme it is assumed that the continuum which contains the primary
sphere of radius R has the properties of the constituent that forms the matrix of this
sphere. Furthermore, it is assumed that volume fraction of inclusions is small (i.e. the
distribution is dilute), so that the interaction between them is neglected. In other words,
far from the primary sphere, the variation in concentration field is approximated by
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superimposing the variations triggered by each individual inclusion that is contained
within this sphere. Thus, according to eq.(2.14), the value of the concentration
sufficiently far from the sphere is determined as

N-1 AN
C(r,0)= WSrcos€+Zn“ﬁ:W}r[R7J cosd (2.25)

a=1
Taking now into account the definition (2.24) and noting that
3 3 3
N-1 Ra R N-1 R
n|— | Bl —| =) B — 2.26
2 [R]ﬂau 2 /&U (2.26)

the relation (2.25) can be expressed as

c(r,0)= mrcose[l +§c”’ B [ﬁj‘ J (2.27)

r

The primary sphere may be considered as a homogeneous medium with an equivalent
diffusion coefficient D™™. Thus, the concentration away from the sphere may also be

defined as
R 3
C(r,0)=Wyr cosﬁ(l + 80 (*] j (2.28)
r
where
Dm _Dhom
= 2.29
hom 2Dm +Dh0m ( )
Thus, comparing eqs.(2.28) and (2.29), there is
N-1
Brow =2 "B (2.30)
a=1

Employing now the definition of ‘polarizability’ coefficient, viz. eq.(2.15), one finally
obtains
Dm _ Dhom N-1 Dm _ Da

=) ¢ 2.31
2D" + DM Z} 2D" + D” (231)

Maxwell’s approximation is an explicit approach, in the sense that the effective
diffusion coefficient is obtained directly from parameters that define the properties of
constituents. In fact, eq.(2.31) can be expressed as
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N y Da
320 2D" + D*

Dhom — Dm a:,i, — - (232)
LY DD
~ 2D"+D°
which, after some further transformations leads to
hom 1 m
z 2D" + D*

a=1

The general form of the equation above is analogous to the representation (2.1) that
defines Hashin-Shtrikman bounds. It is noted that if the diffusion coefficients of
inclusions, D”, are smaller/larger than the value corresponding to the matrix, D", then
the estimate from Maxwell’s scheme is identical to upper/lower bounds of Hashin-
Shtrikman.

2.1.3. Mori-Tanaka approximation scheme

Like the Maxwell’s approach, this scheme has been formulated for composite media in
which one of the constituents forms the matrix, while the remaining ones are the
inclusions. The composite is, once again, said to be embedded within an infinite
continuum whose diffusive properties are the same as those of the matrix. The
distribution of inclusions is assumed to be dilute, so that the value of the concentration
gradient in constituent « is assessed based on the solution for a single inclusion in an
infinite matrix. Furthermore, the localization operator for the matrix is assumed to be a
unit tensor. Unlike Maxwell’s approach though, the Mori-Tanaka’s scheme makes no a
priori assumptions regarding the geometry of the inclusions; shapes other than sphere can
be employed. The effective diffusion tensor is estimated based on the analysis of the flux
of the substance diffusing within the composite.

The value of the flux vector in constituent « is equal to
(g;)" =-D“B"W, (2.34)

while for the whole composite medium

N N
()= e (a)f =S r0rew, 239
a=1 a=1
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where W_is the value of the concentration gradient at infinity.

On the other hand, the flux vector can also be defined in terms of effective diffusion

tensor, i.e.
N
(q,)==Dy™> c“P"W, (2.36)

a=1

Thus, comparing the above representations, there is

ﬁ:c” (D“5, D™ Pe"W, =0 (2.37)
a=1

Eq.(2.37) must be satisfied for arbitrary values of the components of #_ , which implies

that
ﬁ:c“ (D“5, D™ )Py =0 (2.38)

1

Furthermore, if the distribution of constituents is random, then both tensors D,.?"m and

P are isotropic, i.e. D;"'" = Dh""‘éij and B"" = P“",. In view of this, eq.(2.38) can

be simplified to

N
zcaDaPa,m
prmoe (2.39)

N
Z CaPa,m
a=1

Note that if the inclusions are spherical then the above estimate is identical to that
obtained from Maxwell’s scheme. This can be shown by substituting eq.(2.18), together
with (2.15), into eq.(2.39). Thus, the framework outlined here is often referred to as
generalized Maxwell’s approximation scheme. This approach covers a broad spectrum of
geometrical arrangements. It applies, for examples, to composites that are anisotropic at
the macroscale, e.g. those containing aligned elliptical inclusions.

It is evident from the considerations above that, for spherical inclusions, both Mori-
Tanaka and Maxwell schemes are identical, in the sense that they yield the same estimate
of effective properties. Within both schemes, however, the formulation of the problem is
different. A common feature in these approaches is the notion of the composite medium
being embedded in an infinite homogeneous domain that has the same properties as those
of the matrix material. As a result, the localization tensor is determined based on the
solution to the problem involving a single inclusion in an infinite continuum.
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Originally, the Mori-Tanaka scheme was developed within the context of assessment of
effective elastic properties of composite media with multiple constituents (Mori-Tanaka
[21]). The approach outlined above gives an analogous scheme in relation to assessment
of diffusive properties of composite materials. Note that for spherical inclusions, the
estimate obtained here satisfies the Hashin-Shtrikman bounds. However, for
macroscopically isotropic composites with elliptical inclusions the relation (2.39) may
yield values that do not fall within those bounds (see, e.g. Ref.[22]). In general, the
Mori-Tanaka’s scheme is not realizable, in the sense that one cannot always construct a
microstructure that will poses the effective properties predicted by this approach.

Figures 2.2 - 2.5 present the estimates of a homogenized diffusion coefficient of two-
phase composite corresponding to the generalized Maxwell (Mori-Tanaka)
approximation scheme. The estimates have been obtained as functions of volume fraction
of inclusions embedded in the matrix. The inclusions are assumed to be of a spheroid
type with semiaxes: R/=R, and R;=w*R;. The contrast in the diffusion coefficients of
composite components is assumed as D'/D*=0.01.
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Fig.2.2. Maxwell approximation —oblate spheroids a=1 immersed in a matrix a=2
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Fig.2.3. Maxwell approximation - oblate spheroids a=2 immersed in a matrix a=1
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Fig.2.4. Maxwell approximation - prolate spheroids =1 immersed in matrix o=2
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Fig.2.5. Maxwell approximation - prolate spheroids o=2 immersed in matrix o=1

2.1.4. Self-consistent approximation scheme

If the composite medium is embedded in an infinite homogeneous domain whose
diffusion properties are the same as the effective properties of the composite itself, then
the average value of the concentration gradient remains uniform and equal to that at
infinity. In other words, the sum of perturbations triggered by individual inclusions
contained within the composite is equal to zero. In the self-consistent scheme, the
effective properties are assessed by approximating complex interactions among
constituents by those between the constituent and the homogenized composite. Thus, a
perturbation in the concentration field caused by a single inclusion within the composite
is approximated by solving a problem of an inclusion embedded in a uniform matrix
whose effective diffusion coefficient is the same as that of the composite. If the
composite contains only spherical inclusions then, according to the solution presented
earlier

N Dhom _Da
c“pm =0 with hom - 2.40
; ﬂo{ ﬂa 2Dhum +Da ( )



which leads to
N hom a
D>t % = (2.41)
~ 2D™™+D
The expression above indicates that the self-consistent scheme is an implicit scheme, i.e.
the assessment of D™™ requires a solution to an implicit equation. Furthermore, in contrast
to Maxwell’s scheme, the self-consistent scheme treats all constituents as equivalent, in the
sense that an exchange of constituents D“ <> D” and ¢“ <> ¢” has no impact on the
macroscopic response of the composite. This means that the self-consistent scheme is
particularly suited for assessing the properties of composites with polycrystalline
morphology.

Note that the same estimate of effective diffusion coefficient may be obtained if the
problem is formulated in terms of the flux of diffusing substance. Following the procedure
analogous to that employed earlier in Mori-Tanaka’s scheme, one can write

zca (DaéiA _ D[};om)P];,hom — 0 (242)
which for a macroscopically isotropic medium simplifies to

> (D =D") Pt =0 (2.43)

N
a=

Substituting in (2.43) the value of P“™" that corresponds to spherical inclusions leads to

representation (2.41). If the composite contains randomly distributed inclusions of
different shapes then eq.(2.43) leads to a different estimate than that corresponding to
(2.40). The relation (2.43), which is valid for isotropic composites, and (2.42) which
includes composites that are anisotropic at macroscale, are considered as generalized
expressions of the self-consistent scheme. It is noted that this scheme is realizable
(Ref.[23]), in the sense that one can always construct a microstructure that will poses the
estimated properties.

The estimate corresponding to the self-consistent scheme in comparison to that
resulting from the Maxwell approximation is presented in Fig.2.6. The two-phase
composite with spherical inclusions is considered. The two Maxwell estimates presented
in Fig.2.6 are obtained by analyzing two different composite morphology. The first one
corresponds to the case in which the component a=1 is the inclusion whereas in the



second one — the component o=1 is the matrix. The contrast in the diffusion coefficients
is assumed as D'/D’=0.01, similarly as in the cases considered before.
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- 60 —
Q
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Fig.2.6. Comparison of the Maxwell and Self-consistent estimates

The estimates of the self-consistent scheme obtained for the composite with spheroidal

inclusions are presented in figures 2.7-2.10.
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Fig.2.7. Self-Consistent approximation - oblate spheroids o=1 immersed in matrix o=2
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Fig.2.9. Self-Consistent approximation - prolate spheroids o=1 immersed in matrix a=2



100 —

B bounds
——— =1
80 — ———————— =4
——— =512
_ 60 —
Q
§ -
Q
40 —
20 —
0
\ \ \ Tl !
0 0.2 0.4 0.6 0.8 1

Fig.2.10. Self-Consistent approximation - prolate spheroids a=2 immersed in matrix o=1

2.2. Elasticity problem

2.2.1. Single inclusion solution

Consider an infinitely extended material with the elastic moduli Dy, containing a

single ellipsoidal inclusion Q with the elastic moduli D,

ik subjected to a constant strain

field ¢ at infinity (Fig.2.11). We investigate the disturbance in the stress and strain

fields caused by this ellipsoidal inclusion.

