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Introduction

In this monograph we propose a systematic methodology how to identify and va-
lidate three mechanisms leading to fractional dynamics, namely fractional Brow-
nian motion (FBM), fractional stable motion (FSM) and fractional autoregres-
sive integrated moving average (FARIMA) process. This methodology is based
on well-known and novel statistical tools for identification and validation. We
claim that the FARIMA process is a universal model for fractional dynamics
in engineering and basic sciences. The monograph has been written under the
Project: “Detectors and sensors for measuring factors hazardous to environment
— modeling and monitoring of threats” (POIG.01.03.01-02-002/08-00). We show
that different risk factors affecting the environment can be modelled by fractional
dynamical systems.

Fractional dynamical systems are related to the concept of fractional dynamic
equations. This is an active field of study in physics, mechanics, mathematics, and
economics investigating the behaviour of objects and systems that are described
by using differentiation of fractional orders. The celebrated fractional Fokker-
Planck equation (FFPE), describing anomalous diffusion in the presence of an
external potential V' (z), is given by the following formula

owiet) [0V 0
o = oDy [83: " +K8x2 w(x,t). (1.1)

It was derived explicitly in [152], where methods of its solution were introdu-
ced and for some special cases exact solutions were calculated. Here, the operator
oD}~ a € (0,1), is the fractional derivative of the Riemann-Liouville type [185].
It is known that ODtl_a introduces a convolution integral with a slowly decaying
power-law kernel, which is typical for memory effects in complex systems [191]. In
equation (1.1), w(x,t) denotes the probability density function (PDF) and the pri-
me (’) stands for the derivative with respect to the space coordinates relating the
force F'(z) and the potential through F(z) = —V’(z). The constant K denotes the
anomalous diffusion coefficient, whereas n is the generalized friction constant. For
a — 1, equation (1.1) becomes the ordinary Fokker-Planck equation. The FFPE
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describes subdiffusion in accordance with the mean-squared displacement in the
force-free limit [36] and it obeys some generalized fluctuation-dissipation the-
orem. Moreover, a generalization of the Einstein-Stokes-Smoluchowski relation
K = kT /n connects the generalized friction and diffusion coefficients [152].

Fractional systems are now recognized in more applied domains. For example
the generic term anomalous diffusion (this means described by fractional equ-
ations in contrast to the classical Brownian diffusion) receives currently 11 000
citations per year [116]. In the engineering sciences, in which fractional dynamics
has a long-standing history in the description of viscoelastic materials or in pro-
cess control, it is popular as ever [116]. Derivatives and integrals of fractional
orders are used to describe objects that can be characterized by long (power-like)
memory or self-similarity.

In recent years, there has been a great interest in long-range dependent and
self-similar processes, in particular FBM, FSM and FARIMA. This importance
can be judged, for example, by a very large number of publications having one of
these notions in the title, in areas such as finance and insurance [133, 153, 32, 132],
econometrics [178], telecommunication [14, 4, 222, 112, 196], hydrology [166], cli-
mate studies [210], linguistics [2], DNA sequencing [114] or medicine [172]. Long-
range dependent and self-similar processes also appear widely in other areas like
biophysics [201, 138, 48, 115, 33, 42] or astronomy [39, 192]. These publications
address a great variety of issues: detection of long memory and self-similarity
in the data, statistical estimation of parameters of long-range dependence and
self-similarity, limit theorems under long-range dependence and self-similarity,
simulation of long memory and self-similar processes, and many others [187].

FARIMA series are fractionally differenced autoregressive moving average
(ARMA) series [84]. The model generalizes three broad classes of time series, na-
mely the autoregressive (AR) models, the integrated (I) models, and the moving
average (MA) models [13, 30]. In order to illustrate the idea behind the FARIMA
time series, let us concentrate on FARIMA(1,d, 1). The basic building blocks of
FARIMA(1,d, 1) model are AR(1) process: X; = ¢1X;—1+Z;, and MA(1) process:
X = Z4—01Z;,—1, where ¢1, 01 are constant coefficients and Z; is the noise. AR(1)
is a causal or future-independent function of noise and stands for the regression.
The explanatory variable is the observation immediately prior to our current ob-
servation. In order to get an idea about the role of MA part let us concentrate on
the case when Z; is a white noise. It appears that if X; is a stationary 1-correlated
time series, i.e. X and X, are independent whenever |t —s| > 1, in contrast to an
independent and identically distributed (i.i.d.) sequence which is zero-dependent,
then it can be represented as the MA(1) process [30]. The dependence (correla-
tion in this case) is only one lag long and it’s intensity is fully controlled by the
parameter #;. Hence, ARMA models introduce short memory of the process.



1 Introduction 7

The time series X; is an ARMA(1,1) process if it is stationary and satisfies
(for every t) linear difference equation with constant coefficients:

X — 1 Xoo1 =2y — 1 Zy 1,

where t =0, %1, ...

A stationary solution of ARMA(1, 1) equation exists if and only if ¢ # +1.
If |¢1] < 1, then the unique stationary solution exists and is causal, since X;
can be expressed in terms of the current and past values Z;, s < t. Otherwise, if
|¢1| > 1, then the solution is not causal since X; is then a function of Zs, s > ¢
[30].

Let us observe that ARMA models are short memory stationary processes
since their autocorrelation function converges exponentially to zero as the lag goes
to infinity. They provide a general framework for studying stationary processes
and simple prediction algorithms to describe future behaviour of the dynamics.
For example, linear prediction of the causal ARMA(1,1) process looks as follows:

Xn—i—l = ¢1Xn + enl (Xn - Xn)a

where n > 1 and 6,,; can be calculated recursively from ¢; and 6; [30].

A generalization of this class, which incorporates a wide range of nonstationa-
ry series, is provided by ARIMA processes, i.e. processes that reduce to ARMA
processes when differenced finitely many times.

Finally, stationary processes with much more slowly decreasing autocorrela-
tion function, i.e. with long (power-like) memory are called FARIMA processes.
The FARIMA(1,d, 1) process X; is represented by the following fractional diffe-
rence equation with constant coefficients:

(1-B)" (Xy — 1 X4-1) = Z — 01741, (1.2)

where t =0,+1, ...

The fractional difference operator (1 — B)¢ is defined in Section 4.3. If the
noise Z; consists of i.i.d. random variables belonging to the domain of attraction
of the a-stable law, then d < 1 — 1/a and 0 < o < 2 [119]. In this case the
noise may be either Gaussian, non-Gaussian with finite variance or it may have
infinite variance. For finite variance case, apart from the Gaussian law, the typical
choices are exponential, log-normal and normal-inverse Gaussian distributions
[42, 35]. For infinite variance variables one may consider, for example, symmetric
and skewed stable, and Pareto distributions [192]. For the description of general
FARIMA (p, d, q) processes, where p and ¢ are positive integers, see Section 4.3.

First of all, from the physical point of view, it is known that FARIMA is
a discrete time analogue of fractional Langevin equation (FLE) that takes into
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account the memory parameter d [135]. It also includes other popular models of
fractional dynamics as FBM and FLM, which are limiting cases of aggregated
FARIMA [195]. FARIMA processes are asymptotically self-similar with the para-
meter H = d+ 1/a. Brownian motion (BM) and stable motion (SM) correspond,
in the limit sense [195], to FARIMA(0,0,0) with Gaussian and a-stable noise,
respectively. Similarly, FSM corresponds to FARIMA(0,d,0) with d = H — 1/«
where H is the self-similarity parameter. For a = 2 we recognize the FBM model.
In contrast to FBM and FSM, it can also describe different light- and heavy-tailed
noises and a short (exponential) dependence.

FARIMA process, similarly as increments of FBM, exhibits long-time correla-
tions. In the Gaussian case, i.e. when a = 2, the rate of decay of the autocovarian-
ce function Cov(n) = EX, Xy — EX,,E X, is n?¥~!. Moreover, for d > 0 we have
Yoo o |Cov(n)| = oco. This serves as a classical definition of long memory [13].
However, we call here all FARIMA processes with d # 0 long-range dependent to
distinguish between ARMA models with exponentially decaying autocorrelation
function and FARIMA models with the power-law decay. For a < 2 the cova-
riance does not exist and one has to replace it, e.g., with the codifference (see
[188]). The codifference of the FARIMA process was studied in [119], where it
was proved that for d > 1 —2/a FARIMA possesses long-term dependence in the
classical sense.

Summarizing, modelling with FARIMA time series allows one to take into
account different light and heavy tails. The FARIMA processes offer also a lot of
flexibility in modelling of long (power-like) and short (exponential) dependences
by choosing the memory parameter d and appropriate autoregressive and mo-
ving average coefficients in equation (1.2). Hence, they can be better tailored to
empirical data.

We would like to underline that this monograph is aimed at parametric sys-
tem identification only. Nonparametric system identification for nonlinear sys-
tems (like Hammerstein or Wiener) was widely studied in the literature. We
refer here to [87], where theoretical foundations of nonparametric systems iden-
tification for nonlinear block-oriented systems were presented. For the theory of
nonparametric regression, see [89, 91]. The nonparametric regression approach to
identifying the Hammerstein system was proposed in [86]. The distribution-free
properties of the kernel regression estimate were studied in [85]. The use of wave-
lets in the statistical inference is examined in [92]. Wavelet expansions have been
widely applied in system identification [169, 93, 94, 95, 98, 193, 97, 203, 204].
Nonlinear system identification by Haar wavelets was systematically studied in
[202]. The multidimensional nonlinear Schur parametrization problem for higher-
order and non-Gaussian stochastic signals was studied in the series of papers
[227, 229, 228], where a generalization of the linear prediction/innovations fil-
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ter problem was solved. Nonparametric identification algorithms based on orde-
red input observations were studied [81, 180, 181, 182]. Identification of discrete
Hammerstein systems was done in [123, 124]. Comprehensive studies of semipa-
rametric Hammerstein-Wiener models were given in [96, 170].

Nonparametric methods are beyond the scope of this monograph; neverthe-
less, we mention here that nonparametric and parametric methods are supposed
to be applied in different situations. The two approaches do not compete with
each other since they are designed to be applied in quite different situations. The
first is used when a priori information is nonparametric, that is, when we wish
to recover an infinite-dimensional object with underlying assumptions as weak as
possible. Clearly, in such a case, parametric methods can only approximate, but
not estimate, the unknown characteristics [87]. However, when the information is
parametric, parametric methods provide the natural choice. This is the situation
studied here for FARIMA models.

Guide to the chapters

The monograph is structured as follows. In Chapter 2 we present the main hi-
ghlights of the Project. Organization of the Project and covered risk areas are
described in detail. Three problems are introduced which are tied to the environ-
mental protection risk area: electromagnetic field intensity, solar flare variability
and molecular biology. Chapter 3 provides basic characteristics of both light- and
heavy-tailed distributions that are most commonly used as underlying probabi-
lity laws in fractional dynamical systems. Parameter estimators and methods of
simulation are discussed. The stable distribution which is a limiting law for a
large amount of distributions is studied in detail. A new algorithm of distingu-
ishing between Gaussian and non-Gaussian stable distributions with the stability
parameter « close to 2 is presented. In Chapter 4 three models for fractional
dynamical systems are considered, namely FBM, FSM and FARIMA time series.
The former two models are self-similar and their increments form long-range de-
pendent processes. The latter discrete-time FARIMA process is stationary, and
when aggregated, in the limit, it converges to either FBM or FSM. In this sense
it generalizes both models. In contrast to them, it allows for different light- and
heavy-tailed distributions, and, as a stationary process, provides tools for calcu-
lating predictions. We choose this flexible model for further considerations. We
present a new estimation algorithm for the FARIMA parameters in the case of
noise belonging to the attraction of the stable law for both positive and negative
memory parameters. A new algorithm for fractional differencing is also provided.
Chapter 5 is devoted to the description of different identification and validation
tools. They are introduced for testing of stationarity and ergodicity, distribu-
tion type, self-similarity and long memory. In Sections 5.3.2 and 5.4.3 we present
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two new methods of estimation self-similarity index and memory parameter with
the help of p-variation and sample mean-squared displacement respectively. In
Chapter 6 we discuss three case studies related to the problems introduced in
Chapter 2. They are successfully resolved by means of the universal FARIMA
time series model with various noises. In Chapter 7 we present a novel algorithm
for identification and validation of fractional dynamical systems. It was implemen-
ted in the ASP module which was written in Matlab. We present a specification
of the module and a case study on sample data collected by a telecommunication
group within the Project.
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Detectors and sensors for measuring
factors hazardous to environment

Project: “Detectors and sensors for measuring factors hazardous to environment
— modeling and monitoring of threats” is financed by the European Union via
the European Regional Development Fund and the Polish state budget, within
the framework of the Operational Programme Innovative Economy 2007-2013
(POIG.01.03.01-02-002/08-00) [1]. The project is carried out by Wroctaw Uni-
versity of Technology as the beneficiary at the Faculty of Electronics, along with
four other science and research institutions: Krakow AGH University of Science
and Technology, Wroclaw Medical University, Institute of Immunology and Expe-
rimental Therapy, and Institute of Low Temperature and Structure Research of
the Polish Academy of Sciences in Wroclaw as consortium members.

The general objective of the Project is to increase the role of science in general
economy, through research and development activities being performed in priority
areas for social and economical development of Poland. The Project carried out
by a multidisciplinary scientific research team, allows for improved application
of modern solutions for a balanced development of knowledge-based economy.
In the scientific and technical sense, the direct objective of the project is to de-
velop innovative technical and implementation solutions for environment hazard
measurement and control systems.

This is a multidisciplinary project consisting of: design and development of
prototype detectors and sensors, development of measurement methods and con-
struction of a demonstration platform of an environment hazard monitoring sys-
tem for a selected area, using detectors and sensors developed under this project,
as well as other commercially available or adapted solutions. The research teams
under this project were divided into two theme groups: ,,Detectors and sensors”
and , Teleinformatics”. The first team carries out research tasks relevant to the
following five themes:

» electromagnetic field sensors,
» acoustic sensors,
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P> gas sensors,
» industrial waste sensors,
» biological sensors.

The second team carries out research tasks relevant to the following five
teleinformatics-related themes:

» interfaces,

teletransmission, network, protocols,
databases,

statistics and forecasts,

on-line analysis.

vvyyvyy

The project defines selected risk areas. These can relate to different subjects
like: environmental protection, medicine, food industry, chemical industry, far-
ming, transport, mining, intelligent buildings, airports or other public facilities.
It is assumed that each such area will use certain detectors and sensors, which
will monitor the subset of all factors important to that given subject. The te-
letransmission systems are subject to special requirements as the accuracy of
automatic or expert system decisions heavily rely on their performance and the
methods used for internal and external communications. The research objectives
include development of new detectors and sensors as well as measurement metho-
dologies, and they will be conducted in parallel, independent of all of the other
tasks.

This is an applied project, having real-life practical application. The project
will result in a pilot measurement and teletransmission system, which will provide
a practical source of environmental hazard information data for a selected area.

Author’s work in this project is related to the project’s theme “Statistics and
forecasts”. In Sections 2.1 — 2.3 we introduce three problems which are tied to
the environmental protection risk area. In Section 2.1 we present a problem of
constant and preferably automated monitoring of the electromagnetic field with
the ultimate objective of predicting alarming trends that could threaten the so-
ciety. In Section 2.2 we address the issue of high solar activity. Prediction of solar
flare events is an actual problem as these disturbances can pose serious threats to
man-made spacecrafts, disrupt electronic communication channels and can even
set up huge electrical currents in power grids which can lead to blackouts. In
Section 2.3 we present a problem of identifying basic mathematical mechanisms
behind recent nanoscale single-molecule biophysics experiments. Two types of da-
ta are analysed: the data describing the motion of individual fluorescently labelled
mRNA molecules inside live E. coli cells and the data describing transient ano-
malous diffusion of telomeres in the nucleus of living human cells (U20S cancer).
We note that E. coli cells were intensively studied in the Project in the context
of biological sensors. Our results described here answer few open problems raised
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by experimenters from molecular biology labs in Bar-Ilan University, Heidelberg
University and Princeton University. Solutions to the three problems by means
of fractional dynamics are presented in Chapter 6.

2.1 Case study: Electromagnetic field measurements

The progress of civilization is marked by intensive growth of emissions to the
environment. The intensification of the electromagnetic field (EMF) is a result
of increasing energy demand (more and more devices are powered by electric
energy) and the popularization of radio communication systems, especially da-
ta transmission [17, 18, 34, 19, 16]. In the past, the dominant EMF sources of
broadcasting systems used to be radio and TV transmitters, usually located at
dedicated sites. In modern duplex systems, however, EMF sources can be found
both in dense networks of base stations and within mobile terminals. The latter
are usually low power sources, but exist in large quantity. Despite the fact that in
most cases the measured EMF intensity is well below hazardous levels, there is a
need for constant and preferably automated monitoring of this exposure with the
ultimate objective of predicting alarming trends that could threaten the society
[52].

The electromagnetic field is characterized by a number of parameters. Howe-
ver, when considering the influence of EMF on the biosphere, the most impor-
tant information is the intensity of particular EMF elements in defined frequency
ranges. By analyzing frequency bands, it is possible to identify the EMF sour-
ce class, for example, in radio communication: radio diffusion and mobile radio
communication, etc. This approach prefers broadband measurements or single
band measurements using meters with passive broadband probes, which allow
measurements in direct surroundings of primary and secondary EMF sources.
Broadband meters are widely used in measurements related to work safety and
environment protection.

In Section 6.1 we analyse a set of Universal Mobile Telecommunications Sys-
tem (UMTS) data. The electromagnetic field intensity was measured in Wroclaw
in an urban area in 2011. We show that a long memory FARIMA model descri-
bes the data well. We believe that the proposed FARIMA methodology can be
also applied for other telecommunication data. This would allow to better predict
hazardous levels of the field intensity.

2.2 Case study: High solar flare activity

Understanding the long-term solar variability is one of the most important pro-
blems in solar physics. Solar activity has clearly a periodic character, but solar
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cycles (taken separately) are different in form, amplitude and length. Solar flare
events are random in time and strength. Their prediction is an actual problem
as these disturbances can pose serious threats to man-made spacecrafts, disrupt
electronic communication channels and can even set up huge electrical currents
in power grids [60]. It is enough to remind about serious problems with the spa-
cecrafts GOES, Deutsche Telecom, Telstars 401, etc. Satellite operators would be
glad to escape the unhappy surprise, and mission planners are compelled to take
into account the future space weather forecast. The cost to the airline industry
arose as planes were re-routed to lower altitudes, burning more fuel in force of at-
mospheric drag. Now the space weather forecast has the considerable importance
as well as the weather forecast on the Earth.

Within the last few years theoretical models of solar dynamo have been deve-
loped to explain various aspects of the solar activity. In [68] the authors have made
the first attempt of using a theoretical dynamo model to predict the strength of
the upcoming cycle 24. They have shown that this cycle will be the strongest
in 50 years. But later it was pointed out in [59] that some assumptions in the
Dikpati-Gilman model are unjustified. On the contrary, their model, based on
the earlier work of [160], predicts that the cycle 24 will be weaker than the 23-rd.
The key problem here is the following: the dominant processes like the magne-
tic field advection and toroidal field generation by differential rotation are fairly
regular during the rising phase of a cycle from a minimum to a maximum, and
hence a good knowledge of magnetic configurations during a minimum would
enable a good theoretical model to predict the next maximum reliably. Howe-
ver, the dominant process in the declining phase of a cycle contains the poloidal
field generation by the Babcock-Leighton mechanism which involves randomness
(primary cause of solar cycle fluctuations) and cannot be predicted in advance
by any deterministic model. Thus the prediction methods of flare activity should
be based on statistical analysis of temporal and spatial features of the experi-
mental evidence. For example, the distribution of the X-ray flares from 1987 to
1992 with respect to helio longitude was studied in [129]. They have shown that
the flares were not uniformly distributed in longitude. The analysis of temporal
features of the X-flare statistics basically has been related with the waiting-time
distributions (see, for example, [21, 128, 220, 221].

