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We propose a simple strategy to produce multiple longitudinal focal spots by adjusting the initial 
parameters of vector beam with non-uniformly correlated structure and chose electromagnetic 
Hermite non-uniformly correlated (EMHNUC) beams as typical examples to explore the multi-fo-
cusing characteristics of the beam propagation in turbulent atmosphere. Furthermore, we also 
demonstrated how to control the foci’s number, intensity, and position by adjusting the vector 
beam’s initial parameters. Finally, the influence of the turbulent atmosphere on the focal spot in-
tensity was analyzed. These beams may prove helpful in longitudinal optical trapping and manip-
ulation of multiple particles and transparent material cutting. 

Keywords: electromagnetic Hermite non-uniformly beams, multi-focusing characteristics, turbulent 
atmosphere. 

1. Introduction 

Light beams whose spatial dimension parameters are modulated to produce a new light 
field with a specific distribution are called spatially structured light beams. Compared 
to the first-order statistical parameters such as amplitude, phase, and polarization state 
of a random light field, coherent structures, as second-order statistical parameters of 
beams, are unique degrees of freedom for coherent beams and partially coherent beams, 
exhibiting many novel physical properties in their control, and has found use in con-
structing new structured light beams and a wide range of applications [1-2]. In recent 
years, partially coherent beams based on coherent structure control have attracted 
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widespread attention due to their unique advantages in resisting the adverse effects of 
turbulence, self-healing solid ability, and overcoming speckle noise [3-7]. 

Since a new method for designing novel correlation functions of scalar and vector 
partially coherent beams was discussed by GORI et al. [8,9], a great deal of research 
has been done on designing various partially coherent structured beams with prescribed 
spatial coherence [10]; this enables a host of applications [11], including ghost im-
aging [12] and partially coherent diffractive imaging [13]. In 2011, LAJUNEN et al. in-
troduced a new class of partially coherent beams with a spatially variant correlation 
function (i.e., non-uniformly correlated beams) [14]. Their new class exhibited self 
-focusing and self-shifting propagation properties, which provides a new research ap-
proach for applications such as optical capture and particle manipulation [15]. In later 
years, researchers successively introduced non-uniform Laguerre Gaussian correlated 
beams, non-uniform correlated Bessel beams, pseudo-Bessel correlated beams, Hermite 
non-uniformly correlated beams, radially polarized Hermite non-uniformly correlated 
beams, etc. [16-20], which significantly deepens the research on non-uniform corre-
lated beams. 

Recently, a multi-focus beam with a spatial non-uniform coherence structure was 
introduced, which exhibits multiple longitudinal focal spots on propagation. Compared 
to the previous works [21], such low-coherence beams achieve a multi-focal effect and 
avoid the adverse effects caused by high coherence. However, this research was ob-
tained within the scalar approximation, which overlooks the polarization properties of 
vector beams; it is expected that, as non-uniformly correlated beams have shown ad-
vantages in optical applications, the vector beam introduced by the combination of po-
larization and non-uniform coherence leads to the discovery of new effects. 

In this paper, we propose a simple strategy to produce multiple longitudinal focal 
spots by adjusting the initial parameters of vector beam with non-uniformly correlated 
structure, and we choose electromagnetic Hermite non-uniformly correlated (EMHNUC) 
beams as typical examples to explore the multi-focusing characteristics of the beam 
propagation in turbulent atmosphere. Furthermore, we also demonstrated how to con-
trol the foci’s number, intensity, and position by adjusting the vector beam’s initial pa-
rameters. 

2. EMHNUC source 

Usually, the spatial coherence characteristics of vector partially coherent beams are 
characterized by the cross-spectral density (CSD) matrix in the spatial frequency domain. 
The CSD matrix of quasi-monochromatic fields at two position vectors ρ1 and ρ2 in 
the source plane is defined as [22] 

*  ρ2 =     ρ2  , (α, β = x, y)  (1)ρ1 Eα ρ1 Eβ  Wα β  

In Eq. (1), the symbols Ex and Ey represent the two mutually orthogonal components 
of the random electric vector along the x and y axes, respectively, which are mutually 
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orthogonal to the z axis. The asterisk denotes the complex conjugate, and the angular 
brackets denote an average over a monochromatic ensemble. 

From the reports of GORI et al. [9], it is known that any CSD matrix expressed in 
the following one-dimensional integral form is physically realizable. 

*Wα β  ρ1 ρ2 =  pα β  v hα  ρ1 v hβ  ρ2 v dv (2) 

where hα ( ρ1, v) and hβ ( ρ2, v) represent arbitrary kernel functions, v denotes a one-di-
mensional vector, pα β (v) are the elements of the weighting matrix, and the elements 
of the weighting matrix must satisfy the following inequalities 

p v   0xx (3a) 

p v   0yy (3b) 

p v  p v   p– v  p v   0xx yy xy yx (3c) 

here, we take hα ( β ) ( ρ, v) and pαβ (v) to the form, respectively 

hα ρ v   = 
2 2 x y 

Aα exp – -------------- – --------------- exp –i kvρ2 
2 2 2w0x 2w0y  

(4) 

 pα β  v = 
2n  2–1   2 2v v  ----------- exp – -----------Bα β  πaα β   2 2   aα β  aα β  

(5) 

where the beam width is denoted by w0x and w0y, respectively, Aα represents the am-
plitudes of the electric field component along the α direction, Bαβ  is the complex cor-
relation coefficient. Substituting Eqs. (4) and (5) into Eq. (2) we derive the CSD of 
EMHNUC beams as the following expression 