The total strain and stress fields in the material can be described by a sum of an
uniform field and a corrector one, i.e.: &; =¢; + g,fj and o, =0} +05 . The fields ¢ and

o o

; correspond to the case when the material is homogeneous, i.e. having no inclusion,

and are induced by the constant uniform strain applied at infinity. The fields 5; and 0';

represent therefore the disturbance in the strain and stress fields caused by the ellipsoidal
inclusion. Using the representations introduced above, the constitutive equations of
elasticity (Hooke’s law) can be presented as

o d _
0 +0; =Dy,

(e, +5) in V-Q (2.44)
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o d _ nQ 0 d .
o, +0o; =Dy, (gkh + 5k/z) in  Q (2.49)

where 0'5- =D,

o
ik En -

X3

j?

.
.
o

»

: @ X1
: : 'y
B H R,
-‘\ 3 x2 X x2
. - 1 2 3
., B (xl,xz,x3)EQc>—2+—2+—2S1
RRy Ry

Fig.2.11. Ellipsoidal inclusion Q with semi-axes (R, Ry, R;) embedded in an infinite homogeneous
medium V

The total stress field has to satisfy an equilibrium equation

%0, _ 0 (2.46)
Ox, - '
therefore
oo’
—L =0 (2.47)
ox

is also an self-equilibrated field, since oy is the uniform one. Furthermore (7;.’ =0, at
infinity.

To solve the problem stated above, i.e. to determine of the strain and stress corrector
fields, the Eshelby-Mura’s equivalent eigenstrain principle ([24],[25]) is used in a
following. This principle states that any strain field generated by an ellipsoidal
inhomogeneity has a one-to-one correspondence to a fictitious eigenstrain field imposed
in a domain of the inhomogeneity. In other words, instead to consider the problem of an
inclusion embedded in an infinite medium one can consider the infinite homogeneous



medium in which the proper eigenstrain field is prescribed in a domain of the inclusion
(Fig. 2.12).

Q o d o d r
D (&5 +e)) Dy (&) +2) ~&})
\% \%
—>
Q
o d b
2) Dy (&5 +2]) )

Fig.2.12. Illustration of Eshelby-Mura’s equivalent principle; a) initial heterogeneous body b) equivalent
homogeneous body

“Eigenstrain” is a generic name to describe a transformation field that can
equivalently represent induced strain due to misfit of inhomogeneities, thermal
expansion, plastic strain, residual strain, etc. ; “Eigenstress” is a generic name given to a
self-equilibrated transformation stress filed that can generate equivalent perturbed stress
and strain distributions caused by one or several of eigenstrains in bodies which are free
from any other external forces and surface constraints [24].

Consider the infinitely extended homogeneous material with the elastic moduli Dy,

everywhere, containing domain € with an eigenstrain &; (Fig.2.12b). Then, Hooke’s law

yields:
o) +o; =DUkh(£,fh+g,‘j,1) in V-Q
X . (2.48)
0 a o r T
o, +0; =Dy, (gkh +é&p, —ekh) in Q
The necessary and sufficient condition for the equivalency of stresses and strains is
Q o d\_ o d - .
Dy, (Skh + &, ) =Dy, (Skh +Em ~ € ) in  Q (2.49)
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The relations (2.48) imply also:

d _ d .
oy =D&y o V-Q

d _ d r .
o, =D, (gkh—gkh) in Q

ij ijkh

(2.50)

The equilibrium equation (2.47) together with the constitutive equations (2.50) create so-
called eigenstrain boundary value problem:

o og, .
Dy, 87’2" =Dy, axk: in Q
oeg .
Dy, 6):.11 =0 in V-Q (2.51)

i

D&, =0 at  infinity

It can be seen that the contribution of eigenstrain ¢;; to the equations of equilibrium is

similar to that of a body force since the equations of equilibrium under body force X;
with zero & are:

oep, .
Dy, 8): =-X, in Q
o} ,
Dy, g‘h =0 in V-Q (2.52)

i

Di/khg:h =0 at infinity

The simplest way to get the solution of (2.52) is by an application of Green’s function,
iLe.

& (x) = fJ.Xj {GW (x—y)+ G (x—y)}dy (2.53)

where G, (x—y)=0G, (x-y)/dx,,G,, (x—y) is the Green’s function representing the

displacement component in the x,,- direction at point x when a unit body force in the x; —
direction is applied at point y in infinitely extended material . For an infinite linear elastic
medium, the Green’s function is a solution of the following equation

D Gy +6(x-y)6,, =0 (2.54)
ikl , ayj V) Oy .

50



and its analytical form can be presented as [24]:

1

Gi/ ()C) = m[(?) 4V) | | :l where |)C| = \/E (255)

Constants G and v are shear modulus and Poisson’s ratio, respectively.
Using the Green’s function, the solution of eigenstrain boundary value problem (2.51)
can be written as:

1 oe,
g (x)= _EJ‘DI‘ﬂm 6; {ij,h (x=y)+ G (x— y)}dy =
Q i
(2.55)

IDljlmglm Kishi x J’)“‘Gh] ki (x J’)}dy

Finally, it can be proved (detailed proof one can find in the book of Mura [24]) that for
the ellipsoidal inclusion the above integral is independent on the space coordinate x and
the relation (2.55) can be presented as

& =T,.& (2.56)

ijmn mn

where T’ is so-called Eshelby’s tensor.

ijmn
The most amazing fact of this result is that the induced strain field in the inclusion is
uniform, and the Eshelby’s tensor for any ellipsoidal inclusion is a constant tensor.
The Eshelby’s tensor can be explicitly expressed by elliptic integrals through the
following identity [24,25]:

87 (1- V)%% é‘ijé‘kl(ZVIl+JIK)+(é‘ik§fl+é‘jk5il)'

2.57
-[(1—v)(1K+1L)+J,J @37

where the upper case indices are not summed with lower case indices, the Poisson’s ratio
v is of the host material in which the inclusion is embedded and

ds
I, =27RR,R 2.58
i (R )[R ) (R +3) (R +5) 229
I, =27RRR j ds (2.59)

(R +s)(Rf +s)\/(R12 +S)(R22 +s)(R32 +s)
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(2.60)

Symbols Rj, Ry, and R3 denote the semi-axes of the ellipsoidal inclusion.
In applications, the following invariant formulas are very useful [24]:

L +1,+1,=4r
3, +1,+ 1, =47/ R
3RM,, + R, + R, =3I, (2.61)
12 _11
TR-E

12

as well as a symmetry property of the Eshelby’s tensor:

T =To =Ty (2.62)

Jikl ijlk

All non-zero components of the Eshelby’s tensor are presented, in terms of the elliptic
integrals, below:

3R? 1-2v R? 1-2v
T¢ = s I, T9, = EEE S ,
8 (1-v) ”+871(1—v) PO gr(1-v) ? 8z(l-v) !
R? 1-2v R? 1-2v
TQ — 3 I.— I Q 1 I. -
133 8z(1-v) 1 87r(l—v) - 8z(1-v) 12 87[(1—1/) »
3R? 1-2v R 1-2v
y 2 L, Thy=——">—1,— ,
2 8r(1-v) ”+8;z(1—v) T gr(1-v) P 8x(1-v)?
R’ 1-2v R? 1-2v
TS =—"t—1I,- L, T, =—2—1I,- ,
F8r(1-v) P 8x(1-v) T P 8x(1-v) P 8z(1-v)
0 _ 3R? L1
3333 8z (1-v) 3 8z(1-v) 3
R*+R? 1-2v
7;?12:7;?12:];?21:7;?21:167;(1—21/) 12+167I(1—V)(11+]2)
R*+R? 1-2v
TI?U:TSB:]W&I:7}%]:16712'(1—31/) 13+167r(1—v)(11+13)
R>+R? 1-2v
Tz?n :Ts?zs :ngszsz :Tsszlsz = 16;(1—3\/) »nt 1672'(1—1/) L,+1) (2.63)
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The eigenstrain &/, as it has been pointed above, should verify the condition (2.49) in

order to preserve the equivalence between the stresses and strains induced by the
inclusion and that by the eigenstrain field. This condition can be rewritten as:

(fok _Dijkh)(gl(c)h +£kdh)+Dty’kh‘91:h =0 (2.64)
or

D,y (Df =Dy ) (0, + ) + €5, =0 (2.65)

mnij ij mn

where D! is a compliance tensor, which is defined as the inverse of the elastic stiffness.

mnij

Using the relation (2.56), the equation (2.65) can be transformed to:

Tp!;mnD r;flnff (D ijkh D, ijkh )(S’fh + Ekd/l ) + (gz{:q + EZq) = g;q (2 '66)
and finally
&+ &4 = Py
Q Q -1 Q -l (2.67)
qukh = |:[quh + qumn Dmm’j (Dijkh - Drjlch ):|
where [, =1/2(6,6,,+0J,,06,,) is a fourth order unit tensor.

The constant-valued fourth order tensor P is the localization tensor that defines the

khpq
strain within the ellipsoidal inclusion in term of the uniform strain applied at the infinity
to homogeneous medium in which the inclusion is embedded.
Determination of the Eshelby’s tensor corresponding to some special types of
inclusions like spherical, needle-shaped or disk-shaped is provided in a following.

2.2.1.1. Spherical inclusion

For a spherical inclusion of radius R the integrals (2.58)-(2.60) are simply estimated:

[,=27ZR3]?L5=74—”R3(R2+S)73/230:4i
0(R2+s)5 0 3
T ds 4z S|t Ar

I =27zR|—= - R3(R? _

=27 ‘I(RZJFS)Z S ( +5) =i
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Substitution of the above results in the relation (2.57) leads to:

o S5v -1 4 — 5v

Tijkl = mé‘ﬁé‘ﬂ + 15(1—_1/)(5“(5/.1 + 5»/k5i1 (268)

The relation obtained above can be equivalently presented as

1+v 4 8—10v ¢

T = o+ > 2.69
ijkl 3(1_V) ijkl 15(1—1/) ijkl ( )
where the fourth order tensors A;’M and A;k , are defined as
1 s 1 1 H
A[jkh = g 5[/51(11 Aijkh = 5 (5;1(5;11 + 5[!.' ajk ) - g é:‘jgkh = ][jkh - AW, (2.70)

It can be shown, by simple algebraic transformations, that these tensors are orthogonal:

A;'ll\'hAfhlm = 0 (271)
and fulfill the following equalities:
Ai[;thZx/m = AIZM
AS AL =AS
ykh” kh//?[ ijlm (272)
AijkhAijkh =1
A;;khA;kh =5

Furthermore, any fourth order isotropic tensor S, can be presented as

Sy = alf, +bAG, (2.73)

where a and b are scalar-valued constants.