Our aim is to present a proper statistical model for analyzing and predicting
soft X-ray solar emission activity in the period of solar maximum. As a candidate
we consider in Section 6.2 the FARIMA model with Pareto noise.
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2.3 Case study: Single particle tracking dynamics in
molecular biology

A phenomenon observed in recent nanoscale single-molecule biophysics experi-
ments is subdiffusion, which largely departs from the classical Brownian diffu-
sion theory since the mean-squared displacement (MSD) is sublinear. In the case
of classical diffusion, the second moment is linear in time, whereas anomalous
diffusion processes exhibit distinct deviations from this fundamental property:
EX?2(t) ~ t% where for 0 < a < 1 is subdiffusive and for a > 1 is superdiffu-
sive [152]. Determining anomalous diffusion in crowded fluids, e.g., in the cyto-
plasm of living cells [212, 208, 83, 88|, or in more controlled in vitro experiments
[167, 201, 108], is a challenging problem. Subdiffusion can have three different
physical origins: obstruction, binding and viscoelasticity [107].

The most popular theoretical models that are commonly employed are: conti-
nuous-time random walk (CTRW) [83, 107], obstructed diffusion (OD) [88, 99],
FBM [201, 115, 38], FSM [48], and fractional Langevin equation (FLE) [108,
31, 115]. These models can be divided into two categories: with short memory
(CTRW, OD) and fractional with long (power-like) memory (FBM, FSM and
FLE).

The FARIMA process unifies the latter category [45]. First of all, from the
physical point of view, it is known that FARIMA is a discrete time analogue
of FLE that takes into account the memory parameter d [135]. It also includes
other popular models of subdiffusive dynamics as FBM and FSM, which are
limiting cases of aggregated FARIMA. In contrast to FBM and FSM, it can
also describe different light- and heavy-tailed noises and a short (exponential)
dependence. FARIMA with finite variance noises, similarly as increments of FBM,
exhibits long-time (power-like) correlations. This results in an anomalous diffusion
exponent MSD. Therefore, FARIMA can be associated with the third origin of
anomalous diffusion, i.e. viscoelasticity [88].

In Section 6.3 we look for a unified approach to the fractional subdiffusi-
ve dynamics in biological cells by means of FARIMA processes. To this end we
investigate three sets of data: the data describing the motion of individual flu-
orescently labelled mRNA molecules inside live E. coli cells presented by Golding
and Cox [83], the data extracted from the video movie of Golding and Cox and
the data describing transient anomalous diffusion of telomeres in the nucleus of
living human cells (U208 cancer) presented in [115]. In the latter context let us
mention that the 2009 Nobel Prize in Physiology or Medicine was awarded to
Elizabeth H. Blackburn, Carol W. Greider and Jack W. Szostak for the discove-
ry of how chromosomes are protected by telomeres and the enzyme telomerase
[198, 199, 200].
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Light and heavy-tailed distributions

In this chapter we discuss basic characteristics of both light- and heavy-tailed
distributions that are most commonly used as underlying probability laws in frac-
tional dynamical systems, namely the exponential, Gaussian, log-normal, normal-
inverse Gaussian, Pareto and stable. We present their parameter estimators and
methods of simulation. The stable distribution which is a limiting law for heavy-
tailed distributions is studied in detail in Section 3.6. A new algorithm of di-
stinguishing between Gaussian and non-Gaussian stable distributions with the
stability parameter close to 2 is presented.

3.1 Exponential distribution

Definition 3.1 A random variable X is said to have an exponential distri-
bution if it has density:

f(x) = BeP=, x> 0. (3.1)

The parameter 5 > 0 is called the intensity. The Laplace transform of (3.1) is

o] . 5
Lt::/ e r)dr = ——, t>—p3,
0= [ et = 5
yielding the general formula for the k-th raw moment

B OFL(t) K
my = (—1)F = ’t:o‘@'

The mean and variance are thus 7! and 572, respectively. The maximum li-
kelihood estimator (equal to the method of moments estimator) for 3 is given
by:

- 1

f=—,

mi
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where
iy ==Y af, (3.2)

is the sample k-th raw moment.
Exponential random variable can be very easily simulated by using the stan-
dard inverse transform method [179].

3.2 Gaussian distribution

Definition 3.2 A random variable X is said to have a Gaussian (normal)
distribution if it has density

f(z) = ! exp{—lM}, —00 < x < 0.

o2ro 2 o2

The parameter y is the mean or expectation (location of the peak) and o? is the
variance. ¢ is known as the standard deviation.
The maximum likelihood estimator (equal to the method of moments estima-
tor) for p is given by:
L= = mi.
The maximum likelihood estimator (equal to the method of moments estima-
tor) for o is given by:
n
62 => (v —1)°.
i=1
The problem of simulating sequences of normal random variables results from
the fact that there are no analytic expressions for the inverse F~! of the cu-
mulative distribution function (CDF). The most commonly approaches used in
the literature are: Box—Muller method [26], Marsaglia polar method which is a
modification of the Box—Muller method algorithm, which does not require com-
putation of trigonometric functions [144], and the ziggurat algorithm [145]. The
latter has been a default method of generating Gaussian random variables in
Matlab since version 7.4.

3.3 Log-normal distribution

Consider a random variable Y which has the normal distribution. Let X = ¢¥ so

that Y = log X. The distribution of X is called log-normal.
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Definition 3.3 A random variable X is said to have a log-normal distribu-
tion if its density is given by

where g > 0 is the scale and —oco < p < o0 is the location parameter.

For large o its tail is (semi-)heavy — heavier than the exponential but lighter
than power-law. For small o the log-normal resembles a normal distribution. The
log-normal CDF is given by:

1 _
F(m)z(b(OgJUM), x>0,

(2

where ®(-) is the standard normal (with mean 0 and variance 1) distribution
function. The k-th raw moment m;, of the log-normal variate can be easily derived
using results for normal random variables:

— (Xk> —E (ekY) = My (k) = exp (uk + (,—22k;2> )

where My (z) is the moment generating function of the normal distribution. In
particular, the mean and variance are

o2
E(X) = €exp H + ? }
Var(X) = {exp (02> — 1} exp (2,u + 02> ,
respectively. For both standard parameter estimation techniques the estimators
are known in closed form. The method of moments estimators are given by:

o = 2log <1zn:x,> — 1log (1zn:x2>
i 2 iz A
1 & 1 &

&2 log ( Zx?) — 2log ( le) ,
nia nia

while the maximum likelihood estimators by:

N 1
noo= 7zlog($l)a
n i=1

5 = Y {log(e) — .
=1
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Finally, the generation of a log-normal variate is straightforward. We simply have
to take the exponent of a normal variate.

3.4 Normal-inverse Gaussian distribution

Definition 3.4 A random variable X s said to have a normal-inverse Gaus-
stan (NIG) distribution if it has density

_ 08 g st Kalan T = )

f@) =% e

, —oco<zx<oo. (3.3)

The NIG distribution was introduced in [6]. It is described by four parameters
(a, B, 6, 1), where a stands for tail heavyness, § for asymmetry, ¢ is the scale
parameter, and g is the location. The normalizing constant Ky(¢) in formula
(3.3) is the modified Bessel function of the third kind with index A, also known
as the MacDonald function. It is defined as:
ge.l
Ky(t) = ;/0 A lemst @ gy 0.

The normal-inverse Gaussian distributions form a subclass of the generali-
sed hyperbolic distributions. The fact that there is a simple expression for the
moment generating function implies that simple expressions for all moments are
available. Like for the hyperbolic law the calculation of the density function is
straightforward, but the distribution function has to be numerically integrated
from (3.3).

At the expense of four parameters, the NIG distribution is able to model
symmetric and asymmetric distributions with possibly long tails in both direc-
tions. Its tail behaviour is often classified as “semi-heavy”, i.e. the tails are ligh-
ter than those of stable laws, but much heavier than Gaussian [24]. However, if
we let & — 0 the NIG distribution converges to the Cauchy distribution (with
location parameter p and scale parameter ¢), which exhibits extremely heavy
tails. Obviously, the NIG distribution may not be adequate to deal with cases
of extremely heavy tails such as those of Pareto or non-Gaussian stable laws.
However, empirical experience suggests excellent fits of the NIG law to financial
data [113, 211, 216, 24] and it has been recently fitted to biological data [42].

Parameters of the NIG distribution can be obtained via maximum likelihood
method by numerical maximization of the likelihood function (for the usage of
expectation-maximization algorithm in this this context see [113]). The most
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natural way of simulating NIG variables is derived from the property that they
can be represented as normal variance-mean mixtures [24].

3.5 Pareto distribution

Suppose that a variate X has (conditional on ) an exponential distribution with
intensity 3 (i.e. with mean $~'). Further, suppose that 3 itself has a gamma
distribution. The unconditional distribution of X is a mixture and is called the
Pareto distribution. Moreover, it can be shown that if X is an exponential random
variable and Y is a gamma random variable, then X/Y is a Pareto random
variable.

Definition 3.5 A random variable X is said to have a Pareto distribution if

it has density
aX®
= —— 0.

Clearly, the shape parameter o and the scale parameter A are both positive.
The k-th raw moment:

MNa—k)
= \Npl————~
" M)
exists only for k£ < . The mean and variance are thus:
A
E(X) =
(X) a—1’
a)?
Var(X) =
N e Ok

respectively. Note, that the mean exists only for o > 1 and the variance only for
a > 2. Hence, the Pareto distribution has very thick (or heavy) tails. The method
of moments estimators are given by:

) Ty — 13
a = 2 ~T
Mg — 2mj
3 My
A= 0,
Mo — 2my

where, as before, 7y, is the sample k-th raw moment (3.2). Note, that the estima-
tors are well defined only when 773 — 2/m2 > 0. Unfortunately, there are no closed
form expressions for the maximum likelihood estimators and they can only be
evaluated numerically.
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Pareto random variable can be very easily simulated by using the standard
inverse transform method [179].

3.6 Stable distribution

Stable distributions, also called a-stable are ubiquitous in nature due to generali-
zed central limit theorem. It says that the stable distributions, like the Gaussian
one, attract distributions of sums of independent identically distributed random
variables [105, 188, 3]|. Due to this reason, stable distributions naturally appear
when evolution of a system or result of an experiment are determined by a sum
of many random factors.

Definition 3.6 A random wvariable X is said to have a stable distribution
if it has a domain of attraction, i.e. if there is a sequence of i.i.d. random
variables Y1,Ya, ... and sequences of positive numbers (dy) and real numbers

(an), such that

Vi+Yat---Y,
SR e B X,
n

D . . . .
where — denotes convergence in distribution.

It appears that d,=n'/*L(n), for some « € (0,2] and L being a slowly varying
function in infinity [188]. A stable random variable is called symmetric stable if
its distribution is symmetric, that is, if X and —X have the same distribution.

Hence, the parameter « is one of the main characteristics of X and is known as
the index of stability. A stable random variable X with index « is called a-stable.
When a = 2, the distribution reduces to Gaussian.

The second equivalent definition of the stable law provides the form of the
characteristic function [105, 188].

Definition 3.7 A random variable X is stable if for some o € (0;2], o €
(0;00), B € [-1;1], u € R its characteristic function has the following form:

exp(—o®|t|*(1 —ifsgn(t) tan ) +itp) if a # 1,

¢x (t) = Eexp(itX) = { exp(—olt|(1+iBZ sgn(t) In[t]) + itp)  if a=1.

Therefore, each stable distribution is characterized by four parameters. The
parameter « is called the index of stability, o the scale parameter, 3 the skewness
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parameter and g is the location parameter. Stable variable X is denoted by
X ~ Su(0,08, 1), whereas symmetric a-stable random variable is denoted by
X ~ SaS. In the latter case § = p = 0. For the Gaussian distribution 3 is
irrelevant, and it is characterized by standard deviation and mean.

It is known that for general stable distributions, although they are continu-
ous, there is no elementary form of probability density function. Computational
formulas for stable densities and distribution functions are given in [163]. The
Fox function representation for the stable distributions is exhibited in [189] and
stable densities in terms of the incomplete hypergeometric function are expressed
in [100].

Remark 3.1 The only stable distributions with elementary probability den-
sity functions are:

» the Gaussian distribution, namely X ~ Sa(c,0, 1) = N(u,202),
» the Cauchy distribution, namely X ~ S1(0,0, 1),
» the Levy distribution, namely X ~ Si(o,1,u).

2

Some measurable quantities obey stable statistics exactly, such as, e.g., gra-
vitational field of masses distributed randomly in space, hitting times for one-
dimensional Brownian motion, and points of arrival in two-dimensional one [75];
interesting examples can be also found in [105, 209]. Stable statistics may al-
so appear asymptotically due to generalized central limit theorem, like, e.g., in
non-Brownian random walks with jumps and/or waiting times obeying heavy-
tailed distributions, see the reviews [152, 151]; we mention here such illuminating
examples as circulation of dollar bills [28], Lévy flights for light in fractal me-
dium called Lévy glass [7], and Lévy-like behaviour of the marine vertebrates in
response to patchy distribution of food resources [190]. Stably distributed random
noises are observed in such diverse applications as plasma physics (density and
electric field fluctuations [157, 109]), stochastic climate dynamics [69], physiology
(heartbeats [172]), electrical engineering [161], telecommunication [154], biology
[48, 33], chemistry [174], and economics [105, 148, 143, 216, 217, 35]. These and
a lot of other observations of stably (or stable-like) distributed quantities require
reliable methods of random data analysis which allow to detect stable distribu-
tions (or distributions which belong to their domains of attraction) and estimate
their parameters.

The tails of non-Gaussian stable distributions decrease like a power function:
|z| 7. Due to this reason, they appear naturally in the description of random
processes with large outliers. The rate of decay mainly depends on the parameter
«. The smaller the «, the slower the decay and the heavier the tails. Consequently,
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for a stable random variable X with index a < 2 one has E|X|* = oo for any
§>aand E[X]° < 0o for 0 < 4§ < a.

The comprehensive theory of a-stable distributions is presented in monogra-
phs [105, 188, 209].

3.6.1 FEstimation

There are at least three procedures for estimating stable law parameters: (i) the
maximum likelihood method based on numerical approximation of the stable like-
lihood function [71, 162, 216]; (ii) the quantile method using tabulated quantiles
of stable laws [147]; and (iii) the method using regression on the sample charac-
teristic function [122]. The regression method is considered to be both fast and
accurate [216].

3.6.2 Simulation

The complexity of the problem of simulating sequences of a-stable random va-
riables results from the fact that there are no analytic expressions for the inverse
F~1 of the cumulative distribution function. The first breakthrough was made
by Kanter [111], who gave a direct method for simulating S,(1,1,0) random va-
riables, for o < 1. It turned out that this method could be easily adapted to
the general case. Chambers, Mallows, and Stuck [53] were the first to give the
formulas.

It is interesting to note that for @ = 2 the Chambers—Mallows—Stuck method
reduces to the well-known Box—Muller algorithm for generating Gaussian ran-
dom variables [105]. Although many other approaches have been proposed in the
literature, this method is regarded as the fastest and the most accurate [216].

3.6.3 Testing

To test whether a data follow a stable distribution one can apply strict testing
procedure described in Section 5.2 for arbitrary distributions or to employ specific
properties of the distribution. We concentrate here on the latter case. One way to
test for stability is to check the distinctive property of stable random variables,
namely summability, see, e.g., [27]. The second array of tests checks the power-law
behaviour of the underlying data, see, e.g., [168]. In this context an issue arises of
recognizing stable distributions with the stability index close to 2. In this case, if
the sample is not long enough, the shape of empirical PDF is close to a Gaussian
[49], and both log-log scale analysis and standard estimators of the power-law
exponent estimators like Hill give overestimated value of a for the number of
observation less than 10° [215, 25]. In applications, the number of observations is
often less.
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The problem of recognizing a-stable distribution with « close to 2 from expe-
rimental data when the sample size of available data is not large, was addressed
in [49]. Following [49] we introduce a testing procedure combining a simple visu-
al test based on empirical fourth moment, and the Anderson—Darling (AD) and
Jarque-Bera (JB) statistical tests (tests are explained in detail in Section 5.2).
Namely, we calculate the empirical cumulative fourth moment (ECFM) of the

simulated data sets, which for a sample of observations {z1, ..., z,} is defined as
follows:
1k
Clk) =+ ;(mi o)t k=1,2,...,n, (3.4)

where Z is the mean of the random sample.

Formula (3.4) can be calculated for any sample obtained from an arbitrary
probability distribution. For a fixed k it forms a random variable. For distribu-
tions with finite fourth moment (e.g., Gaussian), the ECFM, as a function of k,
converges to a constant, whereas for distributions with infinite fourth moment
(e.g., stable with @ < 2) it diverges to infinity. The latter, for a finite sample, can
be observed as an irregular chaotic behaviour. Such reasoning stands for the idea
of the first step of our algorithm.

This simple test, which is presented in Figure 3.1 (inset), clearly indicates
that there is a noticeable difference between non-Gaussian stable and Gaussian
distributions. For the former the ECFM does not tend to a constant value with
number k of observations increasing, and behaves chaotically, while for the latter
one for large numbers of observations it goes to the theoretical fourth moment
that in this case is equal to 12. Now, if we take stably distributed variables with
smaller stability index, say, a = 1.9, and the same total number of observations n,
then the difference between the empirical stable PDF and Gaussian PDF becomes
more visible; this is shown in Figure 3.2. Of course, in this case we also observe
the chaotic behaviour of the ECFM for stably distributed variables, see the inset
in Figure 3.2.

In Figure 3.3 we present an asymmetric case with 8 =1 and a = 1.98. Simi-
larly to the symmetric case 8 = 0, we plot the PDF of the Gaussian distribution
with mean equal zero and variance equal to 2, and the slope of the asymptotics
of the stable PDF. The difference between the considered PDF's is almost not
visible, similar to Figure 3.1. However, in contrast to Figure 3.1, the visual test
based on ECFM does not indicate clearly a difference between the analyzed di-
stributions, since for both empirical PDFs the ECFM tends to a constant, see
the inset in Figure 3.3. This example demonstrates that obviously there is a need
to use a more advanced technique for recognition of the stable distribution with
« close to 2.



26 3 Light and heavy-tailed distributions

* stable
© normal|

_3,
ol
T ) 30
o -
= ° =20 \ o
£ 5 | .
-6r 1 %
=7r 2000 4000
k -~
_8 L ©
15

1
In(x)

Figure 3.1: Empirical PDF calculated for simulated samples from stable distribution
with parameters o = 1.98, 5 =0, 0 = 1 and p = 0 (black asterisks), and from Gaussian
distribution with mean equal zero and variance equal 2 (grey circles), are shown in the
log-log scale. Number of observations in both samples is 5000. The straight line shows the
asymptotic slope of the stable PDF with o = 1.98. Inset: Empirical cumulative fourth
moment for the samples considered.

Now, we combine the AD and JB tests with the test based on ECFM. The
resulting procedure in presented in the following algorithm.

Algorithm 3.1 Recognizing a-stable distribution with o close to 2

1. Calculate the ECFM for the sample.
2. If the ECFM tends to a constant, we check for the Gaussian distribution
by using the JB test.

(a) If its p-value exceeds the confidence level (usually 5% ), then we can
assume the underlying distribution of time series is Gaussian. In
this case we estimate its parameters by using the standard maxi-
mum likelihood estimation method.

(b) If the JB test shows the data can not be modeled by a Gaussian
distribution, then we test them for the stable distribution.

i. If the AD test gives the p-value that exceeds the confidence le-
vel, then we can assume the time series can be described by the
a-stable distribution. In this case we estimate its parameters
via the regression approach.

