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Analysis of luminous flux transfer
through a conical ring-core light guide
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Analysis of luminous flux transfer through a conical ring-core light guide is presented. Three
optical guides of this kind are the main elements of an original instrument for measurement of the
luminance distribution in the field of view constructed by the authors. It was found that in the case
of the output surface perpendicular to the symmetry axis of the cone having vertical angles greater
than 50° the luminous flux is not transmitted through this kind of light guide. The conical output
surface with great vertical angle considerably improves the process of transfering the luminous
flux through a conical ring-core light guide. Replacing a flat outlet surface of the light guide by a
conical one makes the transferred luminous flux more uniform to some extent.
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1. Introduction

The measuring instrument for the assessment of the luminance distribution in the field
of view developed by the authors [1], [2] requires the use of ring-core light guides in
the form of cones with appropriately selected vertical angle and numerical aperture.
The properties of transferring the luminous flux by such a light guide are generally not
known [3], [4]. Hence the need to carry out an analysis of the physical phenomena
occurring in such an element.

In the discussion below the following simplifying assumptions have been made:

1. The following dimensions of a light guide of a step-index profile are known
(Fig. 1): the length /, the diameter of the outlet front d, half of the vertical angle of the
cone q, refractive indices of the core n; and cladding n,.

2. The source of light illuminating from a great distance the inlet surface of the
light guide is of small dimensions and it produces constant intensity of lighting £ in
the plane perpendicular to the direction of propagation.

3. The symmetry axis of the light guide coincides with the z axis of the rectangular
system of coordinates with its origin at 0.

4. The dimensions of the core and the cladding are many times greater than the
wavelength. The values of the refractive indices n; and n, are constant (also as
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Fig. 1. Idea of the conical light guide with cylindrical core.

functions of wavelength). The losses caused by reflection between the core and the
cladding and the losses caused by absorption of the luminous flux in the core of
the light guide are neglected. The luminous flux penetrating from the core to the
cladding is absorbed or leaves the guide through the side surface.

5. The elementary luminous flux is represented by a vector. The element of the
surface interacting with this vector is flat both when the luminous flux passes through
the core-cladding boundary and when the flux is reflected.

6. The elementary luminous fluxes, leaving the light guide are summed.

7. Because of the waveguide symmetry with respect to the plane yz, it is enough
to analyse only the operation of half of the inlet surface.

2. Entrance of the luminous flux into the core

The inlet surface of the light guide was divided into & zones (rings) of equal width.
The width s,, of a single zone, measured in the plane xy, is equal to (Fig. 2):

2
ry—1, r,co8" a

= = 1

where: 7| = [tan & — inner radius of the cone base, r, = | + r,cos’a — outer radius of
the cone base, k, — number of zones, « — half of the vertical angle of the conical light
guide. The real width of the zone s,, will be greater:

N r,cosax

z1
= . 2
cosa k 2)

S22
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Fig. 2. Projection of the input surface of a light guide on the plane xy.

The mean radius 7, of all the zones is equal to

oty r,
Fop = 5 = r, +—=cos a.

Half of the circumference of the circle with the radius 7, was divided into such a
number of m elements that the length of the elementary field did not differ greatly from
its width

nr
m = INT( =+ 1}. 3)

S22

It is convient to present the division of the front surface into elements in the polar
coordinate system.
The radius r;, of the k-th zone is equal to:

S
rK:r1+——§-l—+(i—1)szl fori=1tok, (4)

S:K

> forj=1tom ®))

Ay = (J—1)s g+
where s, = m/m denotes increment of the angle A4 corresponding to the mean length
of the elementary surface.

The coordinates of the point K, being the centre of the elementary surface in the
system of the rectangular coordinates, are determined from the dependences:

Xg = TgCOSAg, Yx = rgsindg, zp = (rg—r))tana. (6)
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The field of the elementary surface AS on which the point X is situated, is equal to
ASg = 857k Sk (7)

The elementary luminous flux A@; hits the elementary surface at the angle o.
This angle can be determined when the vectors of the incident flux P and the normal Ny
to the element of the inlet surface are known: p(-sing@, 0, cos@) — unit vector,
Nk(-sinacos A, —sinasin Ag, cos ) — unit vector, normal to the surface at the
point K.