Comparing (2.69) and (2.73) one can conclude that the Eshelby’s tensor for the spherical
inclusion is the isotropic one. The result is obvious since a spherical inclusion does not
posses any preferential orientation; any orientation is equivalent.

The inclusion and the matrix are considered to be isotropic materials. Thus, their

stiffness tensors as well as the compliance tensors are the isotropic fourth order tensors
and have representations
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; -1 1 1 .
DY, =3K"AlL, +2G°A;,. (D5,) == g A+ g Al
3K 2G
1 1 2.74)
H s -l H s
Dy = 3K Ay, +2GAy, (Dgfkh) = 3K N + bYel N

where K® G and K,G denote bulk and shear modulus for the inclusion and for the
matrix, respectively.

The relations (2.74), (2.69) imply

K°-K 1+v
Dy )= (1 + JA”

Q -1 Q
Iquh + qumann[/' (Dijklx - K 3 (l _ V) Ppqkh +
. (2.75)
[, 6°=G 8-1ov | .
G 15(1-v)) ™
since:
- K% -K G*-G
Dmrlxij (Dij'ih - Dijkh) = Aanh + A:mkh (2.76)

K

The localization tensor B

defined by (2.75), therefore

is, according to the definition (2.67), an inverse of the tensor

1 1
Pe = AT+ AS 2.77)
rott Ko—K 1+v | ™ G—G g—1ov | "™

K 3(1-v) G 15(1-v)

The elasticity constants: v, K and G are connected by

3K -2G
= 2.78
Y= 2(G+3K) @79

Substituting (2.78) in (2.77) leads, after some simple transformations, to a following final
form of the strain localization tensor

4
K+-G
3 G+¢
Pp!;kh = o 4 G ;I;[qkh + G ’ A;ql\h (2.79)
+7
3

where
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_ G(8G+9K)

© 6(2G+K) (2:80)

Evidently, the strain localization tensor P,;}M

for spherical inclusion, Eq. (2.79), is the

fourth order isotropic tensor.

2.2.1.2. Eshelby’s tensor for particular shapes of ellipsoidal inclusion

The Eshelby’s tensor as well as the strain localization tensor is so simply determine
only for a spherical inclusion. Other types of ellipsoidal inclusions need much more effort
in order to calculate components of the Eshelby’s tensor and the strain polarization
tensor. This is brought about by a lack of isotropy of these tensors. If the Eshelby’s tensor
is not the isotropic tensor then determination of the strain localization tensor is not so
straightforward as has been presented for the spherical inclusion. The procedure is quite
complex and it is postponed up to the next section.

Different particulate shapes of ellipsoidal inclusion are considered only in the context
of determination of the Eshelby’s tensor components, in this section. The analytical form
of this tensor is presented for a needle-shaped inclusion, a disk-shaped inclusion as well
as for oblate and prolate spheroids.

Needle-shaped inclusion (R;=R>=R, R3->c0)
For a needle-shaped inclusion with the semi-axes: R;=R,=R and R;->co, the elliptic
integrals (2.58)-(2.59) yield

1, =1,=2n,1,=0
V4
:F’
R32113 :II’R32123 :Iz’Rszlzz =1

Iy=1,=I Iy=1,=1,=0 (2.81)

12

Bearing in mind Eq. (2.63), the non-zero components of the Eshelby’s tensor are as
follows:

5—-4v 4y -1
TI?I] :Tz?zz = > Tl?zz :T2§2211 =
8(1-v) 8(1-v)
v 3-4y
1?33 = 252233 = > 1?12 = Tz?lz = T2£1221 = Tlsz)u = (2.82)
2(1-v) 8(1-v)
1
Tl?l} = nglzls = T}?}] = Tl?sl = Tz?zz = Tz?z3 = Tz%z = Tz?zz :Z
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Disk-shaped inclusion (R;=R,=R, R3->0)
For a disk-shaped inclusion with semi-axes R;=R,=R and R3->0 , the elliptic integrals
(2.58)-(2.59) yield

I,=1,=0,1,=4z
Iy=1,=1,=0 (2.83)
4r

R12[13 :R22123 =4z, R32133 :?

The above values imply, according to the relations (2.63), the following values of non-
vanishing components of the Eshelby’s tensor:

14
Q _ Q _
T3311_T33zz_]_v’ T3333_1

(2.84)
TQ :TQ :TQ :TQ :TQ :TSI :TQ :TQ 1

1313 1331 3131 3113 2323 2332 3232 3203 E

Oblate spheroid (R;=R>=R, R>R;)
An oblate spheroid is characterized by two geometrical parameters, i.e. R=R;=R, being
the length of two semi-axes and @ = R, /R <1 being an aspect ratio of the spheroid. For

such inclusion the elliptic integrals (2.58)-(2.59) imply

I, =1, =277L3/2(cos’l a)—w(l—wz)m), I, =4r-21
(1-o")
7 1 4n-31
[ =] =] =2 _—_720 2.85
11 272 T e 4R2(1—0)2) ( )
I 4z 31, _1y 4 4r-3]
PP R(1-e?) T 3| 0'R TR(1-07)
Introducing a parameter A defined as
AZL(cosf‘a)—w(l—wz)”) (2.86)

(1_w2)3/2

the relations (2.85) can be written in a more convenient form:
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I =1,=27A, I, =4x(1- A),

-
2 (2.87)

Implementing the relations (2.87) in the equations (2.63) enables to determine the
Eshelby’s tensor components. The non-zero components are as follows:

3 @ 2 9
T8, =T 1-2v—————
e 8(1—v)a)2—1+4(1—v)[ Y 4((02—1)}

1 20° 30’
T = 2(1_{2—2%—,{1—2% _1}}
3
1-2v+————
{ [ 4(@“9}
o o 30°
T||33 Tzzn 1+ﬁ
-1 2V—1—$
2(0”-1)
’ 3
TS =T =Ty = T3 Al
1212 1221 2121 2112 4(1_‘/){2((02 _]) 4(602 _])
2 3(0® +1
Tl?ls T3§1113 T3(1231 Tl?sl ; 1_2V_1+a) _i 1—2V—u
4(1-v) o -1 2 o’ -1
(2.88)

1 1+0® A 3@ +1
7;?23:7;?23:73?32:7;?322 {1_2"_&)2 1_[1_2V_H

Q
122 = 2211

TwS) S)

3311 3322

4(1-v)

Prolate spheroid (R;=R,=R, R<R;)
A prolate spheroid is, geometrically, characterized by the same parameters as that of the
oblate spheroid, i.e. by R and @ =R, /R . The spheroid is, however, classified as prolate

if @=R,/R>1.For such geometry of inclusion, the elliptic integral (2.58) is analytically
determined and can be presented as:
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I=1, :27z7m[a)(a)2—1)”2—cosh’] a)} (2.89)

ﬂ:ﬁ[a)(a)z —l) "2_cosh™ a)} (2.90)

the relation (2.89) can be rewritten as:
1, =1,=27 (2.91)

The equation (2.91) together with the invariant formulas (2.61) imply
IL,=47(1-1)

3 A-’

m (2.92)

2

(-)

Obviously, the elliptic integrals corresponding to prolate spheroid fulfill exactly the same
relations as the integrals corresponding to the oblate spheroid; compare the Eqs. (2.91)-
(2.92) with the Egs. (2.87). Since the Eshelby’s tensor components are evaluated by the
elliptic integrals (2.63) therefore the relations (2.88) are also valid for the Eshelby’s
tensor for prolate spheroid, except the parameter A is defined by the equation (2.90).

RI,=RI,=4n

2
@RI, :43”{1—(2—31) 1“’ 1

2.2.1.3. The strain localization tensor for particular shapes of ellipsoidal inclusion

The strain localization tensor is defined by the relation (2.67). This relation is not so
convenient for a determination of components of the strain localization tensor since to do
that one need to invert a following fourth order tensor:

B

pakh =

Q —1
[quh + T:pqmannij (Dijkh - D{/l{h ) (293)

Evaluation of the inverse of the tensor B,,, is quite simple task if the Eshelby’s

tensor and the stiffness tensors Dy, and Dy, are the isotropic ones, as in a case of a

spherical inclusion. In a following the stiffness tensors are still considered as the isotropic
ones but any constraints on a form of the Eshelby’s tensor are not laid.
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The stiffness tensors are isotropic, therefore:

-1 1 1

D2, =3K AL, +2G°AS,, (D%,) = T Ry
H s S " L5

Dy =3K Ay, +2GAy, (Dgfkh) = 3K N + G N

where the tensors A” and A;j.kh are defined as:

ijkh
A 2lss s =1(55 +8,0 )7155 =1, —A?
ijkh 3 ij " kh ijkh 2 ik~ jh k™ jk 3 ij ~kh ijkh ijkh

Since the tensor A, and Aj,, are orthogonal, therefore

+

_K°-K i GG
) - K mnkh G mnkh

D! (DQ D.

mnij ijkh — ijkh

Bearing in mind the definitions (2.95) it is simply evaluated that:

Q Q Q
TQ AH _lTQ _ qull +qu22qu33 5
pamnt Nk = 5 L pgmmOrn = h
3 3
O NS, =T (L, —A")=T ~ 110 5
pgmn* Ymnkh "~ pgmn \ * mnkh mnkh ) — * pgkh 3 pgmm™ kh

By virtue of Egs. (2.96) and (2.97) one gets:

K?-K G'-G
Q -1 Q _ Q H Q s _
T pqmlsznij (Dijkh - Dijkh ) - K T pqmnAmnkh + G T pgmnt X mnkh
Q Q Q
ZI[K K G G]TQ 5,49 =G
3 K G pgmm G Pq