. If the stability is rejected other distributions have to be take
into considerations.
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Figure 3.2: Empirical PDF calculated for simulated sample from stable distribution with
parameters a = 1.9, = 0, 0 = 1 and u = 0 (black asterisks), and from Gaussian
distribution with mean equal zero and variance equal 2 (grey circles) in the log-log scale.
Number of observations in both samples is 5000. The straight line shows the asymptotic
slope of the stable PDF with o = 1.9. Inset: Empirical cumulative fourth moment for

the samples considered.

3. If the ECFM exhibits chaotic-like behaviour, then we test for the stable
distribution by means of AD test.

(a) If the p-value is greater than the confidence level, then we can as-
sume the data follow the stable law. In this case we estimate its
parameters via the regression approach.

(b) If the stability is rejected other distributions have to be take into
considerations.

In order to illustrate the procedure we apply it to the simulated samples
presented in Figures 3.1-3.3 and to a generated Gaussian sample. The obtained
results are presented in Table 3.1. In the last two columns we demonstrate the
values of the JB and AD statistics, respectively, together with the corresponding
p-values (in parentheses).

For the sample from the stable distribution with parameters a = 1.98, 6 =0,
o =1 and p = 0 we can observe chaotic behaviour of the ECFM, see Figure 3.1.
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Figure 3.3: Empirical PDF calculated for simulated sample from stable distribution with
parameters « = 1.98, f =1, 0 = 1 and pu = 0 (black asterisks), and from Gaussian
with mean equal zero and variance equal 2 (grey circles) in the log-log scale. Number of
observations in both samples is 5000. The straight line shows the asymptotic slope of the
stable PDF with a = 1.9. Inset: Empirical cumulative fourth moment for the samples
considered.

Therefore, according to the procedure, we test its stability using the AD test
statistic. The obtained p-value indicates the time series constitutes i.i.d. stable
random variables.

As we observe in Figure 3.2, the ECFM for the sample from symmetric stable
distribution with a = 1.9 and ¢ = 1 behaves chaotically, therefore we use the
AD statistic here. The obtained p-value clearly indicates the underlying stable
distribution.

The ECFM for simulated data from the totally skewed stable distribution with
a = 1.98 for large number of observations tends to a constant (see Figure 3.3),
therefore first we test the Gaussian law hypothesis. The JB test indicates the
time series can not be modeled by the normal distribution, therefore we check for
the Lévy stable by using the AD test that justifies the stable distribution.

For the last simulated sample from the normal distribution we observe that
the ECFM tends to a constant. The obtained p-value clearly indicates that the
underlying distribution of the analyzed time series is Gaussian.
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Table 3.1: Illustration of the introduced procedure for simulated samples. The last two
columns contain values of the appropriate statistics, calculated by equations (5.1)—(5.4),

and the corresponding p-values (in parentheses).

Sample ECFM tends JB stat. AD stat.
distribution to const? (p-value) (p-value)
Stable NO - 0.24
a=1.98 =0 (0.64)
c=1,u=0
Stable NO - 0.88
a=1.90,6=0 (0.42)
c=1u=0
Lévy YES 61.33 0.18
a=198 =1 (< 0.01) (0.86)
c=1,u=0
Gaussian YES 0.55 -
p=00=12 (0.5)
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Three models for fractional
dynamical systems

In this chapter we discuss three models for fractional dynamical systems: frac-
tional Brownian motion (Section 4.1), fractional stable motion (Section 4.2), and
FARIMA (Section 4.3). The former two models are self-similar and their incre-
ments form long-range dependent processes. The discrete-time FARIMA process
is stationary and generalizes both models since aggregated, in the limit, it conver-
ges to either fractional Brownian or stable motion. In contrast to them, it allows
for different light- and heavy-tailed distributions, and both long (power-like) and
short (exponential) dependences. Moreover, as a stationary process, it provides
prediction tools. In Section 4.3 we present a new estimation algorithm for the
FARIMA parameters in the case of noise belonging to the attraction of the sta-
ble law for both positive and negative memory parameters. A new algorithm for
fractional differencing is also provided.

4.1 Fractional Brownian motion

Fractional Brownian motion introduced by Kolmogorov in 1940 [121, 141] is a
generalization of the classical Brownian motion (BM) [76]. Most of its statistical
properties are characterized by the self-similarity (Hurst) exponent 0 < H < 1.

Definition 4.1 For any 0 < H < 1, fractional Brownian motion (FBM) of
index H (Hurst exponent) is the mean-zero Gaussian process By (t) with the
following integral representation [141]:

—00

Ba) = [ {(t-wi - (wi | aBw)

where B(t) is a standard Brownian motion and (x)4+ = max(zx,0).
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FBM is H-self-similar, namely for every ¢ > 0 we have By (ct) D HpB m(t) in
the sense of all finite dimensional distributions, and has stationary increments.
It is the only Gaussian process satisfying these properties. With probability 1,
the graph of By (t) has both Hausdorff dimension and box dimension of 2 — H
(for the idea based on the fractal dimension of testing existence of nonlinear I/0O
relationships on samples of FBM see [176]).

For H > 1/2, the increments of the process are positively correlated and
exhibit positive long-range dependence, whereas for H < 1/2, the increments of
the process are negatively correlated and exhibit negative long-range dependence
(see Section 5.4). For the second moment of the FBM we have EB%(t) = o2t?H,
where o > 0.

The precise simulation of such process is of great interest. The most com-
monly used approaches can be split in two categories. The first one, related to
theoretically exact methods, has so far been composed only of a matrix factori-
zation technique based on the Cholesky decomposition of the covariance matrix
[173]. Unfortunately, this technique has a complexity of O(N?) and requires high
computational resources even for moderate trajectory lengths. The other cate-
gory is composed of nonexact techniques [139]. All of the above methods have
their particular drawbacks and advantages. The choice between them boils down
to a tradeoff between speed and accuracy. However, Davies and Harte [65] pro-
posed both fast and exact synthesis method for stationary Gaussian processes,
called the circulant embedding method. It can be easily applied for a FBM [50].
Since based on the fast Fourier transform (FFT) algorithm, its complexity is
only O(Nlog N) (for the Fourier transform and its application to science and
engineering, see, e.g., [224]).

4.2 Fractional stable motion

FBM can be generalized to a fractional stable motion [105, 188, 117, 213, 207].

Definition 4.2 Fractional stable motion (FSM) is the a-stable process L (t)
with the following integral representation:

H() = . —ui——u+ alt), .
15 = [ {t-wi-(-wi}dLaw (4.1)

where Ly (t) is an a-stable motion (SM), 0 < o < 2, 0 < H < 1, and
d=H —1/a.
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The process for a = 2 becomes a FBM, is H-self-similar and has stationary
increments. Analogously to the FBM case, we say the increments of the process
exhibit positive long-range dependence if d > 0 (H > 1/«), and negative depen-
dence when d < 0 (H < 1/a) [188, 195]. This is due to the behaviour of the
integrand (kernel function) in (4.1).

When d < 0 the kernel function has singularities at « = 0 and v = t. These
singularities magnify the stable noise process dL,(t), cause large spikes in the
paths of the FSM. Their dependence structure resembles that of a negatively
correlated process and thus we shall refer to this case as to the negative depen-
dence scenario. In the case when d > 0 the kernel is bounded and positive, for
all t > 0. Thus the jumps in the paths of L% (t) due to the fluctuations of the
noise process are not as magnified as in the case d < 0. In this case especially
for large values of H, the kernel function decays slowly as s — —oo. This implies
that the past fluctuations in the process dL,(t) influence significantly the present
values of the process L% (t). This case is referred to as the positive long-range
dependence scenario. Therefore, as in the Gaussian case, the parameter d controls
sign of dependence.

Simulation of such process is even more difficult than in the FBM case. This
is due the fact that stable processes cannot be characterized by two-dimensional
distributions, which is the case for the Gaussian case. Namely, any Gaussian ran-
dom vector is fully defined by the mean and covariance matrix, whereas stable
vectors are defined in terms of so-called spectral measure [105, 188], which is a
much more complicated object. Hence, in the literature there are no exact me-
thods of simulation of FSM. The most commonly used approaches apply integral
representation of FSM. Stoev and Taqqu [195] proposed a fast method method
based on the FFT algorithm with complexity only O(N log N). It can be also
applied to FARIMA processes and more general moving average stable processes,
see also [225].

4.3 FARIMA process

Fractional autoregressive integrated moving average (FARIMA) time series were
introduced by Granger and Joyeux [84] and Hosking [101]. FARIMA times series
serve as a classic example of long-range dependent processes and have been wi-
dely studied in the literature, e.g. in telecommunication [104, 61], industry [77],
economics [62, 82, 35], astronomy [192], hydrology [125], image processing [103],
geoscience [15], medicine [184] and nanoscale biophysics [33, 42].



34 4 Three models for fractional dynamical systems

Definition 4.3 The FARIMA process { X}, denoted by FARIMA(p,d,q), is
defined by equation

®,(B)X; = 0,(B)(1 - B) ™z, (4.2)

where innovations Z; are i.i.d. random variables with either finite or infinite
variance. ®p(2) =1— 12— G2 —.. . — PpzP is the autoregressive polynomial
and Og4(2) = 1+612+ 6222 +.. .+ 0,29 is the moving average polynomial. The
operator (1 — B)~ is the integrating operator and has the infinite binomial
expansion

(1-B)9z = Z bj(d)Zs—;, (4.3)

where the bj(d)'s are the coefficients in the expansion of the function f(z) =
(1-2)"% |2| <1, ie.

I'(j +d)

T TG

7=0,1,..., (4.4)
where T" is the gamma function.

The sequence {Z;} is often called the noise process (sequence) [30, 171]. We
assume that innovations Z; are i.i.d. and belong to the domain of attraction of
an a-stable law with 0 < a < 2. If 0 < a < 2, then

P(|Zy| > ) =2 “L(x), as © — oo, (4.5)
where L is a slowly varying function at infinity, and

P(Zt > .I) P(Zt < —J,‘)

— a,

P(|Z| > z) P(|Z| > x)
where a and b are nonnegative numbers such that a + b = 1. This corresponds
to the infinite variance case [188, 192, 196]. We also consider the situation with
finite variance, where the noise is in the domain of attraction of a Gaussian law.

The backward operator B satisfies BX; = X;_ and B’X; = Xi—j, jeN.

When d = 0, the integrating operator (1 — B)~¢ reduces to the identity operator
and definition (4.2) has a simplified form

®,(B) X = ©4(B)Z;.
Therefore, FARIMA (p, 0, q) is equivalent to ARMA (p, q) process [149]. In parti-

cular, when ®, = ©, = 1, the sequence {X;} is purely the noise process {Z;} and
there is no dependence between observations.

— b, as x — 00, (4.6)
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For negative integer values of the memory parameter d, i.e, d = —1,—2,...,
the operator (1—B)~¢ has a finite extension and a positive exponent —d. Therefo-
re, it determines full differencing operation of order —d and is often called the full
differencing operator. For example, when d = —1 the operator (1—B)~% = (1—B)
means taking the increments of the underlying sequence. Moreover, when poly-
nomials ®,, and ©, do not have common roots and ®, has no roots in the closed
unit disk {z : |z| < 1}, formula (4.2) can be rewritten in an equivalent form:

full differencing of order -d
—_——~—
O4(B)

X = =B gl

FARIMA((p, d, q)
ARMA(p, q)

Zy .

Therefore FARIMA((p, d, q) time series is just a process of increments of order
—d of ARMA(p, q) series. In particular, when ®, = ©, = 1 and d = —1, the
sequence {X;} consists purely of the increments of the noise process {Z;}.

The series given by (4.3) is convergent almost surely (a.s.) and FARIMA
definition (4.2) is correct if and only if

1
a(d—1)<—1<:>d<1—a. (4.7)

In particular, in the Gaussian case (o = 2) we have d < 1/2 and that is why
analysis of FARIMA series with a positive integer valued memory parameter d
is incorrect. Under assumption (4.7) and above mentioned conditions for polyno-
mials ®, and O,, the FARIMA(p, d, q) time series defined by (4.2) has a causal
moving average form

d—fractional integrating

X (1-B)™ (D) , EOO:C (d)Z (4.8)
t = — t = y t— '7 .
v (I)p(B) j=0 ! !
FARIMA(p, d, q) N—_——
ARMA(p, q)

for details see [119]. Therefore FARIMA(p, d, q) time series can be obtained by
d-fractional integrating of ARMA (p, q) series. In particular, the FARIMA(0, d, 0)
series is just a d-fractionally integrated noise process. The d-fractional integra-
ting operation through the (1 — B)~% operator builds the dependence between
observations in a FARIMA sequence, even as they are distant in time.

In the case when the memory parameter d is small and d ~ 0, all the coeffi-
cients bj(d)’s are very close to zero, only by(d) = 1. In view of the representation
(4.3), FARIMA(0,d,0) observation X; depends mainly on the present noise ob-
servation Z;. This explains why FARIMA(0, d,0) series with d ~ 0 behave very
similarly to a pure noise process.
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When the memory parameter d is close to 1/2, all the coefficients b;(d)’s are
positive and converge to zero at a power rate. In view of the series representation
(4.3), FARIMA(0,d,0) observation X; depends not only on the present noise
observation Z;, but also depends on the whole history of the noise process. Hence,
for FARIMA(0, d, 0) series with d ~ 1/2 observations that are distant in time still
depend significantly on each other.

For Gaussian FARIMA series the rate of decay of the autocorrelation function
is t24=1 (see [101]), thus for d > 0 the process is long-range dependent in the
classical sense, see Section 5.4. For stable FARIMA series the rate of decay of the
codifference function is t*(4~D+1 and therefore the long memory property (see
Section 5.4) holds in the codifference sense for d > 1 — 2/, for details see [119].

We focus now on the case when the memory parameter d is negative. Then
the operator (1 — B)~¢ has the positive exponent —d. It defines the fractional
differencing operation. All the coefficients b;(d)’s are negative (when —1 < d < 0),
except for bo(d) = 1, and converge to zero at a power rate, but slower than in
the d-positive case. Therefore, in view of (4.3), FARIMA(0, d,0) observation X}
is formed as present noise observation Z; subtracted by the whole history of the
noise process. Hence, FARIMA series with negative memory is a d-fractionally
differenced ARMA model.

Simulation of FARIMA processes is by no means straightforward. For such
processes, except for the special case: ARMA (p, ¢) model, there are no exact me-
thods. The existing algorithms mostly concentrate on efficient ways to calculate
the infinite sum given in (4.8). Stoev and Taqqu [195] proposed a fast method
method based on the FFT algorithm with complexity only O(N log N). It can be
also applied to FSM and more general moving average stable processes.

In Figure 4.1 simulated trajectories of symmetric 1.8-stable FARIMA(0, d, 0)
(with zero-mean innovations) with different memory parameters (d € {—0.43,
0.03, 0.43}) are presented. The crucial difference in the behaviour of trajectories
for different signs of memory is the frequency of level-zero crossing. For d = 0.03,
the FARIMA trajectory looks like a pure noise. For d = —0.43, the FARIMA
observations cross the level zero and change the sign more often than in the
previous case. Finally, for d = 0.43 there are long periods of observations of the
same sign and the level zero is crossed very rarely. In order to better illustrate
this phenomenon, we also show the corresponding cumulative sums of FARIMA
trajectories. Now, the difference is pronounced in different vertical scales.

If d < 1-1/a and m is integer number such that dy := d4+m € [-1/a,1-1/a),
then

Xu(d) = (1 = B)"Xo(do) a.s.,

where {X;(d)} and {X;(dp)} are FARIMA processes with memory parameters d
and dy, respectively. Therefore, any FARIMA (p, d, ¢) time series can be obtained
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by a number of full differencings applied to FARIMA (p, dy, ¢) with dy € [-1/a, 1—
1/a). According to this fact, without any loss of generality, we may consider
FARIMA models with memory parameter only in the interval [-1/a,1 — 1/a).

A M/x M mﬂ M o

1 20 30 40 50 6

0 W\Wx A/\N M N K KX¢A7'A\ i
g 0 Yy wav ¥ 4
||_57 V 1
°

d=0.43
)
+J
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o o

0 2 3? 0 50 6 1 10 20 3? 0 50 60
Figure 4.1: Simulated trajectories of symmetric 1.8-stable FARIMA(0, d,0) series with
the memory parameter d € {—0.43,0.03,0.43} (left panel), and their cumulative sums
(right panel). Notice different vertical scales for figures in the right panel.

Finally, the linear predictor for the FARIMA process based on the finite past
X, ..., Xq takes the form:

n
=Y a; X j, (4.9)
=0
where the sequence {ag,a1,...,a,} is given by a; = —Zf:_ol cthjtk—t, the ¢;’s

are defined by (4.8) and h;’s are given by

Bpy(2)(1 — 2)?
e, thj |z] <1,

see [118] for the discussion of the prediction problem in the infinite variance
FARIMA case.

4.3.1 FEstimation

First, let us recall a method of estimation of FARIMA parameters, which was
developed in [120] for FARIMA time series with the positive memory parame-
ter d € (0,1 —1/a). It is well-defined for FARIMA series with noise satisfying
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conditions (4.5) and (4.6). Since d € (0,1 — 1/«), the method is only defined for
a € (1,2].

The method is a variant of Whittle’s estimator [90]. In [90] Whittle’s method
was applied to finite variance ARMA time series. In the Gaussian case the estima-
tor is closely connected to least squares (for the small sample bias least squares
estimator see [159]) and maximum likelihood estimators and is therefore a stan-
dard estimator for ARMA processes with finite variance [29, 13, 30]. These results
were extended in [78] to Gaussian FARIMA processes with positive memory. For
ARMA time series with noise in the domain of attraction of non-Gaussian stable
law, the estimation techniques were developed in [156]. The method described in
[120] is an extension of these results to FARIMA processes with stable noise and
positive memory property, i.e. for d € (0,1 —1/a) and o > 1.

Following [120], we define the (p + g + 1)-dimensional vector

/60 = ((blv ¢27 v 7¢p7 617 027 LIS 0117 d)7
where ¢1, ¢2,...,¢, and 01,09,...,0, are the coefficients of the polynomials @,

and ©, respectively. The vector 3, is from the parameter space E = {8 :
bp, 0g # 0,P,(2)0O4(2) # 0 for |2| < 1,®P,, O, have no common roots, d €
(07 1- 1/0&)}

We denote the normalized periodogram by

—\
Sy Ko

‘2
0N = ey

—T< AT, (4.10)

and let

~(0) := Zc?(d), (4.11)
=0

where the coefficients c¢;j(d)’s are defined in (4.8).
We also introduce the power transfer function (here we make the dependence
on 3 explicit)

@q(eii/\ 5)
By(e P, B)(1— e )P

Finally, the estimator 3,, of the true parameter vector 3 is defined as

™ I,(\
,Bn = arg mingeE [ﬂ g()\( ﬁ))

The main result presented in [120] is the following consistency condition. If
By is the true parameter vector and 3, is the estimator defined in (4.12), then

ﬁngﬁo

g\, B) =

d. (4.12)
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and

/ﬂ I,(\) g\ B2

—r 9(A; Bn) 7(0)’

where the coefficient v(0) is defined in (4.11) and L denotes convergence in
probability.

Now, we study an extension of the FARIMA estimation method to the d-
negative case, for d € (—1/2,0) [43]. In view of assumption (4.7) it yields that o €
(2/3,2]. We construct an estimator in this new case which is an extension of the
one proposed in the positive memory case. Moreover, we justify the consistency
result for the estimator using Monte Carlo simulations. A rigorous proof of the
consistency is presented in [43].