The cosine of the angle oy between these vectors is equal to:

cosay = cos(p, Ng) = sin@sinacos A + cos¢pcos a. ()
Thus, the elementary luminous flux A@, = |P|, incident on the elementary surface is:
ADy = E cos oy ASg. )

If the illuminance £ is given in luxes and the field of the elementary surface in square
metres, then the luminous flux will be determined in lumens.

Knowing the angle oy, at which the luminous flux hits the inlet surface of the light
guide, we can determine the refractive angle fy. Since sin Sy = (sinay)/n; hence
By = arcsin[(sin ag)/n].

Now, we can determine Fresnel’s coefficient of reflection:

1 sinz(aK—ﬁK) . tanz(aK—ﬂK)

Pk = 5|73 2 :
sin"(ag + By)  tan (ag + By)

(10)

The elementary luminous flux A @, which will enter the core of the light guide is
equal to:

A = (1 - pp)ADy. (11)

3. Propagation of the luminous flux in the light guide

The vector equation of the refractive beam [2] has the form:

P |Plcosay
T=|—-———— Ng+I[Plcosfy- Ng|(l-pp).

ny ny

Thus the components of the vector T, representing the elementary luminous flux after
refraction are as follows:
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ny

P |P| cos o )
——— — [Pl cos By | (—sinacos Ag) [(1 — pg),
n

_( |P|cos oy

- — [P cosﬂKJ (=sinacos A) |(1 - px), (12)
1

P, |P| cos a
T.=|—=—-| ————|Plcosf|cosa|(]l - pg).
n ny

3.1. Case A

The vector T, running from the point K, meets the outer surface of the conical light
guide at the point 4 (Fig. 1). In order to determine the position of this point the
system of equations must be solved:
i Ya" Xk _ Yam Yk _ EaT 2k
T, T, T,
through the point K and parallel to the vector T,
2

i1) O+ y2 + [(l —z)tana + r O] — equation of the cone (outer surface).

— equations for the straight line passing

As a result of substitution a quadratic equation is obtained:

2 2
iy I +Ty tan’a| + 2,2 (r +r )tana+[x szJTx+(y TijTy
Al 3T 5~ 4 1 K~ 7|7 K~ 7%k 7
TroT ’ I, "), I, "),

2 2
Tx Tx 2
+ xK—FzK + yK_FZK —(r,+r)) =0
z

z (13)
from which z; is determined, and next the other coordinates of the point 4:
X
X, = TZ(ZA —zg) + Xg,
(14)
T
Ya = 7Z(24—2k) + yi

T

z
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Point 4 lies in the plane z = z, at the angular distance 1, with respect to the axis x

A, = arctan y—A. (15)
X4

The vector N, (unit) normal to the outer cone surface at the point 4 is as follows:
N,(cosA cosa, sind, cosa, sina).

On this basis we can determine the angle of incidence o, of the beam T on the boundary
of the cone:

Ticosd cosa+ T sind, cosa+ T sina
[22 -2 .2
T, +T, +T;

Knowing the angle o, we can judge from the following condition whether at the point
under consideration the total internal reflection of the luminous flux occurs:

coso, = cos(T,N,) =

.
—sino, > 1. (16)
ny

If condition (16) is not satisfied, the luminous flux penetrates into the cladding and
(according to the assumptions) is absorbed; otherwise, the light beam S is reflected.
The vector equation of the reflected luminous flux has the form [2]:

S = T-2N,|T|cos g,.

The components of the vector S are as follows:

S, = T,-2|T|coso,cosd cosa,
S, = Ty—2|T|cosaAsin/”LAcosa, (17)
S. = T.-2|T|cos o sina.