Finally, the tensor B defined by Eq.(2.93), can be presented as:

pakh >

Q_
T 5kh+uT“
G

pgmm pakh

B

B 1(K°-K G"-G
pgkh — = pqkh g K - G

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

The strain localization tensor Ppﬂkh is the inverse of the tensor B, - In order to invert

q

this tensor it is more convenient to operate with its representation IP, in a matrix form:
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IP=

where:

IR,

13

1P,

23

1P,

33

1P,

1B,

1R,
0

IR,
1P,
1R,

0 1P,

45

1P,

1R,
IP,

54

S O o o O
S O o o O
S O O O o O
oS o O

S O O O

K°-K G°-

S O O o O

(2.100)
IP
IP,
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G

IPH=1+A1[ G

K°-K G°-G

J+

K G
K°-K G°-G

IR, :AI(

J+

peafKo O

K°-K G"-G

J+

IlezAz( K G

K°-K G-

Js

G

K
K°-K G°-G

1}3;2=1+A2(

G

J+

1P, :Az[ X G

K°-K G°-G

J+

1P31A3[ K G

K°-K G°-G

J+

P, :A3( K G

K*-K G°-

J+

G

1P33:1+A3[ -

1 _
IP, =IP; =P, =IF; :E"'

IR =IF, =P =1IP, :%"'

IRy = 1R, = IR = IR,

G

=—+
2

J+

G (2.101)

G° -
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The structure (2.100) of the matrix, a few of non-zero components, is a consequence of
the equation (2.99) and the general form (2.63) of the Eshelby’s tensor for the ellipsoidal
inclusion. The equivalence:

IP, =1F; =IP, = IF;
IF = IF; = IP = IP, (2.102)
IRy = IR, = IRy = IR,

is a direct consequence of the symmetry the Eshelby’s tensor, i.e.: Tﬁh = Tjﬁh = ij;k = ijk .

Furthermore:

Q Q Q
— T{lll +Tl'122 +T[133

Al
3
Q Q Q
3

. . L a . .
Since the strain localization tensor P, ,, is the inverse of the tensor B, ,

or equivalently
it is the inverse of the matrix /P, the form (2.100) implies a similar format of the tensor

Q : .
Pons1e.

(RN RM RN, 00 0 0 0 0
Pzgzzll Pzgzzzz Pz§2233 0 0 0 0 0 0
Ps?n Psgs)zz Ps?}s 0 0 0 0 0 0
0 0 0 Pl?lz 1)1!2]21 0 0 0 0
Ba= 0 0 0 Bl B, 0 0 0 0| (2104
0 0 0 0 0 B 0 0
0 0 0 0 0 P3(1113 P}?}l 0 0
0 0 0 0 0 0 0 st3223 Pzgzsz
L0 0 0 0 0 0 0 Py Byl
with following symmetries:
E?IZ = PI?ZI = Pz£1221 = PZ(lllz
E?l} = E?}l = P3(1131 = Ps(llm (2.105)
Pz§3123 = Pz?zz = }3352132 = P;z)z}
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The tensors P/f;kh and B,,, have to verify the identity equation, i.e.:
Moo o o 0 0 0 0]
010 0 O 0 0 0 0
001 0 O 0 0 0 O
0 0 0 1/2 1/2 0 0 0 O
R.jthkh,m =1y, ={0 0 0 1/2 1/2 0 0 0 0 (2.106)
000 O O 1/21/2 0 O
000 O O /212 0 O
000 O O 0 0 1/2 1/2
1000 0 0 0 0 1/2 1/2]
From properties of the matrix calculus one gets that:
R R Bi| [ 1R IR
PZ?II Pzgzzzz Pz?ss =|1h, 1P, IP; (2.107)
[;!3)11 [;!3)22 [;!3)33 IP}I 1&2 IP33
which finally results in:
Q IP,IP; —IP,IP, 0 — IR, IP, — IP,IP;
m detzp T'® det/P
PISI)33 _ IE,IP; — IR, 1P, , 2(2111 _ IP;IR, — IF, 1P,
det IP det IP
1)252222 — [E,\IP; — IR IR, , 2£2233 — [F;IP, — IR, IP; ,
det IP det IP
P;;“ — I‘Dﬂlpéiz — 1P, 1P, , 3?22 _ IF, IR, — I, IP, , (2.108)
et [P det IP
P;;}} — IB\IP, —IF,IP,
det IP

det[P= _1P13[P22[P31 + 1Plz[P23IP31 + IP13[P21]P32 -
- IPHIPBIPsz - ]PlzIPﬂIP}} + IF;lIPzzIF;s

Furthermore, due to the symmetry properties (2.102), (2.105), the identity equation
(2.106) implies also:
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1 1 1 1 1 1

{Pléﬁz Péﬂ 1| Py IP, Fé’u Pé;}: 1| IR, IR, {P;;zg P;:n} 1R IRy
f);l)l 2 f)z?Zl P}?l 3 133‘123 1 4 1 ] 1)3!2)23 [;?32 4

IP IR, IR, IR, IR,

44

T4l 1 1

44

which, using the relations (2.101), leads to:

1 1
R?IZ = 41P = G*_G
“o24 4?232
1 1
Pis = = 5 (2.109)
4[P66 2 + 4%7;?13
1 1
P gp " T oG

5 2 + 4 G TZ?B

Summing up, determination of the strain localization tensor consists in two following
steps: determination of the components of the matrix IP according to the relations (2.101)
and (2.103) and then direct use of the equations (2.108) and (2.109). The procedure is,
from a mathematics point of view, quite simple but simultaneously, from a practical point
of view, it is very tedious since it involves a lot of algebraic transformations.

The final form of the strain localization tensor is presented for the particular shapes of
ellipsoidal inclusions, i.e. for a needle shaped inclusion and for a disk shaped inclusion.

Needle-shaped inclusion (R;=R>=R, R3->)
For a needle-shaped inclusion with the semi-axes: R;=R,=R and Rj;->c , the non-
vanishing components of the strain localization tensor are as follows:

1 2G 1
P2 =P%, =—(4G+3K g
H 2( ’ ){G(G+7G“)+3(G+GQ)K+3G+3K“+G"1

-2G . 1
G(G+7G%)+3(G+G")K 3G+3K"+G"

1122 21T S

Ry, =Py 1(4G+3K){ 1,(2.110a)

Qo
P3333 =1

G+3(G"+K) |
3G+3K2+ G2 |

1
P1!1)33 = Pzgzln = 2[



G(4G +3K)

pe _p2 _pe _po _ ’
1212 = H1221 T a2 T i G(G+7GQ)+3(G+GQ)K
o G

Pl = Py = Py =R

1331 3113 3131 = 3
G+G

G
Pzglzs:PQ = Py, = Py

2332 3223 3232 = Q
G+G

(2.110b)

Disk-shaped inclusion (R;=R,=R, R3->0)
For a disk-shaped inclusion with semi-axes R;=R,=R and R;->0 , the non-vanishing
components of the strain localization tensor read:

})1?11 :Pzgzzz =1
4G +3K
P T @2.111a)
2G+6G"* +3K
Q Q
P =By :_1+W
1
P1§2212 = P1£2221 = P251112 = P2§1221 = 57
PO =P =P =po = O (2.111b)
1313 = 41331 — 43113 T f3131 T 2GQ :
G

Q. _ pQ _ pQ _ pQ _
1)2323 - 132332 - })3223 - 1:3232 -

ZGQ

It is obvious, comparing the tensorial representation (2.73) of a fourth order isotropic
tensor, that both the strain localization tensors for a needle shaped inclusion and for a
disk shaped inclusion are not the isotropic tensors. This is a consequence of a lack of the
isotropy of the Eshelby’s tensor corresponding to these shapes of inclusions. The same
goes for an oblate and a prolate spheroids.

Oblate/Prolate spheroid

For the oblate or prolate spheroid the analytical form of the strain localization tensor,
expressed by the geometrical parameters of the spheroid as well as the bulk and shear
moduli of the matrix and the inclusion, involves a lot of algebraic terms and it is not of a
practical use. A more convenient way to work with the oblate/prolate spheroid is, at each
time when is needed, a determination of the strain localization tensor for given values of
the geometrical parameters and that of the elasticity moduli. As an example, a final result
of such calculation, i.e. the strain localization tensor for the oblate spheroid is presented
below (Eq.(2.112)). The components were determined assuming the aspect ration of

semi-axes to be ®=0.5 and G /K®=G/K=3/5and K/ K =10.
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PSP, PY] [1.525 0.042 -0.056
Py, P, Po,|=]0.042 1525 -0.056
Py, By, Py | [0326 0326 2.769
(RS, RS, ] [0.741 0.741]
P2, P | 0741 0.741 (2.112)
P P | |1.041 1.041
PY, P | | 1.041 1.041
PS, P2, | |1.041 1.041
| RS, P2, | [1.041 1.041]

The same values of the elasticity moduli were used to determine the strain localization
tensor for a prolate spheroid. The aspect ratio of semi-axes were assumed to be ©®=2.0.

By, B, B | [1284 0097 0531
By B, 132:2233 =|-0.097 1.284 0.531
P3$3211 P;?zz P3£3233_ _0~317 0.317 0.015
‘Dl£2212 })1?21 [0.691 0.691]
P2, P2 | [0.691 0.691 (2.113)
353_213 1)1?31 _ 0.178 0.178
P3(1213 P3§1131 0.178 0.178
P2, P2, | 0178 0.178
¥P3$;23 P3§223L 10.178 0.178 |

2.2.1.4. Isotropization of the strain localization tensor

The strain localization tensor for a single ellipsoidal inclusion embedded in an infinite
homogenous medium depends on the orientation of the ellipsoid relative to the direction
of the applied strain. In a composite medium the inclusions are, however, distributed over
all orientations. If the distribution of inclusions is perfectly random, i.e. any preferential
direction can be distinguished, then the distribution is isotropic. This implies, in a
practical application, a necessity of averaging of the strain localization tensor over all
orientations of the ellipsoid. The averaging process over all orientations, in case of the
isotropic distribution, is equivalent to a so-called isotropization operation.