First, we start with noticing that the denominator of the formula (4.10) for
the periodogram function I,,(-) does not depend on A. Therefore, we can simplify
the form (4.12) of the estimator B, by replacing I,(-) with

2

I,(\) := , — T <A< .

n
Z Xte_Mt
t=1

The next simplifying step may be done by noticing the symmetry of I,(-)
(since all considered processes are real-valued) and power transfer function g(-, 3)
with respect to A\. Hence the simplified form for the estimator 3,, can be written
as

s n )\
B, = argminﬂeE/o gl()\( Ig))d)\, (4.13)

The subject of our analysis is the estimator Bn of the above form, but with
the revised parameter space E, the same space as E but with d € (—1/2,0).
The crucial difference between the classical d-positive case and considered here
situation with d € (—1/2,0) is the fact that function 1/¢(-,-) is discontinuous on
space [0, 7] X E. More precisely, the function 1 /g(-,B) diverges at A = 0 for any
B € E. Therefore, the domain of the function 1/g(-,-) is restricted to (0,7] x E.
This suggests us to define an estimator in d-negative case as

- T I\
B, = argminBeEA gI()\( ﬂ))d)\. (4.14)

n

Notice now that the function 1/g(-, -) is continuous on [1/n, 7] x E for any n € N,
Therefore, the estimator 3,, is correctly defined. The main result is the following
consistency theorem for the estimator 3,,.
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Theorem 4.1 If 3, € E is the true parameter, then

= ™ In(A
B, :=argminﬂeE/ #d)\ Lt Bo

L g(AB)

n

and

T I,(N) I s
/ 0B T 0

For the proof we refer to [43]. We justify here the consistency of the FARIMA
estimator 3,, by means of the Monte Carlo method [33]. To this end we perform
simulations for sample trajectories of FARIMA(1, d, 1) with a-stable innovations.
In such a case the parameter space E has three dimensions, i.e. 3 = (¢1,01,d) €
E, polynomials ®,(2) =1—¢12, O4(2) = 14612 and the power transfer function
has the form
1+ 6™ 2
1—gre=

1
(2 —2cos\)d’

Therefore, the estimator Bn can be rewritten as

™

1-2 A+ ¢?
arg minﬁeE IIn()\) ¢1 COS A + ¢1

1+ 26, cos X + 62

(2 — 2 cosA)4d.

We consider the following sets of parameters:
> (a,d) € {1.8} x {—0.4,-0.2,—0.1} and 8 = 0.5.
For the above three sets we choose the following polynomial coefficients:

» ¢ = —0.1and 6; = 0.2,
» ¢1 = 0.6 and #; = —0.3,
» ¢ = —0.1 and 6; = —0.3,

respectively.

We simulated 100 trajectories of FARIMA (1, d, 1), using the algorithm presen-
ted in [195], of length N = 50000. Next, we calculated the values of FARIMA esti-
mators (the memory parameter and polynomial coefficients) for increasing subsets
of the trajectories, namely for the first n = 1000, n = 10000, and n = 50000 (i.e.
the whole trajectory) points. The results are presented in the form of box plots in
Figure 4.2. We can see that with the increase of subset’s length n, the estimators
converge to the true values as their variance decreases.
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Figure 4.2: The box plots of estimators (d, ¢1,61) for FARIMA(1, d, 1) series with skewed
a-stable innovations with v = 1.8 and 8 = 0.5 for three trajectory subsets: (top panel)
n = 1000, (middle panel) n = 10000, and (bottom panel) n = 50000 of total length
N = 50000. The horizontal lines correspond to the true values of parameters (d, ¢1,61).

Let us also clarify for which set of values of d and « the described FARIMA
estimation method works properly. Assumption (4.7) gives that d < 1 — 1/a.
Moreover, according to [43], the estimator is correctly defined only when d >
—1/2. Therefore, we may conclude that we extended the FARIMA estimation
technique from the positive memory case with d € (0,1/2) and « € (1,2] to the
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negative memory case with d € (—1/2,0) and a € (2/3,2]. We illustrate the
area of applicability of the extended FARIMA estimation method in Figure 4.3.
Finally, we should remember that in order to apply the estimation procedure we
have to know the order of the model: (p, ¢). This can done at least in two different
ways, see Section 5.1.1 and discussion below.

0.5

Estimation area for FARIMA
series with positive memory
a,d)0(1,2]x(0,1-1/a)

Extended estimation area for FARIMA series
with negative memory
1-1/a (a,d)0(2/3,2]%(-1/2,min(1-1/a),0)

sl NENNSNNNRNNNNNNNN

Area with undefined
estimator
(a,d)0(2/5,2/3]%(-1.5,1-1/a)
0(2/3,2]x[-1/a,-1/2]

~1/a Estimation area for FARIMA series

with negative memory d<-1/a

obtained via full differencing of
FARIMA series with d>-1/2
(0,d)0(2/3,2]x(-1.5,1-1/a)

Figure 4.3: The area of applicability of the FARIMA estimation method.

4.8.2  Fractional differencing — from FARIMA to ARMA models

We briefly address here the issue of fractional differencing. Recall that one can
d—fractionally differentiate the FARIMA(p,d,q) sequence {X;} to obtain the
ARMA(p, q) series {(1 — B)?X,}. This idea can be helpful, e.g., in estimation
of FARIMA parameters since estimation methods for ARMA models are well
established [156, 30]. Thus, the problem of fitting of the FARIMA model can be
reduced to fitting of a simpler model or at least the order of the model (p, q) can
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be recovered [34, 44]. Furthermore, this procedure can be applied to calculate re-
siduals of the process, which should be checked for stationarity and independence
[33]. However, we have to remember that, first, we need a reliable estimate of d
(see Section 5.4).

Our idea of fractional differencing stems from the simulation algorithm of
FARIMA time series introduced in [195]. The method involves the discrete Fourier
transform (DFT). For a M-periodic sequence a = {a; : j € Z}, i.e. ajnm = a;
for all j € Z, the DFT Dys(a) = {Dp(a)r : k € Z} is defined as

M-1
Z 27rzyk/M  kez,

with the inverse formula
M oo
a; = DyMDula)); : Z e 2TIRMDy (a)y, j € Z.

Moreover, for any two M-periodic sequences a and b, the following convolution
theorem holds

Dy(a)kDum(b)k = Dula by, k € Z, (4.15)
where
M-1
(a*b)y Zan]],nGZ
7=0

Furthermore, if M is a power of two, then to compute the DFT of a M-periodic
sequence one can apply the efficient FFT (radix—2) algorithm [79].

The fractional differencing algorithm is based on the approximation of the
ARMA trajectory of length NV

Y, :=(1- an_Zb VZn—jy n="0,1,...,N — 1,
by the truncated moving average
M= >"bj(-d)Zn—j, n=0,1,...,N — 1. (4.16)

Since the right-hand side of formula (4.16) has a form of a finite discrete convo-
lution, we apply the convolution formula (4.15) and the efficient FET technique.
First, we define (M + N — 1)-periodic sequence l;j+k(M+N_1)(—d) = l;j(—d),
j=0,1,.... M+ N —2, k €Z, where

bi(—d) = bj(—d), for j=0,1,...,M —1,
J 0, forj=M,M+1,..., M+ N —2,
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with bj(—d)’s are computed according to formula (4.4).

In order to apply the convolution idea from the simulation algorithm, we
assume that the analyzed FARIMA trajectory {X,, : n =0,1,..., M+ N —2} is of
length M 4+ N —2 and define (M + N — 1)-periodic sequence Xj+k(M+N_1) = Xj
j=01....M + N — 2, k € Z. Therefore, Y,, can be approximated by the
convolution of the two periodic sequences

M+N72~ B
Yo~ Y bi(-d)Xp_j, n=0,1,...,N -1
j=0

and computed by taking the inverse DFT of the product of the DE'T’s of the two
(M + N — 1)-periodic sequences b = {b;j(—d) : j € Z} and X = {X; : j € Z}.
The algorithm can be written as follows.

Algorithm 4.1 Fractional differencing algorithm

1. Choose a truncation parameter M € N and expected sample size N € N,
such that M + N — 1 is the length of the dataset and is a power of two.

2. According to relation (4.4), compute (M + N — 1)-periodic sequence
b= {bj(=d) : 5 =0,1,...,M + N — 2} and using the radiz—2 FFT
algorithm, compute the DFT Dy n_1(b) of the sequence b.

3. Using the radiz—2 FFT algorithm, compute the DFT Dyron_1(X) of
the (M + N — 1)-periodic sequence X.

4. By using the radiz—2 FFT algorithm, compute the inverse DFT of the

product Dpr+N—1(0)Dar+n-1(X) and approximate Y,, by

Yo = Dty y_1 (DarsN-1(0) Darn—1(X))n,s

for n = 01,...,N — 1, where the sequence product

Drrin-1(0)Darin—1(X) consists of numbers

Dyr+n-1(0)jDp+n-1(X)j,

j=0,1,...,.M+ N —2.

In the literature different methods of fractional differencing have been propo-
sed, see, e.g. [130, 146, 226]. It may seem that our algorithm has a major drawback
from a practical point of view. Note that in order to obtain a series of length N
we have to fractionally differentiate a sequence of length N + M — 1. Therefore,
we loose a large part of the data (especially when M >> N). However, we believe
that it is necessary to truly differentiate the data in a fractional way [44].
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Selected identification and validation tools

In this chapter we recall closely related notions of self-similarity and long memory,
and collect a list of identification and validation tools for fractional dynamical
systems. In Table 5.1 the tools are presented along with the related characteristics
of the data, which are stationarity, ergodicity, distribution type, self-similarity
and long memory. Quantile lines, dynamical functional, goodness of fit statistics
and modified RS method stand for examples of both identification and validation
tools, whereas FIRT method, sample p-variation, RS method and sample MSD
are examples of identification tools.

Table 5.1: List of simple identification and validation tools.

Tools Characteristic of the data
Autocovariance function and quantile lines Stationarity
Dynamical functional Ergodicity
Goodness of fit statistics Distribution type
FIRT method Self-similarity
Sample p-variation Self-similarity
RS method Memory
Modified RS method Memory
Sample MSD Memory

5.1 Stationarity and ergodicity

5.1.1 Autocovariance function and quantile lines

Most tools depicted in Table 5.1 assume that the data are stationary or increment
stationary [41]. Stationary and nonstationary processes are very different in their
properties, and they require different inference procedures. First, note that a
simple and useful method to tell if a process is stationary in empirical studies
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is to plot the data. Loosely speaking, if a series does seem to have a trend, or
a varying volatility, then very likely, it is not stationary. To make the process
stationary sometimes it is enough to calculate its increments.

For the basic diagnostic of dependence and stationarity, autocorrelation func-
tion (ACF) and partial autocorrelation function (PACF) are examined. For any
ergodic process, both functions, ACF and PACF, should approach to zero as
the lag tends to infinity. They also provide information about the order of the
underlying ARMA model.

The sample autocorrelation function at lag k is defined as

N—k _ _
> (X = X)(Xqr — X)
rp = =t , fork=0,1,..., K

(Xt — X)
1

=

t

and stands for a measure of the linear dependence between observations with
time lag k [30]. For i.i.d. data r; = 0 for all k£ # 0. For moving average processes
of order ¢ (MA(q)), the autocorrelation function is zero for lags beyond ¢, hence
the function is also useful for estimating the ¢ parameter.

For assessing the order p of an autoregressive processes (AR(p)) we use
the partial autocorrelation function, which, at lag k, is defined as a correlation
between the predictor errors of values X,, and X1 represented in terms of
Xn+1, -y Xn+k—1. The partial autocorrelation function for AR(p) processes be-
haves much like the autocorrelation function for MA(q) processes, see [63] and
references therein. For i.i.d. series the function should be equal to zero except for
the lag k£ = 0.

If a number of realizations of a phenomena is recorded, the stationarity pro-
perty of the analyzed datasets can be checked by means of so-called quantile lines.
Let us assume that we observe M samples of length N and denote their values
by {ZF}, n =1,2,...N, k =1,..,M, and 0 < pj < 1,5 =1,..,J are given
probabilities. It is possible to derive estimators of the corresponding quantiles
qj(n) = F,(p;), where F,, = F,(z) denotes CDF of the random variable Z,
represented by the statistical sample Zﬁ, k=1,...,M. In this way we obtain the
approximation of the so-called quantile lines, i.e., the curves

q; = 4;(n)
defined by the condition
P{Z, <qj(n)} = pj.
In layman terms, the quantile lines represent the value g; for which p; * 100% of

the data are below at a certain time point n. For a stationary process the quantile
lines g;(n) = const, whereas for a self-similar process they behave like nff [219].



5.2 Goodness of fit tests 47

5.1.2  Dynamical functional

We describe now another two fundamental properties of the data: ergodicity and
mixing. Ergodicity of the stationary process Z(n) means that its phase space
cannot be divided into two nontrivial sets such that a point starting in one set
will never get to the second set. Let us emphasize that for every stationary and
ergodic process the Boltzmann ergodic hypothesis, enabling better analysis of the
data characteristics is satisfied, i.e. the temporal and ensemble averages coincide
[23, 20].

Another fundamental property is mixing, i.e., the asymptotic independence
of the random variables Z(n) and Z(0) as n goes to infinity. It is well-known that
mixing is a stronger property than ergodicity [127]. Thus to show ergodicity it is
enough to prove mixing, which is easier in many cases.

To this end, we use the dynamical functional (DF) test recently developed in
[136]. It is based on a concept of the dynamical functional [105]

D(n) = Bexp{i(Z(n) — Z(0))}.

Note that D(n) is actually a Fourier transform of the process increment evaluated
for the Fourier-space variable k = 1. Denote by E(n) = D(n) — E?exp{iZ(0)}. It
turns out that stationary process Z(n) is mixing if and only if

lim E(n) =0.

n—oo
Similarly, Z(n) is ergodic if and only if

n—1
lim 1/n Y E(k) = 0.
k=0

n—oo

The DF test holds for all infinitely divisible stationary processes [136, 137].
In [38] it was applied to telomere data. The test confirmed that the increments
of telomere motion have the ergodicity (and mixing) property.

5.2 Goodness of fit tests

A natural estimate for the distribution is the observed (empirical) distribution.
For a sample of observations {xi,...,z,} the empirical distribution function
(EDF) is defined as:

1,,.
F.(z) = E#{z cxy < xh
i.e. it is a piecewise constant function with jumps of size 1/n at points z;. Very

often, especially if the sample is large, the EDF is approximated by a continuous,
piecewise linear function with the “jump points” connected by linear functions.
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A statistics measuring the difference between the empirical F,(x) and the
fitted F'(x) distribution function, called an EDF statistic, is based on the vertical
difference between the distributions. This distance is usually measured either by
a supremum or a quadratic norm [64, 40, 37].

The most popular supremum statistic:

D = sup | Fo(z) — F(z)], (5.1)

is known as the Kolmogorov or Kolmogorov-Smirnov (KS) statistic. It can also
be written in terms of two supremum statistics:

D* —sup {Fu(a) - F()} and D~ =sup{F(x) - Fu(a)}

where the former is the largest vertical difference when F),(x) is larger than F'(x)
and the latter is the largest vertical difference when it is smaller. The Kolmogorov
statistic is then given by D = max(D™, D™). A closely related statistic proposed
by Kuiper is simply a sum of the two differences, i.e. V.= DT + D~.

The second class of measures of discrepancy is given by the Cramér-von Mises
family

Q=n [ {(Fula) = F@)P v@)dF (@) (52)

where () is a suitable function which gives weights to the squared difference
{F, () — F(x)}*>. When ¢(z) = 1 we obtain the W? statistic of Cramér-von
Mises. When () = [F(z) {1 — F(x)}]~! formula (5.2) yields the A? statistic of
Anderson and Darling (AD). From the definitions of the statistics given above,
suitable computing formulas must be found. This can be done by utilizing the
transformation Z = F(X). When F(x) is the true distribution function of X, the
random variable Z is uniformly distributed on the unit interval.

Suppose that a sample x1,...,z, gives values z; = F(x;), i = 1,...,n. It
can be easily shown that, for values z and x related by z = F(x), the corre-
sponding vertical differences in the EDF diagrams for X and for Z are equal.
Consequently, EDF statistics calculated from the empirical distribution function
of the z;’s compared with the uniform distribution will take the same values
as if they were calculated from the empirical distribution function of the x;’s,
compared with F'(x). This leads to the following formulas given in terms of the
order statistics z(1) < z@g) < -+ < 2(p):
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l)Jr = max {Z—Z(i)},
1<is<n |
— 1
D™ = max {Z(i) - (Z )},
1<i<n n

D = max(D", D7),
V = DY+D,
n . 2
- ._(2@—1)} 1
W= = Z{Z@ om o

i=1

1 n
A2 = _p— ; (20 —1) Z {1ogz + log(1 — Z(n+1—z’))} =
=1
1 & . ;
= n-=> {(21 —1)logz() + (2n + 1 — 2i) log(1 — Z(i))} :
i=1

For testing the Gaussianity we propose to use the standard Jarque—Bera (JB)
test [106], which is different from the KS and AD. It is a goodness of fit test
of whether sample data have the skewness and kurtosis matching a normal di-
stribution (for testing bivariate independence and normality see [110]). The JB

statistic is defined as: )
n (K —3)
J=—824+3~ =/ )
5 (S + 1 > , (5.3)

where S and K are the sample skewness and kurtosis respectively, namely

g — 1/n 3, (v — %) 5,
(VI/n ST - 2)

K- 1/ny 0 (x — 3)* .
(VI/n o i — 7))

Equations (5.3)—(5.4) can be used for any sample from an arbitrary probability
distribution. The value of the JB statistic given by equation (5.3) forms a random
variable which converges to zero if the underlying distribution has skewness zero
and kurtosis 3 (e.g., Gaussian). Any deviation from zero skewness and kurtosis
equal 3 increases the JB statistic. For distributions with infinite kurtosis (e.g.,
a-stable with o < 2) it diverges to infinity.

(5.4)
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To employ any of the tests, first, we need to estimate the parameters of
the hypothetical distribution. In the Gaussian case the standard method is the
maximum likelihood, whereas in the non-Gaussian stable case we suggest the use
of the regression method estimates [122, 216].

The general test of fit is structured as follows [64, 66]. The null hypothesis is
that a specific distribution is acceptable, whereas the alternative is that it is not:

Hy: F,(x)=F(x;(),
Hy: F,(x)# F(z;(),

where ( is a vector of known parameters. Small values of the test statistic T
are evidence in favor of the null hypothesis, large ones indicate its falsity. To see
how unlikely such a large outcome would be if the null hypothesis was true, we
calculate the p-value by:

p-value = P(T > t),

where ¢ is the test value for a given sample. It is typical to reject the null hypo-
thesis when a small p-value is obtained.

However, we are in a situation where we want to test the hypothesis that the
sample has a common distribution function F'(z;¢) with unknown ¢. To employ
any of the EDF tests we first need to estimate the parameters. It is important
to recognize that when the parameters are estimated from the data, the critical
values for the tests of the uniform distribution (or equivalently of a fully specified
distribution) must be reduced. In other words, if the value of the test statistics T’
is d, then the p-value is overestimated by Py (T > d). Here Py indicates that the
probability is computed under the assumption of a uniformly distributed sample.
Hence, if Py(T > d) is small, then the p-value will be even smaller and the
hypothesis will be rejected. However, if it is large then we have to obtain a more
accurate estimate of the p-value.

Ross [179] advocates the use of Monte Carlo simulations in this context. First
the parameter vector is estimated for a given sample of size n, yielding f , and the
EDF test statistics is calculated assuming that the sample is distributed according
to F(x; ¢ ), returning a value of d. Next, a sample of size n of F(z; ¢ )-distributed
variates is generated. The parameter vector is estimated for this simulated sample,
yielding fl, and the EDF test statistics is calculated assuming that the sample
is distributed according to F(x; 61) The simulation is repeated as many times
as required to achieve a certain level of accuracy. The estimate of the p-value is
obtained as the proportion of times that the test quantity is at least as large as d.