The value of the reflected luminous flux |S| is equal to the incident flux |T| since the
reflection is without loss.
Equations of the straight line passing through the point 4 and parallel to the vector S

Xp=%4 _ Yp~=Vu _ Zp—Zy
S S S

X y z

with the equation of the cone, describing the inner surface of the light guide core:
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2 2 2, 2
xp+yp = (I-zp) tan"q,
form a system of equations, whose solution is reduced to quadratic equation:

2

2
A S S S S
2123 —);+—y§—tan2a +zp2 ltan2a+[xA—EJ-CZAjS—,x‘*‘[)’A—S_vyZAjg}'}
z SZ ‘ z : :
2 2
S S
+(xA—§szj +[yA_S_'yZAJ _Itan’a = 0. (18)

The coordinate zj, of the point D, determined in this way allows the other coordinates
to be calculated:

X
Xp ?(ZD—ZA)+XA,

z

(19)

Sy
Yp = ?(ZD_ZA) +Yy

z

If the coordinate zj, satisfies the inequality z, </ (where / is the length of the light
guide), then the flux S falls on the inner surface of the light guide core, and in the
opposite case — on the outlet surface of the guide. At the point D we must also determine
the angle of incidence o, and make sure that the total internal reflection occurs. For
this purpose the components of the normal vector Ny, at the point D of the inner surface
of the cone are determined Ny(—cos A, cos a, —sin A, cos a, —sin &) and, similarly as
Eq. (15), Ap = arctan(yp/xp).

The angle of incidence o), of the flux at the point D can be determined from the
dependence:

— S, cosApcosa— Sy51n/1Dcosa— S_sina
2 2 2
NSy + 8, +S;

Next, the condition of the reflection of the luminous flux from inner surface of the core
is checked:

cosop = cos(S,Np) =

(20)

n, .
—sinop > 1.
n,

If the above condition is satisfied, the elementary flux S will be reflected again from
the cladding surface. In the opposite case it will be lost.
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3.2.Case B

In the case of large values of the inclination angles ¢ of the incident ray P, the ray T
(after refraction) may hit the point B of the inner surface of the core (Fig. 3). On the
basis of the system of equations:

Xp—Xx  Vp—Vx _ Zp~Zk
T T T, ’

X y z

2,2 2,2
Xg+yg = (I-zp)tan
we can write the quadratic equation:

2 2

> T T T T T
zé T—’;+T—y2—tan2a +zp2 ltan2a+[xK—TxZKJTX+(yK—7yZKj7y
z z : : : :

2 2

+ (x sz j + [y Tyz J lztanza =0

K~ 74K K~ 7 2K| =
TZ TZ

21)

from which the coordinate zz of the point B is determined and next the other
coordinates:

Xp = Tx(zB—zK)+xK, yg = Ty(zB—zK)+yK.
z z

Fig. 3. Path of a light ray for great incidence angle ¢.
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If z,, </, the angle of incidence oz must be determined in order to judge whether the
internal reflections occur. The normal vector Ny at the point B has the components
Np(-cosAzcos a, —sinAgzcos a, —sina) and Ag = arctan(yp/xp), thus

— T cosAgcosa—T sindgcosa—T sina
[(2 -2 .2
T, +T, +T.

n
If the inequality —Lsin op > lis satisfied, the elementary flux is reflected at the
point B. g

The components of the vector of reflected S are as follows:

COSoOp =

(22)

S, = T,—2|T|cosogzcosAzcos a,
S, = T,—2[T|cos opsindzcos a,
S. = T.-2[T|cos opsina

with the vector S coincident with the straight line described by the equations:

Xc=Yp Ve~ Vp _ ZcTZp
S S S

X y z

_ 22 2
which intersects the outer surface of the core x-+y, = [(/ —z)tana + r(]", at the
point C.

The solution of the above system of equations consists in determining the elements
of the quadratic equation:

2 2

2 Sx Sy ; 2 2 " Sx Sx Sy Sy

zc?+?—ana+2c (ro +rtana + xB_E;ZB S—Z+«VB‘§ZZB§Z
S, 2 S, ? 2

+ xB_STZB + yB_EZB —(rg+r) = 0. (23)

Knowing the coordinate z~ we can calculate the other coordinates of the point C
from the dependence:

Xo = S—x(zc—zB)+xB, Yo = S—y(zc—zB)+yB.