Consider an isotropic fourth order tensor. Its tensorial representation can be presented
as:

By, = PiAL, +PEA;, (2.114)

ijkh ijkh
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where the tensors Aj,, Afjkh are defined by Egs. (2.70),P5 and P represent a

hydrostatic and a shearing part of the tensor P

Q
ijkh *
The above relation implies

P2AM = PONI AT+ PEAS, AL = P2 (2.115)

ijkh* *ijkh H

. H N H AH _
since the tensors Ay, , Aj,, are orthogonal and Ay, A, =1.

Furthermore, it can be shown that

Q Q Q Q Q Q Q Q Q
Q A H _l o _ Byt B+ s+ By + By + Py + By + Py + Py
Pz;,'khAg/kh =3 By = 3 (2.116)

Comparing Eq.(2.115) and Eq.(2.116) one can immediately conclude that:

PQ _1PQ _ 131(1111 +})1?22 +I)l(1233 +1)2(2111 +I)2§2222 +I)2§2233 +})3£32ll +I)3(3222 +R?“ 2 117
n =5 i = (2.117)
3 3
The equation (2.114) implies also
Ej(l?hA;kh = Pé)A;(hAfjkh + PsﬂAgkhAyS‘kh = SPSQ (2.118)

: N s _
since Ay, A, =5.

Simple algebraic transformations yield:

PNy, =By — Py (2.119)
where:
I)l/gx: = Pl?u + Pl?lz + 131?13 + I)ZngZI + st2122 + Pzgszzs + 1)3(1231 + stzlzz + Pz?zz @. 120)

By virtue of Eq.(2.118) and Eq.(2.119), one can finally obtain that:

P -py
P = (2.121)
5

Consider now any fourth order tensor E/ﬁh being not isotropic one, in general. The
isotropization operation consists in a determination of the hydrostatic and the shearing
part of the tensor Py, , i.e. P and P;’. These parts are defined by the relations (2.117)
and (2.121), respectively. Values of P§ and P for the cases of spheres, needles and
disks are given in a table below in terms of the moduli K and G. Symbols with superscript

67



Q correspond to the parameters of the inclusion whereas that without superscript
correspond to the matrix.

Inclusion sh Q Q o
nclusion shape [)” })S
4
K+§G G+e
Spheres 74 GQ+C
K" +—-G
3
1 o o 4
— K" +-G
Needles K +G+3G 1 4G o G+y N 3
— < Q Q
1
KQ+G+1GQ 5| G+G G +y P T
3 3
K+iGQ G+UQ
3 i
Disks 0 4.0 Q. Q
KQ+iGQ G +v
3
The variables y, ¢, v are defined as:
K G (9K +8G G(3K/2+4G/3
yog3k+G G ) ,-6( ) 2.122)
3K +4G 6 (K +2G) K +2G

2.2.2. Mori-Tanaka approximation scheme

The main idea and principles of the Mori-Tanaka approximation have been presented
in section 2.1.2 where its formulation with respect to the diffusion problem has been
discussed. The Mori-Tanaka scheme is typically applied to composites in which one of
the constituents forms the matrix, while the remaining ones represent the inclusions.

Consider a composite material composed of M different constituents. One of the
constituents forms the matrix and the remaining ones are the inclusions. Assume that the
composite is embedded in an infinite homogeneous medium with elastic properties of the
matrix of the composite. The distribution of inclusions is dilute, so that the strain tensor
in constituent oo can be approximated based on the solution for a single inclusion in an
infinite matrix. Furthermore, the strain localization tensor for the matrix is assumed to be
a unit tensor. The effective elasticity tensor is estimated based on the analysis of the
stress tensor within the composite.

The strain tensor within the constituent oo can be expressed in terms of the strain

localization tensor By, and the strain tensor ey, applied at infinity to the homogeneous

medium in which the composite is embedded. Therefore:
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o _ a o _
(e;) = Prel, a=12,..M,

a . . . . .
where <eij> is an averaged strain tensor within the constituent a.

The averaged strain tensor in the composite can be expressed as:

(o) =S e

M
a=

where ¢” represents a volume fraction of the constituent o within the composite.

The relations (2.124) and (2.123) imply

M
_ apa o
<eij> = § € Fnel

a=1

Volume averaging of the constitutive equations of the elasticity results in:

a _ a a
<O-ij> =Cu(eu)
or, using the strain localization tensor

a
_ @ pa o
<O-ij > - Cijkh thlm Cim

Since the averaged stress tensor within the composite is defined as

<Uif>: Ca(“ffy

M
a=1

therefore

M

_ apa pa o

<O-ij> = z “ ConBirim€m
a=1

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

The effective elasticity tensor for the composite fulfills the elasticity constitutive equation

<Gi/> =Cjir (eu)

thus, combining the relations (2.125),(2.129) and (2.130), one immediately gets:

(2.130)
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M M
_ a~hom pa o __ o a a o
<o-if > - ZC Cifkh thlmelm - ZC Cy'k/zpkhtme/m (2.131)
a=1

a=1

The above relation has to be satisfied for any values of components of the strain tensor
e, , therefore

M
e (Clir ~Ca, ) B =0 2.132)

1

Furthermore, if the distribution of constituents within the composite is random, then both

hom a : sl
tensors Cy" and ;- are isotropic, i.e.

Cyii =3K"" A}, +2G™"A;

ijkh ijkh ijkh

a a A H a A S (2133)
B = B N T N
In view of this, Eq. (2.132) can be simplified to:
N
D c"K Py
K=ol (2.134)
Zc"P,‘,Z
a=1
N
zcaGaRga
G =l (2.135)

N

a pa
S
a=1

Mori-Tanaka approximation scheme is an explicit approach, in the sense that the
effective elasticity constants are obtained directly from parameters that define the
properties of constituents.

For the composite with spherical inclusions the estimates (2.134) and (2.135) are
identical to Hashin-Shtrikman bounds. Namely, for the spherical inclusions the estimate
(2.134) implies

N K+§G N 1
2K Ly BN A
a=l K+-G o K+-G 1 4
K" = 43 S 1 SEE 30 2130
SR S T DD T
¢C ol K+-G ol K'+-G
< K+2G 3 3
3
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Comparing the Hashin-Shtrikman inequalities (2.3) one can note that if the elasticity
moduli of inclusions are smaller/larger than the values corresponding to the matrix, then
the Mori-Tanaka estimates are identical to upper/lower bounds of Hashin-Shtrikman.

100 — e o=1/4
- —————— ©=1/16

—————— =64

80 —

——— =512

Krom/K,

(armm/K1

0 0.2 0.4 0.6 08 c' 1

Fig.2.13. Mori-Tanaka approximation —oblate spheroids o=1 immersed in a matrix o=2
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Figures 2.13-2.14 present estimates of the effective bulk modulus and effective shear
modulus predicted by Mori-Tanaka approximation scheme. The estimates have been
obtained as functions of volume fraction of inclusions =1 embedded in the matrix a=2.
The inclusions are assumed to be of a spheroid type with semi-axes R;=R, and R;=wR;.
The elastic constants are assumed as G/K;=3/5, G»/K,=3/5 and K;/K,=1/100.
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Fig.2.14. Mori-Tanaka approximation —prolate spheroids o=1 immersed in a matrix a=2
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Figures 2.15-2.16 present also estimates of the effective bulk modulus and
effective shear modulus predicted by Mori-Tanaka approximation scheme. This time the
inclusions are made of stiffer material a=2 and are embedded in the matrix o=1.

100

80

60

Krem/K,

40

20

Ghom/K‘I

o T T T T

0 0.2 0.4 0.6 08 ¢ 1

Fig.2.15. Mori-Tanaka approximation —oblate spheroids a=2 immersed in a matrix o=1
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100 —

80 —
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<
<
54
40 —
20 —
0 [ B B B

Ghom/K1

0 0.2 0.4 0.6 08 ¢ 1

Fig.2.16. Mori-Tanaka approximation —prolate spheroids a=2 immersed in a matrix a=1
Using the well-known relation defining a value E of Young modulus:

g-_KG (2.137)

T 3K+G
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Mori-Tanaka approximation scheme allows also for a prediction of an effective Young
modulus of a composite medium.

Figures (2.17) and (2.18) present the prediction of the Young modulus corresponding
to the bulk and shear moduli presented in figures (2.15) and (2.16), respectively.

160 —
—— o=1/4
. e ©=1/16
e o=1/64
120 ®=1/512
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40
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0 0.2 0.4 0.6 08 ¢ 1
Fig.2.17. Mori-Tanaka approximation —oblate spheroids a=2 immersed in a matrix a=1
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Fig.2.18. Mori-Tanaka approximation —prolate spheroids o=2 immersed in a matrix a=1
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2.2.3. Self-consistent approximation scheme

In the Self-consistent scheme, the effective properties are assessed by approximating
complex interactions among constituents by those between constituent and the
homogenized composite. In other words, the effect of all of the material outside a type o
inclusion is to produce a homogeneous matrix whose effective elastic constants are the
unknowns to be calculated. The strain localization tensor for the inclusion a is therefore
determined based on a single inclusion solution assuming that the inclusion is embedded
in the matrix with the unknowns effective elastic constants. For instance, in case of a
spherical inclusion o, a hydrostatic part P; of the strain localization tensor is

approximated within the self-consistent scheme as:

Khom + é Ghom
P;,hom — 3

—— (2.138)
Ka + g Ghom

Following the procedure analogous to that employed earlier in Mori-Tanaka scheme, one
can write:

M=

c(cpr -y,

ijkh ijkh

) B =0 (2.139)

1

N
I

which for a macroscopically isotropic medium simplifies to:

N

(KM —K*)Petm =0
( B

N
I

(2.140)

Mk

o (Ghom el )Psa,hom -0

1

]
Il

The above system represents a set of two conjugate nonlinear equations. Solution to this
system is, typically, searched using an iteration procedure. The self-consistent scheme is
therefore an implicit scheme, i.e. the assessment of effective properties requires a
solution to an implicit system of equations.