Finally, for the consistent estimation of the distributions based on incomplete
data via the in-sample goodness of fit procedures and forecasting see [58].
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5.3 Self-similarity

Self-similar processes, introduced by Lamperti [126], are the ones that are in-
variant under suitable translations of time and scale. In the last 20 years the-
re has been an explosive growth in the study of self-similar processes, cf., e.g.,
[205, 72, 70, 186]. They are important in probability theory because of their con-
nection to limit theorems and they are of great interest in modelling heavy-tailed
and long-memory phenomena. In fact, Lamperti used the term “semi-stable” in
order to underline the role of self-similar processes among stochastic processes
which is analogous to the role of stable distributions among all distributions. The
term self-similarity was coined by Mandelbrot, who used it also in the context of
the scaling of non-random objects [140, 139].
A process {X(t)}; is called self-similar (ss) [126] if for some H > 0,

X (at) 2 I X (t) for every a > 0, (5.5)

where 2 denotes equality of all finite-dimensional distributions of the processes
on the left and right side. The parameter H is called the self-similarity index or
exponent and {X(?)},5, is also called H-self-similar. If we interpret ¢ as “time”
and X(t) as “space” then (5.5) tells us that every change of time scale a > 0
corresponds to a change of space scale a’’. The bigger H, the more dramatic the
change of the space co-ordinate [47].

Notice that (5.5), indeed, means a “scale-invariance” of the finite-dimensional
distributions of X (¢). This property of a self-similar process does not imply scale-
invariance for sample paths. Therefore, pictures trying to explain self-similarity
by zooming in or out on one sample path, are by definition misleading because
in contrast to the deterministic self-similarity, this property does not mean that
the picture repeats itself as we enlarge it. It is rather the general impression that
remains the same. A convenient mathematical tool to observe self-similarity are
so-called quantile lines, see Section 5.1.1.

Self-similarity is convenient for simulations: a sample path of X (t) on [0, 1]
multiplied by ¢ and re-scaling of the time axis by ¢ immediately provide a sample
path on [0, ¢] for any ¢ > 0.

Many interesting self-similar processes have stationary increments. A process
{X(t)};> is said to have stationary increments (si) if for any b > 0,

(X(t+b) — X() 2 (X (1) - X(0)) .

For the introduction of the fundamental concept of a stationary random pro-
cess and its autocorrelation structure, see, e.g., [223].
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Fix now 0 < H < 1. Since the function {|t1|> +|to|?H —|t; —to|2H, t1,t5 € R}
is non-negative definite, there exist a Gaussian process (X (t)):>0 with mean zero
and autocovariance function

1
R(t1,t2) = Cov(X(t1), X (2)) = 5 ([t + [taH = [tr — 1227} VarX (1).

It is easy to check that this process is H-ss, si. It is called a fractional Brownian
motion (see Section 4.1) and is often denoted by Bp(t). Are there any other
Gaussian H-ss si processes for 0 < H < 17 The answer is negative [134].

Various estimators of the self-similarity parameter H has been proposed in the
literature, see, e.g., [205, 218, 194, 150, 155, 158]. In this section we concentrate
on two methods, namely the well-known FIRT method which is considered in the
literature as very accurate and a new one based on the notion of p-variation.

5.8.1 FIRT estimator

Recently introduced an estimation procedure of the self-similarity parameter H is
based on the so-called finite impulse response transformation (FIRT) [194]. FIRT
is widely used in signal processing (see, e.g., [165]) and also appears in time
series analysis (see, e.g., [5]). The estimation method was proposed in [194] for a
FSM but as it can be used for general self-similar (even asymptotically) processes
with stationary increments belonging to the domain of attraction of the stable
law. Hence, it can be also applied to FARIMA processes [194, 195]. FIRT is
characterized by a filter u = (ug,u1,...,up) of real numbers uy, k =1,...,p. It
is defined for a discrete ss si process { Xy}, oz by

p
DﬁRT _ Zuan(Z.Jrk), n>1, keZ, (5.6)
i=1

where n > 1 and the indices n and k can be interpreted as “scale” and “location”,
respectively.

If we assume that that the filter v has at least one zero moment the following
scaling property can be proved [194]:

for any n > 1, {DZ{CRT}%Z D H {DFJéRT}keZ . (5.7)

We suppose also that {fo iRT}k Z’s are available for some fixed scales n;,
’ €

j =1,...,m, and locations k = 0,...,N; — 1 at the scale n;. Since we want
to estimate the self-similarity parameter of the process from its discrete-time
observations, suppose that these observations are Xo,..., Xy. From (5.6) it is
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clear that only a finite number, say N;, of the FIRT coefficients will be available
at the scale n; and that N; ~ N/n], as N — oo, that is, limy_,oo njN; = 1.
Observe that, by (5.7), we have

Elog ‘Df;]{{fT‘ = Hlog(n;) + Elog ‘D%RT ,

where E log ’Df; I gT‘ can be approximated by the statistic

FIRT
drrrr(n) == Z 10g’Dn], ‘
N; k=0

Finally, the estimator Hpjgrr is obtained by performing a log-linear regression
on the coefficients dprrr(n) and measuring the slope, which is equal to H. It is
unbiased for all 0 < a < 2. Moreover, for 1 < a < 2, under certain technical
conditions, the estimator is consistent and asymptotically normal. It is closely
related to the wavelet transform estimator which was also introduced in [194].
They have been proven to be both reliable and computationally efficient tools
[195]. The FIRT estimator is illustrated in Figure 5.1 for the simulated data from a
fractional stable motion with H = 0.4 and a = 1.85. The filter U = (1, -3, 3, —1).

6
logz(n)

Figure 5.1: FIRT estimator for a time series simulated from FSM with H = 0.4 and
a = 1.85. The estimator Hprrr is obtained by fitting a least-squares line to the values
of the coefficients dprrr(n) on a log-linear scale. The points at the high end (marked by
“x”) are not used to fit the line. The estimated slope of the line for the original data is
Hprrr = 0.39.
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5.3.2 New estimator based on sample p-variation

Let us now discuss the idea of p-variation, p > 0. The concept of p-variation gene-
ralizes the well-known notions of total or quadratic variations, which have found
applications in various areas of physics [138, 214], mathematics and engineering
[54]. Let X (t) be a stochastic process analyzed on the time interval [0, 7]. Then,
the p-variation of X (¢) is defined as the limit of sum of increments of X () taken
to the p-th power over all partitions P of the interval [0, 7], when the mesh of
the partitions goes to zero. When p = 1 it reduces to the total variation, whereas
p = 2 leads to the notion of quadratic variation.

In practice, one calculates sample p-variation [48] taking differences between
every m-th element of the data.

Definition 5 1 Let {X;, i=0,...,N} be a sample of length N + 1. Sample

p-variation V; for lag m is deﬁned as
N/m—1 v
Ve = Y ]X(kﬂ)m — Xpm (5.8)
k=0

The following theorem describes the behaviour of the p-variation for the par-
tial sum process of the FARIMA time series.

Theorem 5.1 Let {Y;, i=0,...,N} be a FARIMA(p,d,q) time series with
a-stable noise and 1 < o < 2. We define its partial sum process {X =
Sk Y, k=0,...,N}. Then for large N/m:
(i) if o = 2, then Vi) ~ miP=1,
(i) ff1 < a <2, then V(p) ~ mHP=1 for d > 0 and Vngp) ~ mPH=1/a) o
d<0.
The symbol ~ denotes similarity in distribution and H = d + 1/a.

Proof. Since the process { N~ sz lYk, > 0}, for H = d + 1/a, converges
(with respect to all finite dimensional dlbtrlbutiOl’lS) to a FSM {X(¢), t > 0}
[195], which is H-selfsimilar, we can rewrite sample p-variation as

N/m—1 N/m—1

D
VP~ ST i (X — Xp) P =mfP T (Vi P
k=0 k=0
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(i) Gaussian case (o = 2 and E|Y;|P < oo for all p > 0). By the law of large
numbers, for large N/m Vi) ~ mIP(N/m)E|Y1[P = C1(N)m!P~1 where
C1(N) is a constant depending only on N.

(i) Stable non-Gaussian case (1 < a < 2 and E|Y;|? = 00).

(a) If p < a, by repeating arguments from the Gaussian case [51] we obtain
that for large N/m: Vi) ~ mHP(N/m)E|Y1|P = C1(N)mP~1| where
C1(N) = N.
(b) If p > «, first we rewrite the sample p-variation as
1 N/m—1

VP = AP (N /m)pl——
IV e 2

m ‘YkJrl ’p_

By [120], for large N/m we obtain that
V() 2 me(N/m)p/aSa/p = C2(N)mpdsa/p7

where S,/, is an «/p-stable random variable, C2(NN) a constant de-
pending only on N and d = H — 1/a. O

Since the normalized partial sum FARIMA process converges to a FSM with
H =d+ 1/a [195], we obtain the following fact.

Corollary 5.1 Let {X;, i = 0,...,N} be a FSM with 0 < H < 1 and
1 < a<2. Then for large N/m:

(i) if « =2, then A2 mHP=1.
(ii) if 1 < a < 2, then Vilt) ~ m™=1 for H > 1/a and Vil ~ mp(H=1/2)
for H<1/a.

The symbol ~ denotes similarity in distribution.

This implies that in the case of Gaussian FARIMA or FBM for p > 1/H
sample p-variation is a strictly increasing function of m (it tends to zero as m
gets smaller), whereas for p < 1/H it is a strictly decreasing function of m (it
diverges to infinity when m gets smaller). For a stable non-Gaussian FARIMA or
FSM the situation differs from the Gaussian case and depends on whether d is
positive or negative. It appears that the sample p-variation is always a decreasing
function with respect to m when d < 0. If d > 0, the situation is the same as in
the Gaussian case: if p > 1/H, then sample p-variation is an increasing function
of m, if p < 1/H it is a decreasing function of m.
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This suggests a p-variation dynamics test for checking both weather a given
sample follows the self-similar dynamics and, in the the negative memory case,
distinguishing between a Gaussian FARIMA or FBM (light-tailed models) and a
stable non-Gaussian FARIMA or FSM (heavy-tailed models) [48].

Algorithm 5.1 p-variation dynamics test

1. For the positive memory case, sample p-variation as a function of m
should be monotonic and change its behaviour from an increasing func-
tion to a decreasing one for some p=1/H, 0 < H < 1.

2. In the negative memory case, light-tailed and heavy-tailed dynamics dif-
fer.

(a) If the underlying model is a Gaussian FARIMA or FBM, then
sample p-variation should behave exactly as in the positive memory
case, namely change its monotonic character from a decreasing to
an increasing one for somep=1/H, 0 < H < 1.

(b) If the underlying model is a non-Gaussian FARIMA or FSM, then
sample p-variation as a function of m should be a decreasing func-
tion for allp=1/H, 0 < H < 1 (in practice, for simulated samples
from these processes one can observe that for large p the function
has a quite chaotic character for moderate sample sizes).

In Figures 5.2-5.4 we illustrate the behaviour of sample p-variation for positive
and negative cases for both FBM and FSM. The simulated samples are of length
219 In the positive memory case (Figures 5.3 and 5.4), sample p-variation as a
function of m is monotonic and changes its behaviour from an increasing function
to a decreasing one for some p =1/H, 0 < H < 1 for both FBM and FSM.

In the negative memory case (Figures 5.2 and 5.5) p-variation dynamics test
allows to distinguish between a FBM (a light-tailed model) and a FSM (a heavy-
tailed model). If the underlying model is a FBM, then sample p-variation behaves
exactly as in the positive memory case, namely changes its monotonic character
from a decreasing to an increasing one for some p = 1/H, 0 < H < 1. The
behaviour within a FSM model is different, sample p-variation as a function of
m should be a decreasing function for all p=1/H, 0 < H < 1. However, we can
observe in Figure 5.5, that for simulated time series from a FSM, for large p, the
function has a quite chaotic character for such a moderate sample size.

Estimation algorithm

Now, we introduce a method of estimation of the self-similarity index H based
on sample p-variation for the FARIMA process and fractional stable motion. For



5.3  Self-similarity 57

p=1/0.1 p=1/0.2 p=1/0.3
4 , 5 , 8
/ 4 / 7 B
3 / / 4
I / ’
Ze, / ze?® -7 e’ —— T
> | >, e T > 5 )/ ~
- - i~y
1 - - /
- 1 P 4
I - <
0 = 0 3
o 2 4 6 8 10 o 2 4 6 8 10 o 2 4 6 8 10
m m m
p=1/0.4 p=1/0.5 p=1/0.6
12 B 50
~ \
e N 40 AN
11 . 20 N N
5>E \ /’\\ 8>E \\,44 8>E 30 \'\\
vy \ /N ’ T N -
10 v/ A 5 A R 20 T~ el
\ Ny - T~
\/
9 : 10 10
o 2 4 6 8 10 o 2 4 6 8 10 o 2 4 6 8 10
m m m
p=1/0.7 p=1/0.8 p=1/0.9
60r 100 120
\
sof 80f 100 A
s N = N o 80 \
Se Se Se
<5 40 \ E 60 N %) S
N N 60 N
30 S 40 A S
-~ T ~ 40 T~ - —
St -l Tt . T~ -
20 = 20 20
o 2 4 6 8 10 o 2 4 6 10 o 2 4 6 8 10
m m m

Figure 5.2: Sample p-variation for m = 1,2,...,10, H = 0.1,0.2,...,0.9 for a simula-
ted trajectory of the FBM with H = 0.4 (negative memory case). We observe that in
the first three panels, sample 1/H-variation increases, it stabilizes in the fourth panel
(corresponding to H = 0.4), and it decreases in the subsequent panels.

d > 0 the method applies to both Gaussian (o« = 2) and non-Gaussian (o < 2)
cases. For d < 0 it is defined only for the Gaussian case. The idea of the method
is to find p = 1/H for which n(lp ) as a function of m changes its monotonic
behaviour, i.e. becomes constant. To this end, as a simple tool, we propose to
calculate difference between Vrﬁf’ ) for the smallest m, namely m = 1, and Vn(f )
for a larger m (but not too large to make sure N/m is sufficiently high), e.g.,
m = 8. This is done for different p’s. The smallest distance defines the value
of the estimator p and consequently H. The procedure can be summarized as
follows.

Algorithm 5.2 FEstimation of the self-similarity index based on sample p-
variation

1. Caleulate V,) for p=1./(0.01:0.01:0.99) and m =1 and 8.
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Figure 5.3: Sample p-variation for m = 1,2, ..

.,10, H = 0.1,0.2,...,0.9 for a simula-

ted trajectory of the FBM with H = 0.7 (positive memory case). We observe that in
the first six panels, sample 1/H-variation increases, it stabilizes in the seventh panel
(corresponding to H = 0.7), and it decreases in the subsequent panels.

2
2. Find p that minimizes (Vg(p ) _ Vl(p )) .
3. The estimated value H = 1/p.

Let us illustrate the behaviour of the function Vg(p ) Vl(p ))2 for a sample
trajectory of FBM with H = 0.65, see Figure 5.6. We can see that the function
has a parabolic shape with vertex around the point 0.65. This justifies the idea
behind the estimator.

Next, we study the consistency of the estimator by means of the Monte Carlo
method. To this end we performed simulations for sample trajectories of the
FBM with H = 0.65. We simulated 100 trajectories of length N = 60000. Next,
we calculated values of the self-similarity estimator for increasing subsets of the
trajectories, namely for the first n = 100, n = 1000, n = 10000, n = 30000, and
n = 60000 (i.e. the whole trajectory) points. The results are presented in the form
of box plots in Figure 5.7. We can see that with the increase of subset’s length n,
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Figure 5.4: Sample p-variation for m =1,2,...,10, H = 0.1,0.2,...,0.9 for a simulated
trajectory of the FSM with H = 0.7 and o = 1.85 (positive memory case). We observe
that in the first six panels, sample 1/H-variation increases, it stabilizes in the seventh
panel (corresponding to H = 0.7), and it decreases in the subsequent panels.

the estimator converges to the true value as its variance decreases. This suggests
that the estimator is consistent.

Finally, by means of Monte Carlo simulations we study efficiency of the me-
thod for both Gaussian and non-Gaussian stable cases. Moreover, we compare the
results with another method of estimation of H, namely FIRT. First, we conduct
the analysis for 1000 simulated trajectories of FBM of length N = 1000 with
H = 0.35 and H = 0.65, see Figures 5.8-5.9. We notice that the p-variation me-
thod works remarkably well for the FBM. The medians (and means which were
additionally checked) are close the true values and the variance of the estimator
is very low.

Next, we performed similar calculations for the FARIMA (0, —0.25,0) process
with Gaussian noise, see Figure 5.10. We can notice that the self-similarity pa-
rameter calculated by the p-variation method is overestimated. The same is true
for the FIRT estimator. However, we should remember that the FARIMA process
is self-similar only in the limit. Moreover, the simulation method of FARIMA is
not exact as it was for the FBM case. With respect to variance, the p-variation
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Figure 5.5: Sample p-variation for m =1,2,...,10, H = 0.1,0.2,...,0.9 for a simulated
trajectory of the FSM with H = 0.4 and a = 1.85 (negative memory case). We observe
that in the first three panels, sample 1/H-variation does not show any clear trend, and
it decreases in the subsequent panels.

method is, as before, the clear winner. Similar conclusions were drawn for other
values of d and for the general Gaussian FARIMA (p, d, q) case. Monte Carlo ana-
lysis of the stable case, namely FSM and FARIMA with non-Gaussian stable
noise for @ > 1 and d > 0, led to similar conclusions but overestimation changed
to underestimation, e.g. see Figure 5.11, where FARIMA(0, 0.25,0) process with
stable noise with o = 1.8 was considered.

To sum up, the introduced p-variation estimator seems to be consistent and
works remarkably well at least for the FBM case. We believe it is also true for
other analyzed cases but they need more attention due to approximation errors
caused by simulation methods and not exact but limiting results. What is defini-
tely true is the fact that the variance of the estimator is really low when compared
with the well-known FIRT method of estimation of H.
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Figure 5.6: Plot of (Vi — V,")2 for H = 0.1,0.2,...,0.9 (p = 1./(0.01 : 0.01 : 0.99)) for
., 1000} with H = 0.65 (positive

a simulated trajectory of the FBM {Bg(t), t = 1,2,.
memory case). We observe that it resembles a parabola and changes from a decreasing

function to the increasing around H = 0.65.
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Figure 5.7: The box plots of the p-variation estimator for FBM with H = 0.65 for five
trajectory subsets: n = 100, n = 1000, » = 10000, n = 30000, and n = 60000 of total

length NV = 60000. The horizontal line corresponds to the true value of H.

5.8.3 BMW? test
We note that an estimator of H gives information on the self-similarity and not

on the distribution of the process. However, applying the BMW? test [213, 150]
one can identify the stability index « of the data. The test applies the concept
of surrogate data [56], which refers to data that preserve certain linear statistic
properties of the experimental time series, without the deterministic component.
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Figure 5.8: Box plots of sample p-variation and FIRT estimators for 1000 simulated
trajectories of the FBM {Bg(t), t = 1,2,...,1000} with H = 0.35 (negative memory
case). We observe that medians of the estimators are similar and close to H = 0.35 but
the former method is vastly superior with respect to variance.
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Figure 5.9: Box plots of sample p-variation and FIRT estimators for 1000 simulated
trajectories of the FBM {Bpg(t), t = 1,2,...,1000} with H = 0.65 (positive memory
case). We observe that medians of the estimators are similar and close to H = 0.65 but
the former method is vastly superior with respect to variance.

The surrogate data can be obtained by several different ways. Here, we obtain
them by random shuffling of the original data positions.
According to [213] we have the following BMW? computer test.
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Figure 5.10: Box plots of sample p-variation and FIRT estimators for 1000 simulated
trajectories of the FARIMA(0,—0.25,0) {X;, t = 1,2,...,1000} with Gaussian noise
(negative memory case). We observe that medians of the estimators are similar but
the self-similarity parameter is now overestimated. This is mostly due to the fact that
the FARIMA process is self-similar but only asymptotically. The variance of the former
method is much lower.

Algorithm 5.3 BMW? computer test to distinguish between classical and
fractional dynamics

1. If the data come from FBM, then the values of the applied self-similarity
estimator should change to 1/2 for the surrogate data independently on
the initial values.