If the coordinate z- satisfies the inequality z~ </, the angle of incidence o of the ray
S at the point C is determined from the following relation:
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S,cosdccosa+ S sindocosa+ S sina
[c2 | 2, o2
Sy +8,+8.

where: A, = arctan(y-/x.) — angular distance of the coordinate x of the point C in the
plane z =z, N(cosAcos a, sinA-cos ¢, sina) — unit vector normal to the surface
of the cone at point 6;1

If the inequality n_; sino. > 1 is satisfied, the total internal reflection occurs and
the elementary luminous flux S under dismission becomes reflected again.

In this way, the phenomenon of reflection of the elementary luminous flux can
occur many times along the light guide.

coso. = cos(S,N¢) = (24)

3.3. Case C

If the angle of incidence @ of the elementary light beam T is close to the angle « of
the cone generator (Fig. 1) or coincides with it, then the luminous flux, after refraction,
can hit directly the outlet surface of the light guide (Fig. 4). In this case, the coordinate
zp of the point B lies outside the exit surface of the cone (z; > /), and the light beam
hits this surface at the point W.

The conical light guide output surface can be hit by fluxes running directly from
the point K (Fig. 4) and by fluxes refracted at arbitrary points (4, D, B, C) considered
above, as well as at other points of repeated reflections. The components of the incident
vector (T or S) enable the angle of incidence S, to be determined:

T S
cosfy = ————, or cos BBy, = S — (25)

JT2+ T+ 1! S{+8]+S]

Fig. 4. Path of light beam when ¢ = .
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If nsinfBy, > 1, the inside reflection does not occur and the output angle «ay of the
ray from the light guide is a; = arcsin(n,sinfy).

On the output surface there will take place Fresnel’s reflection which is defined
by the reflection coefficient py,

1 sinz(aW— Bw) .\ tanz(aW— Bw)

Pw =573 2 ' (26)
sin" (ay + By)  tan (ay + By)

The elementary luminous flux is as follows:

ADy = W = (1 -pp)A@; = (1 - p)(1 = py) AS Ecos a. (27)

Summing up all elementary luminous fluxes A @y, we can determine the value of the
luminous flux @, incident from the direction ¢, which has passed through the light
guide

?, = 23 ADy,. (28)

The sum obtained must be doubled, since only half of the inlet surface is analysed
(item 7 of the adopted simplifying assumptions).

4. Results of calculations

In the calculations the following data were assumed: / =20 mm — length of the conical
cylindrical core light guide, d =4 mm — diameter of the outlet surface of the light guide,
n; =1.5400 —refractive index of the core, n, =1.5181 —refractive index of the cladding,
E =1000 Ix — intensity of light.

The angle of inclination of the generator of the cone with respect to the symmetry
axis of the light guide was changed in a step-like mode beginning from ¢ = 15° to
45°, every 5°. The entrance surface of the conical ring-core light guide was divided
into k£ = 14 zones so that the width of the zone s, was from 0.101 mm at the angle 45°
to 0.134 mm for the angle o, = 15°, and the number of elementary light beams was
from 794 948 to 239 232, respectively. The calculation results of the value of the
luminous flux @, as a function of the angle ¢ is shown in Fig. 5. At the angle ¢, = 50°
the luminous flux does not pass trough the light guide.

Computer simulation of a conical, ring-core light guide with steady inclination of
the generator ¢, = 30° and changing diameter of the outlet front was also carried out.
The diameter d, do was changed step-like from 0.5 to 10 mm. The calculation results
are shown in Fig. 6.

As follows from Fig. 5, at a high value of the angle ¢ (above 35°), the angle of
incidence Sy, of elementary beams on the output surface of the light guide is rather
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Fig. 6. Luminous flux @, as a function of the incidence angle ¢ for varying diameter d,,.
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high and many beams are subjected to complete inner reflection. These elementary
light beams do not leave the light guide.

In order to reduce the probability of complete inner reflection on the outlet surface
of the light guide that surface in the form of a cone was considered (Fig. 7). In this
way, the angles of incidence [y of the beams hitting the outlet surface become
considerably reduced and the probability of complete inner reflection is smaller.
However, for this outlet shape, the vector W leaving the outlet surface, may hit it again.
This was not taken into consideration.