As an example, consider a composite composed of M different types of spherical
inclusions. Bearing in mind the form of a strain localization tensor for spherical
inclusions (see table), the system (2.140) can be transformed to:

M - % _
(Khom K(I) (Ghom Ga)
e =0, —0 (14l
;C Ka+ﬂGh0m ;C Ghom (9Khom+8Gh0m) ( )
G* +
6(Kh0m+2Ghom)
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Estimations of the effective bulk and shear moduli predicted by the self-consistent
scheme are presented in figures 2.19 and 2.20. The composite is modeled as two-
component medium with spherical inclusions. Elastic parameters of the components are
assumed as G/K;=3/5, G»/K»,=3/5 and K;/K,=1/100.

100 —

self-consistent
Mori-Tanaka a=2 (matrix)
Mori-Tanaka a=1 (matrix)

KI’\om/K1

0.6 08 ¢ 1

Fig.2.19. Bulk modulus: comparison of the self-consistent and Mori-Tanaka estimates

60 —

—— self-consistent
———— Mori-Tanaka a=2 (matrix)
Mori-Tanak a=1 (matrix)

Ghom/K1

0 0.2 0.4 0.6 08 ¢ 1
Fig.2.20. Shear modulus: comparison of the self-consistent and Mori-Tanaka estimates
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The equations (2.141) show that the self-consistent scheme treats all the composite
constituents as equivalent, in the sense that an exchange of constituents

(K “,G“) VRS (K el ) and ¢” <> ¢’ has no impact on the macroscopic response of the

composite. The self-consistent approximation scheme is, therefore, particularly suited for
assessing the effective properties of composites with polycrystalline morphology.
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CHAPTER 3

Numerical Determination Of The Effective
Properties From Digital Images
Of Microstructure

A sample of random heterogeneous material is assumed to be a realization of a
specific random or stochastic process. More precisely, a realization is an event, o, that
belongs to a sample space, Q. Furthermore, a collection of all the possible realization of a
random medium generated by a specific random/stochastic process is an ensemble. Since
composite media are assumed to be a statistically homogeneous thus these realizations
are different in the view of microscopic scale, while within the point of view of
macroscopic details the realizations are identical (for more information see: [26]-[28]).

Consider a sample space Q over which a probability density function p(w) is defined,
®weQ. Then any particular random medium property 7(x; @), called also as a structure
function [20], is a function of a space position and a realization w. An ensemble average
of n(x; w) is defined as:

(n(x))= I n(x0)p(o)o G.1)

One can remark that the ensemble average is equivalent to an expectation of the
function 7(x; w). Furthermore, since the composite media are statistically homogeneous
therefore the ensemble average of the structure function does not depend on the space
variable x, for such the media.

The definition (3.1) implies a necessity of generation of all the realizations forming
ensemble in order to determine the ensemble average. This exceptionally complex
procedure is usually overcome using an ergodic hypothesis which allows replacing the
ensemble average with a volume average, providing that a volume of the medium
considered tends to infinity, i.e.:
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() =(n)=lim—[n(x+y)dy (3.2)

The relation (3.2) gives the possibility of considering only one arbitrary realization
providing that the sample volume is infinite. The term a sample with infinite volume
means, in an engineering application, a sufficiently large sample. This sufficiently large
sample is called as Representative Volume Element (RVE).

In the wide literature a large number of specific RVE definitions can be found ([29]-
[32]). These definitions are usually mathematically strict, however, none of them
provides precise information on the RVE size - in other words, the definitions do not
quantify the size of RVE.

A lot of attempt has been made in order to quantify the RVE size on the basis of
statistical and numerical analysis. Within all the methods proposed (e.g.[29], [33]-[34])
the RVE size is usually determined by investigating the convergence of apparent
property, with increasing the size of RVE. It causes that the process of RVE size
evaluation requires a very large number of numerical calculations, e.g. the finite element
method analysis.

In this book a methodology developed and presented in a series of papers [35]-[39] is
adopted for an estimation of the ensemble average (3.1) or (3.2). The sample is here
considered as a set of a finite number n of RVE elements (Fig.3.1), each having the same
finite size, NrvE, being a number of pixels in a row of RVE digital image. The ensemble
average is then estimated as:

(my=n" 2 (n,)=n" % [ n,(v)ay (33)

where 7 is a structural function corresponding to the j-realization of RVE and # is the
size of the sample.

THE SAMPLE
RVE, RVE, RVE, RVE,
J 2y @ b
o0 @gQVVo e g 2>
Q 0o 7% () ® () 16 - %
0% AN d Q/ﬂv & ¢o

Fig. 3.1. The graphical illustration of the notion of a sample

The crucial role in this approach plays a proper determination of the RVE size, Nrye,
as well as the size, n, of the sample. The both values are related to each other, i.e. larger
size of RVE then a smaller sample size n can be used or inversely smaller size of RVE
requires necessity of larger size of the sample use. It has to be, however, underlined that
the RVE size can not be as small as one may wish. There exist some critical value, a
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minimum size of RVE, which can not be decreased if a proper estimation of the ensemble
average has to be assured. In other words, use of the RVE size smaller than the critical
one will improperly estimate the ensemble average (3.1), usually will result in an
overestimation of this value. It appears also that the minimum size of RVE strongly
depends on a type of a structural function, 7(x; ), considered.

The condition for the minimum size of RVE used in this book is such that it preserves
a satisfactory replica of so-called 2-point correlation function ([20], [39]). Rozanski, in
his PhD thesis [38], has shown that this minimum size of RVE can be also successfully
used for determination of effective mechanical properties of random composites. In fact,
his result is much stronger: there exists a one to one mapping between the minimum RVE
size preserving a satisfactory replica of 2-point probability function and the minimum
RVE size corresponding to the effective transport properties, i.e.:

Ny (€)=N, i (£0(0)) (34

where: N, (¢) and N, ., (¢) are the minimum RVE sizes corresponding to the

effective transport property and the 2-point correlation function, respectively. Symbol &
denotes an assumed value of an error tolerance whereas 6=k, /k; is a measure of a

contrast in transport properties of composite constituents. Function b(ﬁ) is defined as:

—7(61-”1(9)62)2 with a =min l
b(e)_(l—a(ﬁ))ch th a(6)= {9,9} (3.5)

where ¢; and ¢; are the volume fractions of constituents in a composite.

The relation (3.4) indicates that the RVE size corresponding to the effective transport
property, estimated with the error tolerance &, is equated to the RVE size corresponding
to the 2-point probability function, estimated with the error tolerance gb(ﬁ). Since

b(6)=1 and N

2 point (5) is a decreasing function of ¢, therefore:

NK (5) < NZ—point (S) (3.6)

The inequality (3.6) indicates that the RVE size resulting from the 2-point probability
function can be always used for determination of the effective mechanical properties of
composite media since it is never smaller than the minimum RVE size corresponding to
the effective mechanical properties.

This innovative procedure of RVE size determination (Eq.(3.4) utilizes only the
microstructure morphology that is contained within the 2-point correlation function, and
therefore, it gives the possibility of RVE size determination with no large number of
numerical calculations - the numerical analysis like those of Finite Element Method or
other methods as Generalized Method of Cells [40] are not necessary.
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3.1. Microstructure descriptors

Consider an M-phase random medium. The total volume of ¢ is partitioned into M-
disjoint random sets or phases. Let g(®) denotes region occupied by a phase i. Introduce
now a structure function #(x; w), for phase i, such that:

1, ifxel, (o)

3.7
0, otherwise S

n(x0)=1"(x0) :{

The function introduced above is just the indicator function, i.e. for fixed x it has only
two possible values: 0 or 1, depending on the realization .
For an M-phase random medium a following relation holds true:

19(x)=1 (3.8)

The expectation or probability of finding phase 7 at a chosen point, x, is then evaluated as:
5/ (x) = (1" (x,0)) = [ 1" (x,0)p (@) der= P{1" (x) =1} (3.9)
Q

The above function is referred to as a 1-point probability function for phase, 7, since it
gives the probability to find phase i at position x. It is also referred to as 1-point

correlation function for the phase indicator function, / ) (x) .

We focus now on the n-point probability function, also called the n-point correlation
function. This function denotes the probability that n points at positions xi, Xz, ..., X, are

simultaneously found in phase i. According to its definition S ) can be expressed in term

n

of probability that the indicator function is 1 for all points xy, X2, ..., X,, , i.€.
S (% X50%,) = P17 (%) = 1,1V (x;) = 1., 1" (x,) =1) (3.10)
or equivalently

S (%, Xy X ):J‘I(f)(x“w)](")(xz,w)...l(’)(x w)p(w)do (3.11)

s Ay no
Q

Above and in what follows, w is omitted from the notation, for brevity of a description.

For composite media which are statistically homogeneous and, in addition, isotropic
ones, the probability given by relation (3.11) is invariant under any translation and
rotation of the space origin [20], thus

S (%, X55000%, ) = S (31,0000, ) (3.12)
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where

X, =||x,.—xj||=\/(x1" —xlj)2 +(x£ —xzj)2 +(x§ —x{)2 (3.13)

Geometrical interpretation of 2-point and 3-point probability functions are sketched in
figure 3.2. The 2-point probability for phase i, Sgi) , is the probability that two ends of a
line segment of length r lie in ¢; when randomly placed in the sample (Fig. 3.2). In the
same manner the geometrical meaning of 3-point probability, S3(i), for phase 7 can be

easily formulated: it is the probability that all three vertices of a triangle are found in ¢
when randomly placed in the volume ¢ (Fig. 3.2).

SO (r) SO (r,s,1)

Fig.3.2. Geometrical interpretation of 2-point and 3-point probability.

Hereafter, the primary attention is limited to the 2-point probability function, since a
determination of the minimum RVE size used in this book is based only on this
microstructure descriptor. One can interpret the 2-point probability function as a measure
of morphology of phase distribution within composite medium, i.e. the information of
how the end points of line segment of length r are correlated within the microstructure.
The limit of Séi) (r) , for r > o, is equal to the square of the volume fraction of phase i.
If this limit is reached before » — oo, say for certain value » =r*, then the points within
the microstructure with a distance larger than 7* are not correlated.

The two-point probability provides, in addition, the information on specific surface s
of the system which is defined as the interface area per unit volume of composite. The
slope of Sx(7), at =0, is related to the specific surface s by a following relation [20,45]:

d g
S=_4ES£)(V),:O (3.14)

An example of the 2-point probability function is plotted in figure 3.3.
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b .o. .o. * Cee,,
" *e* | D=0.11

Fig.3.3 The 2-point probability function for system of non-overlapping spheres; one function corresponds
to composite with spherical inclusions of diameter D=0.22 pixels whereas the second one - D=0.11 pixels.