2. If the data come from BM or SM, then the estimator values should be
the same for the original and surrogate data and equal to 1/2 and 1/,
respectively.

3. If the data come from FSM, then we should observe a change to 1/c in
the estimators values.

The test can be used to distinguish between diffusion (BM and SM) and
fractional (anomalous) diffusion (FBM and FSM) models. This is illustrated in
Figure 5.12. Comparing Figures 5.1 and 5.12 we can observe a change of the value
of the estimator from 0.39 to 0.56. This clearly suggests FSM as the underlying
model, which is true since the data come from FSM with H = 0.4 and o = 1.85.
Moreover, the FIRT estimator for the surrogate data yields a good approximation
of the 1/« value.
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Figure 5.11: Box plots of sample p-variation and FIRT estimators for 1000 simulated
trajectories of the FARIMA(0,0.25,0) {X;, t = 1,2,...,1000} with stable noise with
a = 1.8 (positive memory case). We observe that medians of the estimators are similar
but the self-similarity parameter is now underestimated. This is mostly due to the fact
that the FARIMA process is self-similar but only asymptotically. The variance of the
former method is much lower.

5.4 Long memory

The notion of long memory (or long-range dependence) has intrigued many at
least since Mandelbrot brought it to the attention of the scientific community in
the 1960s in a series of papers, see, e.g., [140, 141], that, among other things,
explained the so-called Hurst phenomenon, having to do with unusual behaviour
of the water levels in the Nile river [102]. Today this notion has become espe-
cially important as potentially crucial applications arise in new areas such as
communication networks [14, 164, 74, 222, 61] and finance [132].

In modelling long-memory phenomena, the stationary increments of H-self-
similar processes are of interest [72, 186]. Any H-self-similar process with sta-
tionary increments {X(¢)},, induces a stationary sequence {Y;},_, where Y; =
X(j+1)—X(j); j=0,1,... which is called the fractional noise.

The fractional noise has some remarkable properties. Let us concentrate now
on the finite variance (e.g., Gaussian) case. In this case, if H = 1/2, then its auto-
covariance function r(k) = 0 for k£ # 0 and hence it is the sequence of uncorrelated
random variables (in the Gaussian case this is equivalent to independence). The
situation is quite different when H # 1/2, namely the Yj’s are correlated (de-
pendent) and the time series has the autocovariance function of the power-law
form:
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Figure 5.12: FIRT estimator for a time series simulated for the surrogate date from FSM
with H = 0.4 and « = 1.85 (for the original data see Figure 5.1). The estimator Hpjpr
is obtained by fitting a least-squares line to the values of the coefficients dprrr(n) on
a log-linear scale. The points at the high end (marked by “x”) are not used to fit the
line. The estimated slope of the line for the surrogate data is Hpyrr = 0.56, which
corresponds to 1/a ~ 0.54.

r(k) ~ VarY; H(2H — 1)k*"72,  as k — oo. (5.9)

The autocovariance function r(k) tends to 0 as k — oo forall0 < H <1l asa
power function hence much slower than exponentially. For example, the common
linear (ARMA) processes, GARCH processes, finite state Markov chains all lead
to exponentially fast decaying correlations [30]. Moreover, when 1/2 < H < 1
it tends to zero so slowly that the sum Y 72, r(k) diverges. We say that in this
case the increment process exhibits long memory (long-range dependence, persi-
stence) [13]. We also note that the coefficient H(2H — 1) is positive, so the r(j)’s
are positive for all large j, a behaviour referred to as “positive dependence”. Fur-
thermore, formula (5.9) by the Wiener Tauberian theorem [230] implies that the
spectral density h(\) of the stationary process has a pole at zero. A phenomenon
often referred to as “1/f noise”.

If 0 < H <1/2, then >>72; |r(k)| < co and the spectral density tends to zero
as |A\| — 0. Furthermore, the coefficient H(2H — 1) is negative and the r(j)’s are
negative for all large j. We say in that case that the sequence displays negative
long-range (power-like) dependence (antipersistence).

For processes with a < 2 the covariance can be replaced by the codifference

7(Y;,Yy) = InEel(Yt=Y0) _ InEe™* — InEe ™,
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which reduces to the covariance in Gaussian case, for details, see [188].

In the literature different methods of assessing long-range dependence and
estimating the memory parameter d have been developed [13, 205, 150, 70]. It is
important to realize what are the assumptions and limitations of various tools and
what is the exact output of different estimators. This also refers to self-similarity
index estimators. For example, a very well-know RS method, in the general stable
case, does not return H, which is true only in the Gaussian case, but the value
d+1/2, where d = H — 1/ and « is the index of stability [150].

5.4.1 RS estimator

Our study of memory estimators begins with the RS (R/S) method [102, 218]. It
is the most classical and well-known method for estimation of the self-similarity
parameter H. In the case of Gaussian, i.e. finite variance, time series the result
of the method is indeed an estimate of H. The relationship with the memory
parameter d is H = d + 1/2. For a-stable (infinite variance) time series the
method does not return H, only d + 1/2, where d = H — 1/« [205]. Hence, in
the general stable case it is a method of estimation of d. Naturally, if & = 2, this
reduces to H.

We begin with dividing a stationary series of length IV into blocks of equal
length n. Then for each subseries (m = 1,2,...,[N/n]) the (RS),, statistic is
computed according to the formula:

maxi<r<n 2o (Xi = Xom) — minicpen 51 (Xi — Xom)

Sm ’
where X, and S,, are sample mean and sample standard deviation of the mth
subseries respectively. Finally, the sample mean of the (RS),, statistics over
blocks is calculated and denoted by (RS),. After such procedure, we plot the
(RS), statistic against n on a log-log scale with the fitted least squares line.
The slope should be equal to d 4+ 1/2. Efficiency of the method is studied in
Section 5.4.3.

(Rs)m =

(5.10)

5.4.2 Modified RS estimator
Next, we consider a Lo’s modified RS statistic (MRS) V; [133] defined by
Vy = VN(RS,)w,

which is a version of the formula (5.10) for n = N with the same numerator and
modified denominator

=1

q
Sq = \l 82 + QZwi(q)%,
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where 4; are the sample autocovariances and weights w;(q) are given by

i
wz(q)—l—m, qg < N.

Plotting V, with respect to ¢ on a log-log scale and fitting the least squares
line, leads, for the finite variance case, to an estimate of H, namely the slope of
the line equals 1/2 — H. One may check that, as it was the case for RS statistic,
that the formula for the a-stable distribution can be generalized to —d, where
d=H —1/a.

In the case of absence of long memory, Lo showed in [133] that for the finite
variance case, under the right choice of g,

Vy B,y = max Wo(t) — min Wy(t),
0<t<1 0<t<1
where Wy is a standard Brownian bridge. Since the distribution of the random
variable W7 is known, Lo proposed testing the null hypothesis

Ho = {no long memory, i.e. d =0}

with 95% (asymptotic) acceptance region [0.809, 1.862]. Therefore, MRS method
can serve as a validation procedure. We note here that the right choice of q is
an open problem and the test statistic V; has a strong bias toward accepting the
null hypothesis [206].

For the infinite variance case, there are yet no analytical results for the asymp-
totics of V. However, under the assumption the analyzed time series is a sequence
of i.i.d. stable random variables, one can calculate the confidence interval applying
Monte Carlo simulations [35]. Efficiency of the method is studied in Section 5.4.3.

5.4.8 New estimator based on sample mean-squared displacement

The sample mean-squared displacement (MSD) was introduced in [48].

Definition 5.2 Let {X;, i =0,..., N} be a sample of length N + 1. Sample
MSD My (7) for lag T is defined as

My () = Z Xirr — : (5.11)

Note the essential difference between increments of X; in equations (5.8) and
(5.11). The former is a moving window, whereas the latter in defined on disjoint



68 5 Selected identification and validation tools

subintervals (blocks). The sample MSD is a time average MSD on a finite sample
regarded as a function of difference 7 between observations. It is a random variable
in contrast to the ensemble average which is deterministic. The following theorem
describes the behaviour of the sample MSD for the partial sum process of the
FARIMA time series.

Theorem 5.2 Let {Y;, i =0,...,N} be a FARIMA(p,d,q) time series with
a-stable noise and 1 < o < 2. We define its partial sum process {X =
Sk Y, k=0,...,N}. Then for large N/7:

My (1) R 724+1,

Proof. We rewrite the sample MSD as

1 N/7—1 N/1T-2 9
My(T) = ]V—T—|—1{ kZ::O (X(k+1)T—XkT> + Z ( (k+1)r+1 — XkT-H)
N/T—2

-t Z ( (k+1)r47—1 — Xkrtr— 1)2}-

The process {N~H# Zk 1 Yk, > 0}, for H = d+1/a, converges (with respect
to all finite dimensional distributions) to a FSM {X(¢), ¢t > 0} [195], which is
H-selfsimilar. Hence, if a = 2, then by the law of large numbers [195], for large
N/t

My (7) D 7_2HEY12 _ 7_2(15{—1/2)+1EY12 _ 7-2d+1EY12.

For o < 2, by [120], for large N/,

p 1
N-7+1
R (NS s = C(N)T* S,

My () {72 (NJr)2/2 g + (7 = DT (N7 = 12/, )

where C(N) = N?/® and S,, /2 is an a/2-stable random variable with the skewness
parameter 8 = 1. Therefore, S, /3 is only one-sided. O

Since the normalized partial sum FARIMA process converges to a FSM with
H =d+ 1/« [195], we obtain the following fact [48].
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Corollary 5.2 Let {X;, i = 0,...,N} be a FSM with 0 < H < 1 and
1 < a < 2. Then, for large N,

D
MN(T) ~ T2d+17

where d = H — 1/a.

In particular, for a FBM we obtain the well-known result that My (7) ~ 728

and for both BM and LSM we arrive at the diffusion case, namely My(7) ~ 7
since d = 0.

As a consequence, we see that the memory parameter d controls the type of
anomalous diffusion [48]. If d < 0 (H < 1/a), so in the negative dependence case,
the process follows the subdiffusive dynamics, if d > 0 (H > 1/«), the character of
the process changes to superdiffusive. Moreover, it appears that a-stable processes
for a < 2 can serve both as examples of subdiffusion and superdiffiusion. This is
illustrated in Figure 5.13. The subdiffusion pattern arises when the dependence
is negative, so possible large positive jumps are quickly compensated by large
negative jumps, and on average the process travels shorter distances than the
light-tailed Brownian motion.

FEstimation algorithm

Now, we introduce a method of estimation of the memory parameter d based
on the notion of sample MSD. It can be applied to FARIMA time series and
fractional stable noise for both Gaussian (o = 2) and non-Gaussian (o < 2)
cases. For the FARIMA case see also [35].

Algorithm 5.4 Estimation of the memory parameter based on sample MSD

1. Calculate My (7) for 7 =1,2,...,10.

2. Fit the linear regression line according to In(My(7)) = In(C) +
aln(r), 7=1,2,...10, where C' and a are constants.

3. The estimated value d = (a —1)/2.

Next, we study the consistency of the estimator by means of the Monte Carlo
method. To this end we performed simulations for sample trajectories of the FBM
with d = 0.2 (H = 0.7). We simulated 100 trajectories of length N = 60000.
Next, we calculated values of the memory estimator for increasing subsets of the
trajectories, namely for the first n = 100, n = 1000, n = 10000, n = 30000, and
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Figure 5.13: Sample MSD for a simulated trajectory from FARIMA with d = —0.15
(triangles) — negative memory case, a simulated trajectory from FARIMA with d = 0.15
(circles) — positive memory case, and a simulated trajectory from FARIMA with d = 0
(squares) — no memory case in double logarithmic scale. Estimated exponents equal 0.73
(corresponding dotted line), 1.31 (dashed line), and 1.01 (dash-dot line), respectively.

n = 60000 (i.e. the whole trajectory) points. The results are presented in the
form of box plots in Figure 5.14. We can see that with the increase of subset’s
length n, the estimator converges to the true value as its variance decreases. This
suggests that the estimator is consistent.

Finally, by means of Monte Carlo simulations we study efficiency of the me-
thod for both Gaussian and non-Gaussian stable cases. Moreover, we compare the
results with another methods of estimation of H, namely RS and MRS. First, we
conduct the analysis for 1000 simulated trajectories of FBM of length N = 1000
with d = —0.2 (H = 0.3) and d = 0.2 (H = 0.7), see Figures 5.15-5.16. We can
see that the sample MSD method works remarkably well for the FBM. The me-
dians (and means which were additionally checked) of the estimator coincide well
with the true values. MRS method seems superior to RS in the negative memory
case, whereas for positive d it is quite opposite. The variance of the sample MSD
and RS estimators are the lowest.

Next, we performed similar calculations for the FARIMA (0, —0.25,0) process
with Gaussian noise, see Figure 5.17. We can notice that the memory parameter
estimates are now overestimated. However, we should remember that the FARI-
MA process is self-similar only in the limit. Moreover, the simulation method of
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Figure 5.14: The box plots of the sample MSD estimator for FBM with d = 0.2 (H = 0.7)
for five trajectory subsets: n = 100, n = 1000, n = 10000, n = 30000, and n = 60000 of
total length N = 60000. The horizontal line corresponds to the true value of d.

FARIMA is not exact as it was for the FBM case. MRS method seem to be the
winner closely followed by the sample MSD. With respect to variance, sample
MSD and RS methods are superior to the MRS. Similar conclusions were drawn
for other values of d and for the general Gaussian FARIMA (p, d, q) case. Monte
Carlo analysis of the stable case, namely FSM and FARIMA with non-Gaussian
stable noise, for negative d, led to similar conclusions, see Figure 5.18, where
FARIMA (0, —0.2,0) process with stable noise with o = 1.8 was considered. For
positive d the best methods are sample MSD and RS, see Figure 5.19, where
FARIMA(0,0.2,0) process with stable noise with & = 1.8 was considered.

Summarizing, the introduced sample MSD estimator seems to be consistent
and works remarkably well at least for the FBM case. Other analyzed cases need
more attention due to approximation errors caused by simulation methods and
not exact but limiting results. What is definitely true is the fact that the variance
of the estimator is really low and compared with the well-known method RS.
Moreover, for positive d RS method works better than the MRS, whereas for
negative d the situation is opposite.
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Figure 5.15: Box plots of sample MSD, RS and MRS estimators for 1000 simulated
trajectories of the FBM {Bg(t), t = 1,2,...,1000} with H = 0.3 (negative memory
case). We observe that sample MSD and MRS estimators are accurate but the former
method is superior with respect to variance.
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Figure 5.16: Box plots of sample MSD, RS and MRS estimators for 1000 simulated
trajectories of the FBM {Bg(t), t = 1,2,...,1000} with H = 0.7 (positive memory
case). We observe that the sample MSD method is the clear winner.
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Figure 5.17: Box plots of sample MSD, RS and MRS estimators for 1000 simulated
trajectories of the FARIMA(0,—0.25,0) {X;, t = 1,2,...,1000} with Gaussian noise
(negative memory case). We observe that estimators are now overestimated. This is
mostly due to the fact that the FARIMA process is self-similar but only asymptotically.
MRS method seems to produce the best results but the sample MSD is only slightly
worse. Variances of the sample MSD and RS methods are lower than that of the MRS.
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Figure 5.18: Box plots of sample MSD, RS and MRS estimators for 1000 simulated
trajectories of the FARIMA(0,—0.2,0) {X;, t = 1,2,...,1000} with stable noise with
o = 1.8 (positive memory case). We observe that estimators are now overestimated. This
is mostly due to the fact that the FARIMA process is self-similar but only asymptotically.
MRS method seems to produce the best results but the sample MSD is only slightly worse.
Variances of the sample MSD and RS methods are lower than that of the MRS.
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Figure 5.19: Box plots of sample MSD, RS and MRS estimators for 1000 simulated
trajectories of the FARIMA(0,0.2,0) {X,;, ¢ = 1,2,...,1000} with stable noise with
a = 1.8 (positive memory case). We observe that, this time, RS method seems to produce
the best results but the sample MSD is only slightly worse. Variances of the sample MSD
and RS methods are lower than that of the MRS.
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Modelling of fractional dynamical systems.
Case studies

In this chapter we present solutions to the three sample problems outlined in
Sections 2.1-2.3 which are related to the environmental protection risk areas
listed in the project “Detectors and sensors for measuring factors hazardous to
environment — modeling and monitoring of threats” (POIG.01.03.01-02-002/08-
00) (for the detailed information about the project see Chapter 2).

6.1 Modelling of electromagnetic field

In this section we analyse a set of UMTS data which is plotted in Figure 6.1.
The electromagnetic field intensity was measured in Wroctaw in an urban area
every minute from 12.01.2011 22:40 to 19.01.2011 21:18 (9999 observations). It
has been normalized with respect to its minimum.

UMTS measurement X

0.5

| | | |
0 2000 4000 6000 8000 10000
Time (min)

Figure 6.1: The UMTS data {X,, : n =1,2,...,9999} recorded in Wroclaw in 2011.
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6.1.1 Seasonality and volatility in UMTS data

We denote the collected time series by {X,, : n =1,2,...,9999} . One can clearly
notice a strong seasonal structure in time domain of the data. Therefore our first
task is to remove seasonal components. In order to check seasonal periods we
apply the periodogram plot, see Figure 6.2. It is a sample analog of the spectral
density [30].
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Figure 6.2: The periodogram of UMTS data. The half-day (714), day (1428) and 56
hours (3332) frequencies are strongly visible.

In Figure 6.2 we can clearly see peaks at frequencies 714, 1428 and 3332. They
corresponds to cycles with periods of 12, 24 and 56 hours. Since the seasonality
structure of data seems to have a sinusoidal form, we try to remove it by fitting
a sum of sine functions. The proposed functions have the following form

k
. [2n
Sk(m) =p + E P2; SIn [d' (l‘ +p2¢+1)] , k=1,23,
i=1 v

where p;’s are the parameters and d;’s are the selected frequencies of the corre-
sponding cycles.

We define an error of the fit of the function to the data {X,, : n =1,2,...,9999}
& 9999

i X,) — X,)°.

ERR(Sg) =

In Table 6.1 we present the errors of fitting of all possible functions S (z) for
the three discovered periods: di = 714, ds = 1428 and d3 = 3332. From Table 6.1
we can see that the lowest error is for the case with sum of two sines having
periods 12 and 24 hours. Hence, we remove seasonality by subtracting the values
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Table 6.1: Fitted functions Si(z) with their errors ERR(Sy).

Function Sk(x) Periods ERR(Sk)
S1 dy =714 0.1540
Sa d; =714, d; = 1428 0.0888
Ss3 dy =714, do = 1428, d3 = 3332 0.1058
3

| | | |
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| | | |
0 2000 4000 6000 8000 10000
Time (min)

Figure 6.3: (Top panel) The UMTS data {X,, : n =1,2,...,9999} with the fitted sum of
sines So(x) (grey line). (Bottom panel) The UMTS data {Xn n=12,... ,9999} after

removal of Sy(x).

of the function Sa(x) with d; = 714 and dy = 1428 from the analyzed series, see
Figure 6.3. We denote the new series by {Xn n=12,... ,9999} .

After removing seasonality we check stationarity by studying volatility of
the data {Xn n=1,2,... ,9999} . A fluctuating variance can be observed in a
squared data plot, especially when the data have mean close to 0. In our set

{Xn n=1,2,... ,9999} the sample mean equals —2.515 x 108 and we present
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the squared series {Xz n=1,2,..., 9999} in Figure 6.4.
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Figure 6.4: The squared UMTS data {)A(EL n=12... 79999} with removed seasonality.