The coordinates of the point # can be determined solving the system of equations:
(= X)/S, = vy —y)IS, = (zjy — 2)/S, — equations defining the straight line passing
through the point with the coordinates x, y, z, parallel to the vector S,
(xi,, + y%,) tan’q, = (zy—1 )2 —equation of the outlet surface of the light guide. Thus,
we must calculate the roots of the quadratic equation

2 2
s? s S S,y S S
ziV S—X+S—y tan’ o + 1 + 2y 2 ?j( —S—,jzj +S_'j(y_5_'yj tan2a0+l

V4

2 2
S S
+ [—xz—xJ +(—yz—y tanzoao—l2 = 0.
5, (29)

Knowing the coordinate zj, the other coordinates can be determined from the
dependence:

Bw

‘NW

ow

I 2

Fig. 7. Escape of an elementary luminous flux from the conical output surface.
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Xy = —S-)-C-(ZW—Z) +X, Yy = —S-JL(ZW—Z)+)/. (30)

At the point W we define the unit vector Ny, normal to the outlet surface of the light
guide: Ny, (—cos a,cos Ay, —sina, cos Ay, cosa,) where Ay, = arctan(y,/xy).

The angle between the vectors S and Nyy is the angle of incidence of the beam on
the output surface of the light guide (8y):

- S sina,cosdy — Sy sina,sindy + S_cosa,
2 2 2
NSy + S, +S;

If the inequality n;sinf;, <1 is not satisfied, there takes place the total internal
reflection on the output surface of the light guide.

Next, the angle oy of the escape of the elementary light beam from the light guide
ayy = arcsin(n, sin By) and the coefficient py, Fresnel’s reflections occurring on the
outlet surface (relation (26)) are determined. The components of vector W leaving the
light guide are defined by the dependences:

cos By, =

o= 30° 40° 50° 60° 70°

20 15°

@ [mim]

60°

0.5

0.

N

90°

Fig. 8. Luminous flux D, as a function of the incidence angle ¢ for varying angle « for conical output
surface.
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w_ = _nle +|S|(n, cos By, — cosaW)sinaocos/iW}(l - P

W= _nlSy +|S|(n, cos By, — cosaW)sinaocos/lW}(l - Pw),

W, = |nS,-I[S|(n,cos By - cosaW)cosao}(l - Py)-

This vector intersects the outlet surface at the point P (Fig. 7) with the coordinates:

Xp = Wx(l+12—zW)+xW, Yp = Wy(l+lz—zW)+yW.

Point P must lie on the surface of the circle with the diameter d,,, which is a condition
of the escape of elementary luminous flux from the light guide:

[ 2 2 do
XP+yP_ 7

The dependences (27) and (28) in this case are also valid.

The results of calculations of the values of the luminous flux @, passing through
the light guide with conical output surface, as a function of the angle of incidence ¢
are presented in Fig. 8.

5. Conclusions

This work can be sumarized as follows:

1. In the case of the outlet surface perpendicular to the symmetry axis of the cone
having greater vertical angles than 50° the luminous flux does not pass the analysed
light guide (Fig. 5). The output of conical shape with great vertical angle (90° — &)
considerably improves the transfer of the luminous flux through a conical ring-core
light guide (Fig. 8).

2. The luminous flux passing through the light guide increases with an the increase
of the outlet diameter d since the outlet surface is greater.

3. Although a constant value lighting (1000 Ix) in the plane perpendicular to the
direction of the course of the luminous flux incident on the light guide has been
assumed, the value of the luminous flux leaving the light guide is not steady and
depends on the incidence angle ¢. At greater vertical angles (« > 40°) the value of the
luminous flux decreases to 10% of the maximal value. Replacing a flat outlet surface
of the light guide by a conical one makes the transferred luminous flux more uniform
to some extent.
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4. Comparing the results of calculations displayed in Figs. 5 and 8 shows that for
conical entrance surface it is possible to use conical light guides with greater vertical
angles.
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