3.1.1. Numerical estimation of 2-point probability function from digital
image of microstructure

In general, evaluation of the 2-point correlation function can be successfully
performed by simple Monte Carlo simulations [20] i.e. by randomly tossing the line
segment of length » and counting the fraction of times the end points are found in the
phase for which the correlation function is evaluated. If one works, however, with a
digital image of microstructure, this procedure can lead to a large computational cost. For
an isotropic digitised systems, more accurate procedure is that one proposed in [43].

Consider a binary - M x M pixels — an image of random microstructure. We attribute
to each pixel only one of two possible values: 0 or 1. Therefore, the digital image can be

expressed by a square matrix A[MxM] , in such a way, that each element of matrix A is

equal to 0 or 1, i.e. A[i,j]zl if pixel “contains” the phase for which the 2-point

correlation function is going to be evaluated. Indices i and j correspond to the localization
of the pixel within the image and denote the number of a row and a column, respectively.
Then, the 2-point correlation function for phase 1 can be expressed as:

ZM:i A[i,j](A[i,j+r]+A[i+r,j])

Sél)(r)= 3

1
- s r=12,.. (3.14)
M? j=1 =l

Geometrical interpretation of this procedure is as follows (Fig.3.4). The 2-point
correlation function is evaluated by translating a line segment of length r (in pixels) at a
distance of one pixel at a time and spanning the whole image. Each time the end points of
r are located at the pixel centers. The number of successful events, such that two end

points of line segment of length r are found in phase 1, are counted and divided by the



total number of trials. Note that by the assumption of system isotropy sampling is
performed only along two orthogonal directions: rows and columns.

N, min

Fig.3.4. Geometrical interpretation of numerical evaluation of the 2-point probability function

3.1.2. Microstructure reconstruction based on 2-point probability
function

A reconstruction process of a microstructure consists in finding such realization for
which the calculated 2-point correlation function, %’) , best matches the “target” 2-point
correlation function Sgi) (note that Sg") is the phase i 2-point correlation function).
Starting from some initial realization, preserving volume fractions of phases, the
microstructure is evolved towards Sé” by minimizing an fictitious energy E, which at any
time step, is defined as:

E= Z[?ﬁ')(r)fsg”(r)}z (3.15)

The minimization of £ (at any time step) is performed by simulated annealing algorithm
[44]. Namely, the states of two randomly chosen pixels of different phases are
interchanged - white pixel is changed into black one, while black pixel is changed into
white one. Interchanging the states of two pixels causes the change in energy, such that

E—E.The phase interchange is accepted with the following probability

1, AE<0
AE={ (3.16)

exp(—AE/T), AE>0
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where:

AE=E-E (3.17)

and T is a fictitious temperature which its actual value is defined by the cooling schedule
procedure applied. Starting with a high value of T the cooling procedure is performed.
The cooling process which governs the value and the rate of 7 should be chosen to be
sufficiently slow to allow the system to evolve to the desired state as quickly as possible
without getting any meta-stable local energy minima [20]. Usually, the cooling algorithm
is adopted in the form of geometrical series, i.e.

T(k):ank with g <1 (3.18)

A value of g is taken as 0.8 or 0.9. At each cooling step, say at actual value of 7, the
system is allowed to evolve long enough to thermalize, about 10000-20000 iteration, i.e.
10000-20000 interchanges of pixels are performed. The solution is obtained as 7 — 0.

At the starting point of the reconstruction algorithm outlined above a checkerboard
microstructure is typically used. Such a microstructure is shown in figure 3.5, for
different resolutions.

7# i N e ‘l. ‘*. n

s

Sgeage
ﬂ_q"

Fig.3.5. Checkerboard microstructures corresponding to different number of pixels per
row in a digital image

Examples of microstructures reconstructed by the author’s own algorithm are
presented in figures 3.6-3.8. The final picture of the microstructure reconstructed are
presented together with pictures corresponding to some intermediate steps of the process.

The microstructure shown in the figure 3.6 is characterized by a following target
2-point probability function:

i r r
Sé)=ci(1—cf)[1—ng[1—gj+Cf (3.19)

where d is a parameter characterizing a size of rectangular inclusions embedded in a
matrix and ¢; represents a volume fraction of the composite constituent for which the
target function is given. It has been assumed d=6 pixels, in the example studied in figure
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3.6. The plot presented in the figure 3.6 shows a target 2-point probability function
(continuous line in the plot) and that of the microstructure reconstructed (dots in the plot).

0 5 10 15 20

Fig.3.6. Snapshots of the microstructure corresponding to some steps of reconstruction process. The
target 2-point probability function defined by Eq. (3.19).

The target 2-point correlation function corresponding to the microstructure shown in
the figure 3.7 is:

SO =c(l-c)e ¢ +c (3.20)
whereas
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sinlad) | - @21

SO =c(l-c)e ¢
2 /( 1) qd

corresponds to the microstructure presented in the figure 3.8.

The equation (3.20) and (3.21) characterize so-called Debye and modified Debye
microstructure, respectively [20].
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Fig.3.7. Reconstruction of Debye microstructure.



Fig.3.8. Reconstruction of modified Debye microstructure.

The reconstruction process shown in the figures presented above has been done in
2D. The algorithm outlined above can, however, be successively applied to 3D
reconstruction of the microstructure.

It can be seen that the 2-point probability function contains enough morphological
information to reconstruct the microstructure of random composites. Furthermore, from
2D digital image of the microstructure one can always determine, using the method
outlined in section 3.1.1, the 2-point probability function. Then a 3D reconstruction of the
microstructure can be done using the reconstruction algorithm presented above. The 3D
microstructure, reconstructed from 2D digital image of the microstructure, can then be
used for an estimation of the effective properties of the composite medium. The crucial
role, as has been discussed previously, plays a determination of an appropriate size of
RVE. Solution to this problem is presented in the next section.

It has to be marked that the 2-point correlation function provides only some partial
information on the microstructure, so the reconstruction process is not unique. In other
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words, the infinite number of microstructure corresponds to a given 2-point probability
function.

3.2. Minimum RVE size

The condition for minimum size of RVE, adopted in this book, is that one proposed in
[42] and [38]. It is presented, in a slightly modified form, below:

N.

2—point

=max{N, (¢),N,(¢),2L (&)} (3.22)
where ¢ is an assumed error tolerance, /. is so-called correlation length defined as:

S, (r) —clz
2
1

vrzl (e)= <e (3.23)

c
The numbers N, (&) and N, (&) are such that the following inequalities hold true, i.c.:

var(c,)
c’

i

YN2>N,(s)= <e i=12 (3.24)

The variance of volume fraction, Var(c,.), is related to the 2-point probability function
and the size of RVE used by a following relation [38],[45]:

2D case
4 Nirye Nrye
var(c;) Nor = N J (Sgl) (,/xlz +x2 )—c,.2 )(NRVE =% )( Ny — X, ) dx,dx,
RVE 0 0
3D case
var(c,) .=

8 Nrye Nrye Nrye

= J (Sél)( /xlz+x22+x32)—cf)(NRVE—xl)(NR,,E—xz)(NRVE—)c3)0l)c1a’)c2d)c3

RVE 0 0 0

The above relations together with the condition (3.24) lead to the following implicit
equations for the numbers N, (&) and N, (&), i.e.:
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2D case

4TT(S§”( xf+x§)—cf)(Nl(5) ) (N, (£)~x, ) dxdx,
Mfe)=— cle
(3.25)
4]]2]}(Sgl)(«/xf+x22)—cf)(Nz(5)—xl)(N2(£)—xz)dxldxz
Nale)={ e
3D case
Nl(‘g):
S 1 (50 (727 ) O, ), 0, ), s,
o cle
(3.26)
N, (&)=
8H NZ(SS)( /_xlz+x§+x32)—cf)(Nz(5)—x1)(Nz(3)—x2)(Nz(g)—x3)dxldxzdx3
o de

The relations (3.22), (3.23) and (3.25) (or (3.26)) allow for determination of the
minimum size, Nypoin, 0f RVE. It requires, however, numerical calculations. This
problem is carefully discussed in the next paragraph.

3.2.1. Numerical determination of minimum RVE size

In order to evaluate the integral of the 2-point correlation function involved in the
definition of the minimum size of RVE (Eqgs. (3.25) or (3.26)), the Monte Carlo
integration approach is convenient to use [38, 50]. Interested reader of the Monte Carlo
method is referred to [47,48,49] for fundamentals and methodology of the approach.
Hereafter, we assume that RVE is a square/cube consisted of N?/N° pixels (square for
2D whereas cube for 3D).

Consider the function g given by the following formula:
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2D case

4
gZ(N):W

Sy S—

T(Sg) («/xf +x2 )—cf)(zv—xI )(N —x, ) dxdx, (3.27)

3D case

& (N)= ]5 ]Y]YT(SS)(,/)CE 2 +x32)—cf)(N—xl)(N—xz)(N—x3)dxldx2dx3 (3.28)

Note that a following equivalence holds true, i.e.:
N

%I(N—t)dz =1 (3.29)

0

which allows, in turn, to define a probability function:

p(t)= ]52(N 1) (3:30)
Furthermore
)23 (xl’xZ):p(xl)p(xz) orp, (xl,xz,x3):p(xl)p(xz)p(x3) (3.31)

can be treated as the probability density functions in Q for 2D and 3D case, respectively.
Introducing functions defined as:

hy (xlaxz):(sgi)(\/xlz +x22)_ci2)
h, (xl,xz,x3):(S£i) (./xf +x; +x] )—cf)

the integrals (3.27) and (3.28) can be interpreted, within the probability theory, as an
expectation of functions %, and /3, respectively:

(3.32)

h (x,x,)p xl,xz)dxldxz=E{h2(X|,X2)}
(3.33)

V-]l
W-l]

O'—-Z o'—.>

N
jh3 X%y, X3 ) (X, Xy, %, ) dx,dx, dx, =E{h2 (XszaXz)}
0
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where E { } stands for the expectation operator.
According the Monte Carlo (MC) technique, evaluation of the expectation consists in
generating random numbers (X . ¢ ;’) from the density function p(¢) and then computing

the mean of 4,(x;, x2), (respectively (XI“,XZ“,X;’) and A3(x;, x2,x3)) i.e.:

1 M 1 M
2, (N) zﬁzhz (X7, X5 )and g, (N) zﬁghs (X7, x5, x7) (3.34)

where M stands for number of MC realization.