We can clearly see that volatility changes in time. In order to remove this
effect and make the volatility constant we propose the following procedure based
on the moving sample variance. We calculate the sample moving variance corre-
sponding to time intervals of 61 minutes (61 observations) along the whole series

{X,% ‘n=12,... ,9999}, ie.

for k = 1,2,...,9939, see Figure 6.5 (top panel). Next, we compute the series
{f(n = An+30/\/5’>% n=12,... ,9939} . We notice that the observation X,, (for
n = 31,32,...,9969) is divided by the square root of sample variance S2_5, from
the time interval with 30 observations measured before and after the measurement
X,,. That is why we focus on observations from n = 31 to n = 9969 and therefore
the length of the series {Xn} is 9939. It seems that such data are closer to
constant volatility, see the squared data plot in Figure 6.5 (bottom panel). For
further studies we choose the data which are plotted in Figure 6.6.

In order to fit a FARIMA model to the data {Xn n=1,2,... ,9939}, first,
we study the memory structure of the series. To this end we apply three methods
described in Section 5.4 of estimating the memory parameter d, namely the RS,
MRS and sample MSD. We obtained the following estimates: drg = 0.3275,
dyrs = 0.3317 and dy;sp = 0.3104. All estimators returned similar positive
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Figure 6.5: (Top panel) The squared UMTS data {)A(TQL :n=231,32,..., 9969} with re-

moved seasonality and sample variances {S,QL n=1,2,..., 9939} (grey line). (Bottom
panel) The squared UMTS data with removed seasonality and smoothed variance:
{f(,% = X2,,/82 in= 1,2,...,9939}.

values, which indicates the long memory property. This can be also observed
from the ACF, see Figure 6.7.

For the model orders p < 1 and ¢ < 1, we applied the FARIMA estimator
defined in Section 4.3. The results of the estimation procedure are presented in
Table 6.2. Next, we calculated corresponding residuals. It appeared that only in
the case of p =1 and ¢ = 0 the residuals can be treated as i.i.d. (residuals were
tested for randomness with the Ljung-Box test [131, 35]). Hence this suggests
that the FARIMA(1,0.34,0) model describes the data well.
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Figure 6.6: The series { X, = X0/ /57 :n =1,2,...,9939}.
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Figure 6.7: Autocorrelation function of the series {f(n n=12,... 79939} with 95%
confidence interval.

6.2 Modelling of high solar flare activity

Observations of solar flare phenomena in X-rays became possible in the 1960s
with the availability of space-borne instrumentation. Since 1974 broad-band soft
X-ray emission of the Sun has been measured almost continuously by the me-
teorology satellites operated by the National Oceanic and Atmospheric Admini-
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Table 6.2: Fitted FARIMA model to the UMTS data.

Model order g3, FARIMA

(p,q) = (1,0) (d,¢1) (0.34,—0.17)
(p,q) = (0,1) (d,6) (0.39,0.23)
(p,q) = (1,1) (d,¢1,601) (0.44,0.17,0.44)

stration (NOAA) so as the Synchronous Meteorological Satellite (SMS) and the
Geostationary Operational Environment Satellite (GOES).

From 1974 to 1986 the soft X-ray records are obtained by at least one from
the series of GOES-type satellites. Since 1983 data from two and even three
co-operating GOES are generally available. The X-ray sensor, part of the space
environment monitor system aboard GOES, consists of two ion chamber detectors
which provide whole-sun X-ray fluxes in the 0.05-0.3 and 0.1-0.8 nm wavelength
bands. The solar soft X-ray flares data is widely available from the NOAA Space
Environment Center site (http://goes.ngdc.noaa.gov/data/avg/).

At present, the accurate solar data is available for the most recent three cycles
only. Individual solar cycles are different in form, amplitude and length. Hence
understanding the long-term solar variability and predicting the solar activity
is an actual problem for solar physics. It is associated with a variety of space
weather effects [142, 197]. Solar activity is known to correlate with flare activi-
ty, and a variety of flare properties (time and strength) could be incorporated
into predictions. Moreover, these disturbances pose serious threats to man-made
spacecrafts, disrupt electronic communication channels and can even set up huge
electrical currents in power grids [60].

Our aim is to present a proper statistical model for analyzing and predicting
soft X-ray solar emission activity in the period of solar maximum. The complete
solar flare data analysis for the strong activity intervals: 1978-1981, 1988-1992
and 1999-2003 was presented in [46, 192]. Interrelations among statistical flare
parameters, such as the tail index «, the memory parameter d, and the self-
similarity (Hurst) exponent H for X-ray flux and their evolution during solar
cycles, were analyzed. It was shown that in the period of strong solar activity all
parameters are nearly constant. This feature can be used for predicting the power
of soft X-ray emission for the 24-th solar cycle near its solar activity maximum
in future.

For the last high activity period, when energy was transmitted by X-rays
emitted during blasts on a solar surface from 2000 January 1 to 2002 December
31, see Figure 6.8. Our aim is to employ identification and validation methods
from Chapter 5 to check whether the FARIMA model can describe the data well.

The FARIMA process is a discrete-time analog of the fractional Langevin
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Figure 6.8: Energy-time series of solar flares from 2000 January 01 to 2002 December 31.

equation [135] that takes into account the non-Gaussian statistics and the long-
range dependence (long-term memory), i.e. the events are arbitrarily distant still
influence each other exceptionally strong. Briefly, the physical arguments for our
subsequent consideration are the following. Processes resulting in solar flares are
associated with a complicated motion of charged particles (plasma) in magnetic
and electric fields. It generates the fields, accumulates their energy and transforms
into the energy of flares. The classical problem for a motion of the charged Brow-
nian particle into magnetic and electric fields can be described in the framework
of the Langevin equations. However, in the strongly non-equilibrium plasmas,
where turbulence is a prevailing phenomenon, the non-Gaussian stable statistics
of random force becomes dominant [57]. As a consequence the solar data provide
information on anomalous (non-Gaussian) diffusion and non-Maxwell stationary
states.

6.2.1 Calibration of parameters for FARIMA model

The first estimation procedure of the self-similarity exponent H is the FIRT, see
Section 5.3.1. For the last high activity period we have found that Hpyrr = 1.14.
For the RS method (see Section 5.4.1) we have found that drg = 0.24.

The analysis of the data in [46] showed that the tail of the underlying distribu-
tion of the energy of solar flares conforms to the power law. Hence, we suggest to
describe the data by a FARIMA model with Pareto variables since the analyzed
data are positive. As the power-law distributions belong to the domain of at-
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traction of stable law (see, e.g., [105]), the resulting distribution of the FARIMA
process should be close to the stable one. We applied the McCulloch quantile fit
[147] to obtain the parameters of the distribution. The value of o was estimated
to be 1.21. One may check that the estimated value of « for simulated FARIMA
times series with Pareto variables is usually underestimated. Therefore, we have
assumed that the variables in our model follow the Pareto law with @ = 1.25.

According to Section 5.3.3, using an arbitrary estimator of H, in order to
recover both the self-similarity exponent H and the tail index « (hence, the
memory parameter d) we can apply a procedure based on the concept of surrogate
data. In our case the surrogate data have been obtained by random shuffling of
the original data positions. Taking into account that:

» if the process is FARIMA with finite variance (e.g., Gaussian) noise, then
the values of the estimator should change to 1/2 for the surrogate data
independently on the initial values;

» if the process is FARIMA with a-stable or Pareto noise for @ < 2, then
the values of the estimator should change to 1/a for the surrogate data
independently on the initial values;

we have studied the surrogated data of the empirical time series recorded from the
system describing the energy of solar flares. The obtained values of the parameters
are listed in Table 6.3. From the results for the surrogate data, the corresponding
estimate for the parameter 1/« are: 1/aprrr = Hprrr = 0.8452. We observe
that the estimators are close to the one assumed in our model: 1/apc = 0.8.
Moreover, we choose d = 0.19 as the highest admissible value of d < 1/« for the
FARIMA model which is close to the one obtained via the RS method for the
original data.

One may notice that the estimator of H obtained via the FIRT method, see
Table 6.3, is greater than theoretically admissible in the FARIMA model, i.e. it
exceeds one. As stated in [39], this can be justified by performing simulations of
the FARIMA processes with H close to one and estimating the parameter H on
the simulated time series via different methods. It appears that a great percentage
of the values of H is higher than 1. Hence, one can not reject the hypothesis that
the underlying model is a FARIMA(0, d, 0) process.

Finally, we look for an enhanced model FARIMA (p, d, ¢) which would describe
better the behaviour of different estimators obtained for the original and shuffled
data, and, in a consequence, would improve the fit in terms of the prediction
error. We propose a slight generalization of the model incorporating the short-
dependence component, namely the FARIMA(2, d,0) model. We have estimated
the AR(2) coefficients: ¢; (linear term) and ¢2 (quadratic term) via a mean-
square error (MSE) minimalization scheme taking into account two statistics:
FIRT and RS, see Figure 6.9. The estimated values are: ¢1 = 0.03 and ¢ = 0.03.
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Figure 6.9: Combined mean squared error of the calculated FIRT and RS estimators
for the simulated FARIMA(2,0.19,0) time series with respect to the ones calculated for
the solar flare data for different linear and quadratic coefficients of the AR(2) part. The
parameter « is equal to 1.25. One may see the error decreases slightly as ¢; and ¢o grow,
it reaches a minimum around the values: ¢; = 0.03 and ¢ = 0.03, and then quickly
increases when ¢ or ¢ get large.

The FARIMA processes were generated according to the algorithm presented in
[195]. The Hprrr and dgg estimators for the simulated FARIMA (2, 0.19,0) model
and the corresponding shuffled data have been obtained following the procedures
described in Chapter 5. We have generated 1000 trajectories of size 219, which is
close to the length of the original solar data, i.e. 1089, calculated the estimators
for each trajectory, and compared the results with the values in Table 6.3 with
the help of box plots [39]. Box plot is a basic tool in descriptive statistics and,
moreover, allows to check whether observed values are statistically admissible
within a given model. We checked that the results from the simulated model
coincide with the values in Table 6.3. Thus, our FARIMA model reconstructs
well the behaviour of the original solar flares data.

We conclude that the proper model is FARIMA(2,d,0) with Pareto noise
and the parameters ¢1 = 0.03, ¢o = 0.03, d = 0.19, and o = 1.25. Since d >
1 — 2/a [39] the proposed model recovers the long-term dependence property in
the investigated solar data in the codifference sense. The Pareto distribution is
a proper choice for the present analysis because it gives a description of positive
random variables whereas the stable one for 1 < o < 2 is related to both positive
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Table 6.3: Values of the FIRT and RS estimators for the original time series and the
shuffled (surrogate) solar flare data.

Data set Hprrr dRrs
Original time series
Solar flares 1.1424 0.2408
Surrogate data (single sample shuffling)
Solar flares  0.8452 0.0507

and negative random variables, but a time series of X-ray flare energy is quite
positive by definition.

Finally, we have calculated the 1-day-ahead prediction for the FARIMA time
series applying formula (4.9) and setting h = 1. The results are depicted in
Figure 6.10.

x 10~

0 50 100 150 200 250 300 350
2002 (days)

Figure 6.10: Solar flare data (solid line) and 1-day-ahead prediction (asterisks) in the
FARIMA(2,0.19,0) model. The prediction applies the linear predictor based on the pre-
vious observations. The error of the prediction is not low but we have to take into account
there is no strong deterministic component in the data, only stochastic one with strongly

persistent noise.

The analysis of soft X-ray emission observations shows that this series is
enough complicated in nature. It contains both heavy-tailed effects and long-range
dependence. The first creates a random number of strong flares on a background,
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and the second forms their persistence between each other. The most convenient
model for their joint description is the FARIMA time series. The model permits
one to predict a time series of soft X-ray solar flares, when the solar activity will
be again near its maximum in future. While we do not claim that this model
provides the only possible solution, it does provide a rigorous statistical picture
of the expected dynamics of X-ray solar flares.

6.3 Modelling of single particle tracking dynamics in
molecular biology

As a universal candidate suitable for extensive statistical analysis of the subdiffu-
sive dynamics in biological cells we propose here the FARIMA model which was
described in Section 4.3. It is a discrete time analog of FLE [135] that takes into
account Gaussian and non-Gaussian a-stable laws and the long-range dependen-
ce (long memory). A close relation to FBM and its a-stable extension FSM is
explained in detail in Section 4.3.

6.3.1 Fitting FARIMA to the mRNA data

We study here the data of Golding and Cox describing the motion of individu-
al fluorescently labelled mRNA molecules inside live E. coli cells [83]. The data
clearly follow the subdiffusive character and consist of 27 two-dimensional tra-
jectories [138]. We identified 4 Gaussian and 9 a-stable trajectories among them.
Here, we analyse one Gaussian trajectory (no. 12x), the longest trajectory (no.
4y) which follows the non-Gaussian stable law, and a trajectory (no. 2y) which is
neither stable with o < 2 nor NIG. Since these trajectories have missing data at
some time points, which would influence the FARIMA estimation procedure, we
concentrate on their longest continuous parts: {(Xy,Y,) : n =1,2,..., N} with
N = 327, N = 970, and N = 339, respectively. The data and their increments
are presented in Figures 6.11-6.13. First, we estimated FARIMA parameters by
applying the estimation procedure given in Section 4.3. The results along with
MSD estimates (dyrsp) are presented in Table 6.4. We also compared them with
the estimates calculated with the standard ITSM package, which was introduced
for light-tailed distributions [30]. The ITSM algorithm leads to different results.
This is due to the fact that the procedures use different statistics for estimation,
but since the MSD estimates (darsp) are closer to the memory parameter valu-
es obtained by the former procedure and most of the data is not Gaussian, we
choose the values depicted in Table 6.4 as the FARIMA model parameters.

The goodness of fit of FARIMA processes is illustrated in Figures 6.14-6.16.
We plotted sample MSD for three analyzed trajectories along with the 95% con-
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Figure 6.11: A plot of the x-coordinate of particle position during a motion of a tag-
ged RNA molecule inside an E. coli cell (left panel) and its increments (right panel).
Trajectory no. 12 with Gaussian (a = 2) noise.
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Figure 6.12: A plot of the y-coordinate of particle position during a motion of a tag-
ged RNA molecule inside an E. coli cell (left panel) and its increments (right panel).
Trajectory no. 4 with stable noise with o = 1.81.

fidence intervals calculated under the assumption of the FARIMA model. We
can see the empirical trajectiories lie within the bounds except for several values
which indicates the model is well-fitted. We also note that the My (7) statistic
used to calculate the last column in Table 6.4 is reliable only for large N/7, see
Section 5.4.3. We set similar minimal values for N/7 for different trajectories.

6.3.2 Fitting FARIMA to a time series from the Golding and Cox microscopy
video

First, we describe the method used to extract single mRNA molecule time series
from the Golding and Cox microscopy video [83]. The analyzed video has 1801
frames of size 59 x 76 pixels, which present location of mRNA molecule at the time
ty =k sec, for Kk =1,...,1801. The centre of pixel in the upper-left and bottom-
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Figure 6.13: A plot of the y-coordinate of particle position during a motion of a tag-
ged RNA molecule inside an E. coli cell (left panel) and its increments (right panel).
Trajectory no. 2 with unknown noise.

Table 6.4: Results of the proposed estimation procedure for three sample trajectories of
the Golding and Cox data.

Traj. Model (ﬁl 91 [} dMSD
12x  FARIMA(0,—0.23,1) 0 0.12 2 —-0.21
4y  FARIMA(0,—-0.14,1) 0 0.16 181 -0.17
2y FARIMA(1,-0.08,1) 0.29 048 ? —0.16

0 0.5 1 15 2 25

Figure 6.14: Sample MSD (circles) for z-coordinate of the trajectory no. 12 with Gaus-
sian (o = 2) noise and estimated 95% confidence intervals obtained via Monte Carlo
simulations under the assumption of the Gaussian FARIMA model (dashed lines) in do-
uble logarithmic scale. The values of the statistic lie within the confidence interval for
FARIMA model supporting its goodness of fit. The memory parameter dp;sp = —0.21
was obtained by fitting the line to the values in the grey region.



6.3 Modelling of single particle tracking dynamics in molecular biology 89

Figure 6.15: Sample MSD (circles) for y-coordinate of the trajectory no. 4 with stable
noise with o = 1.81 and estimated 95% confidence intervals obtained via Monte Carlo
simulations under the assumption of the stable FARIMA model (dashed lines) in double
logarithmic scale. The values of the statistic lie within the confidence interval for FARIMA
model supporting its goodness of fit. The memory parameter djy;sp = —0.17 was obtained
by fitting the line to the values in the grey region.

Figure 6.16: Sample MSD (circles) for y-coordinate of the trajectory no. 2 with unknown
noise and estimated 95% confidence intervals obtained via Monte Carlo simulations under
the assumption of the FARIMA model with noise generated from empirical distribution
function (dashed lines) in double logarithmic scale. The values of the statistic lie within
the confidence interval for FARIMA model supporting its goodness of fit. The memory
parameter dy;sp = —0.16 was obtained by fitting the line to the values in the grey region.
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right corner of each frame has coordinates (1,1) and (59, 76), respectively. Here
we propose to identify the position of a molecule at the time ¢, with the position
of its mass centre (Z(tg), y(tx)), which is calculated based on image segmentation
results obtained by application of the approach introduced in [55]. For other
image processing and filtering methods, see, e.g., [183, 177].

Let Q be an open and bounded subset of R%2. We denote by f; : Q — R,
an image in the k-th frame of analyzed video. Each value fi(x) corresponds to
grey intensity of this image at the point x € €. In order to find a contour of
molecule presented in fi, we base on the well-known active contour model of
Chan and Vese [55]. This model is based on a simple observation that contours
of meaningful objects (here a single molecule) in an image f; must satisfy a
minimum of the functional

F(C) = alC| +)\1/

m

(fule) —erfda+ o [ (fule) = e2)?da,
)

out(C)

where ¢; and co denote average intensity value of fi inside and outside of the
contour C', respectively. Here |C| is the length of C' and a, A1, A are some positive
parameters.

In order to be able to find a minimizer of the functional F', we use the level
set formulation, in which, the contour C is represented by the zero level set of a
function ¢ : Q2 — R, such that

C:={zxe€Q:¢(x)=0},
in(C):={xeQ:¢(x) >0},
out(C) :=={z € Q: ¢(x) < 0}.

With this definition, we can replace the unknown variable C' by ¢ and reformulate
the functional F' to

= o [ a(6E@)IVo@)|do+ A | H(o@)(filx) = er(0)*do
+ oA /Q (1— He(6(2) (fule) — ea(6))? de,
where the function H. : R — R, defined by

1 2
H.(z) := 3 (1 + ;arctan (i)) ,

is a slight regularization (with the parameter € > 0) of the Heaviside function

1 ifz>0,
H("’)'_{ 0 ifz<0,
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and 0. = H.. The variables ¢; and c¢p can be calculated with the help of the
function H by formulas

_ Jo fe(@)H(¢(x)) dx _ Jo Ju(@)(1 — H(é(2)))dz

Jo(1 = H(¢(x))) d

c1(9) : c2(9) :

Jo H(d(x))dz

Figure 6.17: Evolution of the active contour in the first frame.

Minimization of the functional F. by using standard results of variational
calculus, yields to the Euler-Lagrange equation for a function that we denote by
¢r. That is, the function ¢j satisfies minimum of F. with the image f; given
and its zero level set corresponds to an optimal contour of a molecule at time .
Parametrization of the descent direction by an artificial time ¢ > 0 gives us the
following evolution equation

‘9;1’6 = 6.(¢n) (aV . (;Z’;,) — M (f = en(@n)? + e fi — cz(¢k>>2) :

defined for all z € Q and t € (0,7, with the associated Neumann boundary
condition equal zero and the initial condition ¢ (x,0) = ¢°(x) for all x € Q.

Having the solution ¢ to the above evolution equation for some T" > 0, we
may calculate position of the mass centre (Z(tx),y(tx)) of a molecule at the time
ti using the formula

_ fQ r H(¢p(z)) dv
Jo H(¢x(z))dz ’

(Z(tk), y(tx)) :

for k=1,...,1801.

In Figure 6.17 evolution of the active contour in the image fj is presented. As
an initial condition for all ¢y, with kK = 1,...,1801, we have taken the function
#°, which the zero level set is presented in the first image in the upper row of
Figure 6.17. In order to improve quality of analyzed images, we have increased
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Figure 6.18: Results of mRNA molecule segmentation in nine successive frames and
positions of the mass centre (Z(ty),g(ty)) for k=1,...,9.

contrast and performed pre-smoothing by convolution with the Gaussian kernel
with the standard deviation ¢ = 2. In all cases we have used the same set of
parameters a = 1, Ay =2, Ao = 1 and ¢ = 1. The evolution equation for ¢ has
been solved using the explicit finite difference scheme with 10 iterations and the
time step 1. After each iteration, we have performed reinitialization of ¢y to the
signed distance function to the zero level set of ¢y.

In Figure 6.18 we present final results of image segmentation in the first nine
frames. The point inside of a contour is the mass centre (Z(tx),y(tr)) of the
detected molecule, for £ =1,...,9.

Finally, we obtain 2D data set of (Z(tx),y(tx), for k = 1,...,1801. These data
form time series of a single mRNA molecule in the analyzed microscopy video
[42]. We analyse a 2D trajectory {(Xp,Yn) := (Z(tn),y(tn)) : n = 1,...,1801}
and concentrate on the increments of = and y coordinates. All further analysis is
based on two sets of increments {X,,y1 — X,, : n=1,...,1800} and {Y,,41 — Y, :
n=1,...,1800} of coordinates = and y, respectively.

Trajectories and their increments of both coordinates of the data are presented
in Figure 6.19. A simple examination of the presented increments tells us that
the data are not stationary in general. They demonstrate two different regimes.
Hence, by using the variance change point test [80] we split the data for two
stationary subsets. The changing points are 702th and 715th observation for z
and y coordinates, respectively. In sum, we obtain four subsets which we denote
by X1, X2, Y1 and Y2.

To check the subdiffusive behaviour of the data we calculated the sample
MSD, see Section 5.4.3. We calculated sample MSD for all four subsets of the
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Figure 6.19: A plot of the trajectories (top) and their increments (bottom) with a change
point in variance (grey line), for x (left panel) and y coordinates (right panel). The
variance changing points are 702th and 715th observations for z and y coordinates,
respectively.

Table 6.5: Values of the memory parameter for all four stationary subsets of data and
for the 2D counterparts (in Euclidean norm).

1D X1 X2 Y1 Y2
dysp  —0.1 —0.19 —028 —0.22

2D (X1,Y1) (X2,Y2) (X,Y)
dusp  —0.15 —020 —0.16

data: X1, X2, Y1 and Y2 and also for entire coordinates X = X1 U X2 and
Y = Y1UY 2. The results are shown in Table 6.5. We can see that in all cases d < 0
(the negative dependence case), hence the process clearly follows the subdiffusive
dynamics.

Next, we performed various statistical tests to identify the underlying distri-
bution of the increments for all four subsets of data. To this end we employed
tests described in Section 5.2. We took into account three well-known possible
probability laws, namely Gaussian, NIG and non-Gaussian stable (see Section 3).
In Table 6.6 we summarize the results of our statistical procedure. The NIG
distribution seems to be the best choice.
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Figure 6.20: Sample MSD for X1 (left panel) and X2 (right panel) subsets. The line was
fitted to the first ten values of sample MSD (black asterisks). The slope 2d + 1 equals 0.8
(left panel) and 0.62 (right panel), respectively.
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Figure 6.21: Sample MSD for Y1 (left panel) and Y2 (right panel) subsets. The line was
fitted to the first ten values of MSD (black asterisks). The slope 2d + 1 equals 0.44 (left
panel) and 0.56 (right panel), respectively.

Statistical tests demonstrate that increments of the data are not Gaussian,
but are best fitted with the NIG distribution, see Table 6.6. This implies the
FBM can not be considered as the proper model. We fitted a FARIMA model
(see Section 4.3) to the four time series [42]. It appears that FARIMA(1,d, 1) is
sufficient to describe the data well. The results of the FARIMA procedure for the
four studied data sets are presented in Table 6.7.

After fitting the FARIMA model we calculated its residuals, i.e. noise. Their
independence could not be rejected for Ljung—Box, turning points, difference-
sign and rank tests (for the information about the tests, see, e.g., [30, 35, 33]).
We also repeated the same distribution testing procedure as for the increments.
The results are presented in Table 6.8. We can see that the NIG law is the
recommended choice as it is the only one that cannot be rejected for any part of
the data. To check the goodness of fit of the model, we also calculated sample
MSD for 1000 simulated trajectories of FARIMA models with parameters given
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Table 6.6: Possible distributions for four subsets of the analyzed data. refers to the
case where all four statistical tests rejected the distribution, whereas “+” refers to the

case where all statistical tests could not reject the distribution.

Distribution X1 X2 Y1 Y2

Gaussian — - — —
Stable + — + —
NIG + + + +

Table 6.7: Results of the estimation procedure for four subsets of the analyzed data.

Subset Model d1 01
X1 FARIMA(0,—0.13,0) 0 0
X2 FARIMA(0,—0.14,1) 0 0.13
Y1 FARIMA(0, —0.38,0) 0 0
Y2 FARIMA(1,-0.07,1) 0.48 0.67

in Table 6.7 and compared the results with the MSD values depicted in Table 6.5.
We can see in Figure 6.22 that the fitted FARIMA processes reproduce the sample
MSD well.

The proposed FARIMA model is universal, nevertheless, it turns out, that the
four stationary subsets of the 2D trajectory have different parameters (¢1,d, 61),
see Table 6.7. This is due to the fact that our single particle tracking analysis is
not a mean-value approach as it was done in [83]. Observe that the shape of the
cells and crowded fluid characteristic of the cytoplasm influence the dynamics of
the labelled mRNA molecules. In particular, we believe that the parameters of
the fitted FARIMA models can provide some insight into the physical reasons for
subdiffusive motion of the molecule. Namely, the parameters d in both directions
x and y are influenced by the shape of the cell. Simulations show that, e.g., as
the width of the biological cell gets smaller then the memory parameter becomes
“more negative”.

Recall that both the self-similarity index H and type of distribution 1/« have
impact on d since d = H — 1/a. Two additional parameters ¢; and #; which are
responsible for short-time effects are influenced by short-distance interactions in
a crowded fluid environment in the cytoplasm [42].
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Table 6.8: Possible distributions for noise of the fitted FARIMA model for four subsets
of the analyzed data. “—” refers to the case where all four statistical tests rejected the
distribution, whereas “+4” refers to the case where all statistical tests could not reject
the distribution.

Distribution X1 X2 Y1 Y2

Gaussian — - + —
Stable + — + +
NIG + + + +
0 ,
%
-0.05F
-0.1 e
-0.15 | N
—+ E :
-0.2 !
+ v ‘
-0.25 ‘ B
-0.3 !
-
X1 X2 Y1 Y2

Figure 6.22: Boxplots of sample MSD calculated for 1000 simulated trajectories of the
fitted FARIMA processes for X1, X2, Y1 and Y2 subsets of the analyzed data. We can
observe that the MSD values for the empirical data: —0.1, —0.19, —0.28 and —0.22 (see
Table 6.5) fall into the confidence regions.
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Table 6.9: Results of the ITSM estimation procedure for four sample trajectories of the
telomere data.

Traj. Model o1 01 o dysp
0707z FARIMA(0,—-0.36,1) 0 0.30 2 —-0.39
0707y FARIMA(0,—-0.36,1) 0 0.26 2 —0.37
47x  FARIMA(1,-0.31,0) —0.28 0 2 —-0.29
3y FARIMA (0, —0.36,0) 0 0 2 —-0.27

6.3.83 Fitting FARIMA to the telomere data

We investigate here the data describing transient anomalous diffusion of telomeres
in the nucleus of living human cells (U20S cancer) presented in [115], where the
diffusion properties of telomeres in a broad time range of almost 6 orders of
magnitude by combining different imaging setups on the same microscope were
examined.

In this context let us mentioned that the 2009 Nobel Prize in Physiology or
Medicine was awarded to Elizabeth H. Blackburn, Carol W. Greider and Jack
W. Szostak for the discovery of how chromosomes are protected by telomeres
and the enzyme telomerase. The chromosomes contain our genome in their DNA
molecules. As early as the 1930s, Hermann Muller (Nobel Prize 1946) and Barbara
McClintock (Nobel Prize 1983) had observed that the structures at the ends of
the chromosomes, the so-called telomeres, seemed to prevent the chromosomes
from attaching to each other. They suspected that the telomeres could have a
protective role, but how they operate remained an enigma.

We concentrate on the data which clearly follow the subdiffusive character
and consist of 180 trajectories of length 1000 observed over time range 1072 — 10
[s] (CCD) and 2D confocal dataset of 94 trajectories of length 200 measured over
1 —10? [s] (2D confocal) [115]. All of them follow the Gaussian distribution. We
study in detail four different trajectories: (no. 0707x) and (no. 0707y) from the
CCD dataset as well as (no. 47y) and (no. 3y) from the 2D confocal dataset. The
data and their increments are presented in Figures 6.23-6.26. Since the data are
Gaussian we estimated FARIMA parameters with the standard I'TSM package,
which was proposed for light-tailed distributions [30]. The estimated parameters
along with MSD estimates (djy;sp) are presented in Table 6.9. We also com-
pared them with the estimates calculated by the estimation procedure given in
Section 4.3. It appears that the results are similar. Hence, we choose the values
depicted in Table 6.9 as the FARIMA model parameters.

The goodness of fit of FARIMA processes is illustrated in Figures 6.27-6.30.
We plotted sample MSD function for four analyzed trajectories along with the
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Figure 6.23: A plot of the z-coordinate of telomere data (left panel) and its increments
(right panel). Trajectory no. 0707 with Gaussian noise.
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Figure 6.24: A plot of the y-coordinate of telomere data (left panel) and its increments
(right panel). Trajectory no. 0707 with Gaussian noise.
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Figure 6.25: A plot of the z-coordinate of telomere data (left panel) and its increments
(right panel). Trajectory no. 47 with Gaussian noise.
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Figure 6.26: A plot of the y-coordinate of telomere data (left panel) and its increments
(right panel). Trajectory no. 3 with Gaussian noise.

95% confidence intervals calculated under the assumption of the FARIMA model.
We can see the empirical trajectiories lie within the bounds except for several
values which indicates the model is well-fitted. We also note that the My(7)
statistic is reliable only for large N/7 [48]. In all cases we set similar minimal
values for N/7.

015 i 1‘.5 é 215 3
log, (1)
Figure 6.27: Sample MSD (circles) for z-coordinate of the trajectory no. 0707 from te-
lomere data with Gaussian noise and estimated 95% confidence intervals obtained via
Monte Carlo simulations under the assumption of the Gaussian FARIMA model (dashed
lines) in double logarithmic scale. The values of the statistic lie within the confiden-

ce interval for FARIMA model supporting its goodness of fit. The memory parameter
dysp = —0.39 was obtained by fitting the line to the values in the grey region.
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Figure 6.28: Sample MSD (circles) for y-coordinate of the trajectory no. 0707 from te-
lomere data with Gaussian noise and estimated 95% confidence intervals obtained via
Monte Carlo simulations under the assumption of the Gaussian FARIMA model (dashed
lines) in double logarithmic scale. The values of the statistic lie within the confiden-
ce interval for FARIMA model supporting its goodness of fit. The memory parameter
dysp = —0.37 was obtained by fitting the line to the values in the grey region.
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Figure 6.29: Sample MSD (circles) for z-coordinate of the trajectory no. 47 from telomere
data with Gaussian noise and estimated 95% confidence intervals obtained via Monte
Carlo simulations under the assumption of the Gaussian FARIMA model (dashed lines)
in double logarithmic scale. The values of the statistic lie within the confidence interval
for FARIMA model supporting its goodness of fit. The memory parameter dy;sp = —0.29
was obtained by fitting the line to the values in the grey region.
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Figure 6.30: Sample MSD (circles) for y-coordinate of the trajectory no. 3 from telomere
data with Gaussian noise and estimated 95% confidence intervals obtained via Monte
Carlo simulations under the assumption of the Gaussian FARIMA model (dashed lines)
in double logarithmic scale. The values of the statistic lie within the confidence interval
for FARIMA model supporting its goodness of fit. The memory parameter dy;sp = —0.27
was obtained by fitting the line to the values in the grey region.
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Algorithm for identification, validation and
prediction. ASP module

In this chapter we present a computer algorithm for identification, validation and
prediction, which was implemented in the Analysis, Simulation and Prediction
(ASP) module. The module was developed within the Project: “Detectors and
sensors for measuring factors hazardous to environment — modeling and moni-
toring of threats” (for the details of the project see Chapter 2). The algorithm
incorporates the tools presented in Chapter 5. The usefulness of the algorithm
is illustrated on a case study related to the wind speed data collected by the
telecommunication group.

7.1 Description

The ASP module allows to perform analyses both in time and frequency doma-
in. The models implemented in the module are: ARMA-GARCH, FARIMA and
hidden Markov. The first model is ARMA (for this special case of the FARIMA
process see Section 4.3) with generalized autoregressive conditional heteroske-
dastic (GARCH) errors introduced by Bollerslev [22]. Bollerslev [22] generalized
the autoregressive conditional heteroskedastic model, named ARCH, proposed
in the seminal Nobel Prize winning paper by Engle [73]. It takes into account
for heteroskedastic effects of the time series process typically observed in form
of fat tails, as clustering of volatilities, and the leverage effect. The FARIMA
model is treated in detail in Section 4.3. The underlying idea behind the hidden
Markov models (HMM) is to describe the observed phenomena by two (or more)
separate phases or regimes with different statistical properties. The mathematics
behind the HMM was developed by Baum and co-workers [10, 9, 12, 11, 8], for
the applications, see, e.g., [175, 16]. The functions of the module are listed below.
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ASP module in time domain

1. Stochastic analysis of the data, removing seasonality, checking for long-
range dependence.

Calibration of ARMA-GARCH and FARIMA models.

Goodness of fit testing by backtesting with confidence intervals.
Simulation of the fitted time series.

Prediction for the fitted time series.

DAl ol

ASP module in frequency domain

1. Calibration of the hidden Markov model.
2. Identification of two regimes.
3. Simulation of the fitted model.

In Figures 7.1 and 7.2 we present schematic algorithms for the flow of processes
in the ASP module and FARIMA submodule, respectively.

Historical data

Data in time domain

v

Removing trend and
seasonality

;\Data in frequency domain

J

NO
Correlations
VL A 4
Fitting the distribution Hidden Markov model
Long
memory NO
L 4
FARIMA ARMA - GARCH

Figure 7.1: Flow chart of the processes in the ASP module.
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Figure 7.2: Flow chart of the processes in the FARIMA submodule.

7.2 Module contents

The ASP ver. 3.0 consists of 51 functions and scripts. Many functions include
internally used routines, hence, the total number of functions is much larger. The
files are grouped into four categories:

ARMA-GARCH time series,
FARIMA time series,
Hidden Markov model,

GUI functions.

L e

The ASP functions were written in MATLAB 7.11.0 (R2010b), and should
therefore work in that or any later version of MATLAB. Note, that some of the
results may differ from those presented in the book if a later version of MATLAB
is used.

To install the software, you should copy the ASP folder as a folder in your
MATLAB “works” folder, and then activate the path to this new folder so that
MATLAB knows it is there. All functions will work if you have the Statistics and
System Identification Toolboxes in additional to the basic MATLAB package.
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7.3 Using the ASP module functions

MATLAB functions or scripts (i.e. series of MATLAB commands) can be run
from the MATLAB command line, which is given by the prompt “>>” in the
MATLAB Command Window.

Scripts can be executed by simply typing in the relevant file name in the
command line. For example, if you wish to run Panel 1 script, you can do so by
typing in the following command:

>> panel_1

Functions, on the other hand, generally require input parameters. Care must
be taken to ensure that the input data is in appropriate form. To check data
format requirements type “>> help <function name>" at the command line. For
instance, to see the help screen of the “sin_tr.m” function type in the following
command:

>> help sin_tr
In return MATLAB will display:

SIN_TR estimates sinusoidal trend.
SIN_TR(DATA,D) fits a sum of sines to the points in vector DATA.
D is a vector containing period of each component of the sum.
[PARAM,Y,ERR]=SIN_TR(DATA,D) returns a vector of sines parameters
PARAM, a vector Y with values of a fitted trend:
Y (x)=PARAM(1)+PARAM(2) *sin(2pi/D(1)*(x+PARAM(3)))
+ PARAM(4) *sin(2pi/D(2)* (x+PARAM(5)))
+...+PARAM(2k) *sin(2pi/D (k) (x+PARAM(2k+1)))
and mean squared error ERR of the fit.

7.4 Case Study: Wind speed

We study here data describing wind speed. The data were collected from the
pilot network consisting of a meteo station situated on the building D-20 on the
main campus of the Wroclaw University of Technology. The data describing wind
speed in [m/s| were measured on an hourly basis from 20:00 of 2009/12/11 till
8:00 of 2010/02/05. We analyse the data with the ASP module.

First, we load the data using ASP, see Figure 7.3. In Panel 1 we execute the
“ACF” command, which plots the autocorrelation function for the considered
data, see Figure 7.4. By analyzing the ACF depicted in the lower panel we can
observe its quick linear decrease. This suggests a linear trend in the data. We
remove it by differencing the time series, cf. Figure 7.5 (lower panel).
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Figure 7.3: Wind speed data in the ASP module.
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Figure 7.4: Autocorrelation function (lower panel) suggests a linear trend in the data.

Having differenced the data, we have to check whether the data are stationary.
This property has to satisfied if we want to proceed to the next step — fitting a
time series model. In Figure 7.6 we can observe the ACF for the differenced data.
We can see that the values of the function lies within the confidence interval

which indicates stationarity of the data.

Next, we choose between two time-series models implemented in ASP, namely
ARMA-GARCH and FARIMA processes. The ARMA-GARCH processes are the
family of ARMA models [149] with GARCH [22] errors. In contrast to FARI-
MA processes they do not exhibit power-law long-range dependence. In order to
check for long memory we employ sample MSD (see Section 5.4.3). The estimated
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Figure 7.5: First difference of the wind speed data (lower panel).
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Figure 7.6: Autocorrelation function suggests the differenced data are stationary.

memory parameter equals —0.39 which clearly points to the FARIMA model. In
order to estimate the order of the model and other parameters we perform fractio-
nal differencing (see Section 4.3) and employ the standard estimation procedure
for ARMA time series implemented in Matlab (function “armax”). It is based on
the maximum likelihood method. As described in Section 4.3 we can also estimate
FARIMA parameters applying the variant of Whittle’s estimator. We only have
to know the order of the model. It should be equal to the order of the correspon-
ding (via fractional differencing) ARMA process. The results of the estimation
procedure are depicted in Figure 7.7.
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Figure 7.7: The fitted FARIMA (2, —0.39,4) process.

Finally, we check the goodness of fit by so-called backtesting, namely we
remove the last 20 observations, fit the FARIMA model, calculate predictions
along with the 90% confidence interval and check whether the removed values
lie within the interval. As we can see in Figure 7.8, this condition is fulfiled
and we may claim the model is well-fitted. The mean-squared error is equal
to 0.93. In Figure 7.9 we also illustrate 20-steps-ahead prediction for the fitted
FARIMA(2,—-0.39,4) process.

Blpans F==g=n =
NEAL K REPRL- S0 aD ~

[ Wybor rzedu models—

= 1318 1320 (3 1330 1335 1360 1345 1350 3 1360
Estymyrzad |

Czesc MA

4
Czesc AR

Figure 7.8: Backtesting of the fitted FARIMA(2,—0.39,4) process on the last 20
observations.
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