In order to evaluate the MC estimator (3.34), pseudo random numbers from a non-
uniform distribution have to be drawn. Following [51] this problem is divided into two
parts. First, a simple generator is used to generate uniformly distributed random numbers,
which in a second step are transformed to follow the required distribution. This
generation process is referred to as the inverse method.

Note, the non-decreasing cumulative distribution function (CDF) of p() reads:

(N-X)

- (3.35)

Q(X)::I]\%z(N—x)dx:I—

Note that the CDF always grows monotonically from 0 to 1, such that QO values are
uniformly distributed. Therefore, the problem of generating the numbers of any
distribution consists in drawing a uniformly distributed random number, say RN, such

that RN =Q(X) and, if the inverse function exists, setting X =0 (RN). It is evident
that in the case of relation (3.35) the inverse function exists and has the following form:

x(0)=N(1-J1-0(x)) (3.36)

The estimator of the integral (3.34) is therefore evaluated as:

(3.37)

a=1

sz S [Srte) <

The values of Qj are obtained from the uniform distribution on the interval [0,1], while
X(Q,)) are the non-uniformly distributed random numbers determined via relation (3.36).

The process of the minimum size of RVE determination, from the digital image of
microstructure, can be summarized in the following steps:
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e having a digital image of microstructure, evaluate the 2-point correlation function
of one of the phases, say phase 7, using relation (3.14),

e assume the value of error tolerance ¢ and determine the correlation length /.(€)
defined by the inequality (3.23),

e using MC approach (Eq.(3.37)), outlined above, determine numerically g,(N)
(respectively g;(N)) as a function of variable N,

e evaluate values of N;(¢) and N(¢) from the following equations (for 3D case use
the function g;(N), respectively):

& (Nz(g))

N
L;(g)):g and 2200 g (3.38)
I G

e determine the minimum RVE size as (Eq.(3.22)):

NZ—poim c

=max (N, (¢).N,().2L ()} (3.39)

3.2.2. Evaluation of sample size

The proper estimation of the effective properties of composite media, as has been
marked before, needs evaluation of the sample size, n, in addition to determination the
minimum RVE size.

To begin with, let us recall some useful theorems:

Theorem 1 (Weak Law of Large Numbers): Let X;, X, ... be a sequence of independent

and identically distributed random variables, each with mean x and variance o°. Then for
every ¢ >0,

1 n
;in —H

i=1

limP( > gj =0 (3.40)

If X; is a structure function #(x; ) then the Weak Law of Large Numbers assures that the
estimator (3.3) converges in probability to the expectation value (3.1) being the ensemble
average of a structure function. The next theorem enables to determine the sample size, n.
Theorem 2 (Central Limit Theorem): Let X}, X5, ... be a sequence of independent and

identically distributed random variables, each with mean x and variance o”. Let

n’IZn:Xi - U
= i=l

" 0'/\/;

7 (3.41)
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then Z, converges in distribution to Z, where Z is a standard normal random variable.

In other words, the Central Limit Theorem says that mean of independent identically
distributed random variables can be approximated by a standard normal distribution, for a
large number n.

The estimator of the ensemble average of the structure function #(x; w), according to
the equation (3.3), is defined as:

[ n,(y)dy (3.42)

This estimator should satisfy the following condition

i

where ¢,5s>0 and 0<q are the absolute error and the significance level, respectively. The
values of ¢, as well as « are a priori known.
The relation (3.43) can be transform to a following equivalent form, i.e.:

- | e

‘Jvar(n)/\/;‘ - Jvar(l;ys)/x/;

Now, according to the Central Limit Theorem, the distribution of random variable

()= ()™
)

(n)-()" | < o) 21-a (3.43)

— “abs

>l-a (3.44)

—=-—-"—— can be approximated by the standard normal distribution, for large values

var(n /\/;

of n, therefore the inequalities (3.44) implies:

O Lo 1>1-2 3.45
[var(n)/x/;]> 2 (3.45)

or equivalently:

n> Varz(") [cp-l [1 —"‘D (3.46)
gnbs 2

where ® (*) is the cumulative distribution function of standard normal random variable.

In the descriptions (3.22) and (3.23) the error tolerance € represents the relative error,
therefore the inequality (3.46) is rewritten as:
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n> VES") [cp‘ (1 —“DZ (3.47)

where

£ =2t (3.48)

The inequality (3.47) defines the sample size, n, in term of the effective property, @ R

to be determined, still unknown. It appears, however, that the size of the sample required
for assuring a satisfactory replica of the 2-point probability function is larger than that
one required for evaluation of the effective mechanical properties of composite media. To
preserve a satisfactory replica of the 2-point correlation function a following
approximation can be applied [38]:

var(n) _ var(c,)
— 4 (3.49)
(n) "
Since the RVE size satisfies the inequality (3.24), i.e:
var(c,) )
e 012 (3.50)

i

therefore the sample size determined such that

n zj(cp’ [1—;‘}} (3.51)

assures a proper estimation of the ensemble average (3.1) of the effective mechanical
properties of composite media.

The significance level is typically assumed as: 5%, 3% or 1% , which corresponds to:
0=0.05, 0=0.03 and o=0.01, respectively. These values, according to the table of

standard normal distribution, imply: &' (1 —%j =1.96, @ (1 —%j =2.17 and

o (1 —%j =2.575 . Substituting these values to the inequality (3.51) leads to:
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15.37

Nso, =
&
n=1ny,, = 18.84 (3.52)
&
26.52
My, =——

The sample size, n, given by the above inequalities corresponds to the minimum RVE
size. If the RVE size would be used larger than the critical one then the sample size can
be decreased. In such a case, determine numerically, as has been presented in the
previous section, the value:

var (c;) _& (N(g)) or var(c;) _ gs(N(g))

i i i

and use inequalities (3.47) and (3.49) for evaluation of the proper sample size.
According to the inequality (3.44), the correctness of the ensemble average estimator is
assured only with some probability value. The significance levels assumed above imply:

>10.97 forn>ny, (3.53)

0.95 for n=ny,
< SJ
0.99 for n=n,,

Of course, with increasing the sample size this probability will also increase.

3.3. Procedure of numerical estimation of effective properties

The determination of effective mechanical properties of random composites from
digital image of microstructure consists of the following main steps:
1. determine the minimum size of RVE according to the method presented in the section
3.2.1
v" having a digital image of microstructure evaluate the two-point probability
function using the relation (3.14),
v determine the variance of local volume fraction, var(c;), use the Monte
Carlo approach,
v' set the wanted precision, ¢, and evaluate the minimum size of RVE- use
condition (3.22),
v" choose RVE size, Nyyg, larger than or equal to the minimum one,
2. evaluate, according to the methodology presented in the section 3.2.2, the sample size,
n, for a chosen RVE size,
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v’ set the significance level, a, and determine the sample size, n, according
the relations (3.52),

3. choose randomly n windows, NryexNryE, from the digital image of microstructure,
4. solve, for any chosen window, an appropriate boundary value problem using Finite
Element or Finite Volume numerical procedure,
v’ the appropriate boundary value problem for determination of transport
properties reads:

0 9, (x) _ .
ax[k(x){é'” + o H =0 inV,, (3.54)
E(x)=& (X+Nyy) ooV, (3.55)

v' the appropriate boundary value problem for determination of elasticity
constants reads:

i{l D

ay 2 ijlm (é}kgmh + 5]/1 5mk ) + Dijlm glm (5“1 ):‘ = 0 ln VRVE (3'56)

EN(X)=E" (X+ Nyy)  on 0V (3.57)

i

5. evaluate the volume averaged value of the solution of the boundary value problem for
each window
V' for transport properties

o0&,
PO PN LA Y (3.58)
RVE Vi 3 axj
v' for elasticity constants
11
Ky=27— {Dr/k/ﬁkh + Dy (gkh)gkh} dx (3:59)
3 Ve Vave
1
Gj = J‘ {Dijlz +Dijlmelm (élz)é‘kh}dx (360)
RVE Ve

6. determine the effective property using the Monte Carlo estimator, i.e:

n

2K,

J

=

=

Ql

1
1o
1%
n‘s

j=
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CHAPTER 4

Final Remarks

The chapter devoted to a micro-macro passage presents only a general methodology of
upscalling of mathematical description of the processes taking place in composite media.
The presentation is limited to the heuristic/engineering methods as volume averaging or
micromechanics. Special attention is paid for a practical use of this procedure, so the
transport processes as diffusion or heat conduction as well as the elasticity problem are
discussed in details.

The mathematical theory of homogenization is omitted in this book. The interested
reader for the asymptotic homogenization method, two-scale convergence method, G- or
H- or I'- convergence method is referred to the exhaustive literature on the subject as, for
instance, [1], [18], [20], [41].

The analytical methods of effective properties estimation are mainly based on, so
called, single inclusion solution. The final results presented in the book are valid only for
ellipsoidal inclusions embedded in an isotropic matrix. The inclusion as well as the
matrix considered in the book are assumed to be governed by the linear constitutive
equations. Typically, such composite are called in the literature as the “linear
composites”.

The matrix anisotropy is still an open and challenging problem. The non-linear
composites need a special treatment even analytical methods of estimation of effective
behavior of such composites use a methodology and results stated for linear composites
[31,[14],[19].

Strong development of powerful computers has been triggered in the last two decades
a strong development of numerical procedures of composites’ effective properties
determination. These techniques need mainly precise definitions of the Representative
Volume Element and the Sample. This problem has been studied in details in the chapter
3 of this book. The results presented in this chapter are really recent and original. The
methodology proposed uses a 2-point probability function for determination of the size of
Representative Volume Element and the size of the sample. The method is very fast,
simple and efficient. Usefulness and correctness of this methodology has been proved by
my PhD student, Adrian Roézanski, in his dissertation [38] in which a lot of different
complex microstructures of random composites is investigated.
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