 2 2 2 2 x1 + x2 y1 + y2  = – ------------------- – ---------------------Wα β  ρ1 ρ2 G0 Aα Aβ Bα β exp  
 

2
 ρ1

2 – ρ2
2 

 exp – --------------------------
4rα β  

2 2 2w0x 2w0y  

 ρ1
2 – ρ2

2  
--------------------- (6)H2n 
 2 rα β  

where rαβ  = (2/kaαβ)
1/2 is the correlation width, H2n(ꞏ) denotes the Hermite polynomi-

als order 2n, G0 = 1/H2n (0), and Bαβ  is the maximum correlation between the Eα and 
Eβ field components. In the following, let us concentrate our attention on the paraxial 
propagation of this beam through turbulent atmosphere. The CSD matrix elements of 
the EMHNUC beams can be obtained using the following expression [11] 
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W   r z = α β  r1 2 

 

2 
Wα β  ρ1 ρ2expk =  2πz   
 

r – ρ1
2 – r – ρ2

2 
1 2 

–ik ----------------------------------------------------------
2z 

 
 
 
 d2 ρ1 d

2 ρ2 
 
  exp ψ r  ρ1 + ψ*r  ρ2 1 2 R  

(7) 

where ψ stands for the complex phase perturbation caused by the medium,  ꞏ im-R 
plying averaging over the ensemble of statistical realizations of the turbulence. Under 
quadratic phase approximations,  ꞏ  can be rewritten asR 

 exp ψ r  ρ1 + ψ*r  ρ2 = 1 2 R 

   
 π2k 2z  

= exp – ---------------- κ
3
φn κ dκ r – r  + r – r  –  +  –  1 2

2 
1 2 ρ1 ρ2 ρ1 ρ2

2
 3 
 0  

(8) 

here, we select the van Karman power spectrum to represent the an-isotropic charac-
teristics of the atmosphere [4,17], where к represents the magnitude of the spatial wave 
number. 

2 κ2 2 –11/6 
κ2/κΦ  κ = 0.033C  + κ0  exp   (9)n n m 

where Cn 
2 represents a generalized refractive-index structure parameter, κ0 = 2π/L0 

and κ = 592/ l with L0 and l0 represent parameters associated with the outer scale Lm 0 0 
and inner scale l0 of turbulence, respectively. By substituting Eqs. (8) and (2) into 
Eq. (7) with some algebraic transformations and integral operations, we obtained a gen-
eral expression of CSD matrix elements of the EMHNUC beams in turbulence. 

w w p  0x 0y α β  v 
Wα β  r r z = A -------------------------------------------- exp    αAβBα β   w v z w v z x y 

2 2 x y  
– ---------------------- + --------------------- dv 
 wxv z  wyv z   

(10) 

Similarly, the spectral intensity of the non-uniformly correlated beams can be writ-
ten as [22] 

S r z =  Tr W r r z    = W r r z + W r r z (11)      xx yy 
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where 

 –w0
2 
α 1 2vz2

2z2 4 zT  z 
wα v z  = ------------------------------------- + ----------------- + --------------------- , (α = x, y ) (12)

2 k2 2 kw0α 

π2 k2 z
T z  = ---------------- κ3 φ  κ d κ (13)n3 

0 

the degree of polarization (DOP) of the EMHNUC beams can be expressed as 

4 Det  W r  r z 
P r  z = 1 – ------------------------------------

2
--------- (14)

Tr r r  z 

where Tr and Det represent the determinant and trace of the CSD matrix, for the con-
venience of the following analysis, we set the ratio of field amplitude e = Ay/Ax . The state 
of polarization (SOP) of the EMHNUC beams can be characterized by polarization el-
lipse, orientation angle, and its degree of ellipticity are related to the elements of the 
CSD matrix Wα β (r, r) by the following relations as described in [23]. 

3. Numerical simulation and analysis 

Next, we explore the propagation characteristics of EMHNUC beams under different 
light source parameters and turbulent parameters. In the following calculations, we 
assume that Ay = 1,  Bxx = Byy = 1,  Bxy = 0.5exp(π/4), λ = 632.8 nm, w0x = 3 cm,  w0y = 
= 3 cm,  rxx = 2 cm,  ryy = 2 cm,  rxy = 2 cm,  n = 1,  e = 0.5, L0 = 1 m,  l0 = 1 mm  and  

2C = 10–15 m–2/3 unless otherwise indicated in figures. Figure 1 illustrates the normal-n 
ized intensity distribution of EMHNUC beams at different distances with different 
beam source parameters. It is observed that the beam spot does not diverge monoton-
ically but exhibits a clear self-focusing phenomenon during propagation. Due to the 
consistent coherence length and beam width of the two perpendicular components of 
the vector beam, the intensity of EMHNUC beams exhibits a symmetrical distribution. 
As the propagation distance increases, the light intensity distribution shrinks, enlarges, 
and then shrinks again, resulting in a significant self-focusing phenomenon (as shown 
in Fig. 1(a)). When the two coherent length components and beam width components 
are not the same, the two-component beams exhibit self-focusing, and the positions of 
their respective focal spots deviate along the propagation direction, which results in 
the secondary focusing phenomenon (as shown in Fig. 1(b)-(c)). From Fig. 1(d), it can 
be seen that the higher the order of the beam, the smaller and brighter the two focal points, 
indicating that the self-focusing of the beam is more significant. The secondary self-fo-
cusing of EMHNUC beams comes from their unique, coherent structure. The non-uni-
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(b) 

(c) 

(d) 

Fig. 1. Normalized intensity of the EMHNUC beams at different distances with different beam source pa-
rameters. (a) w0x = w0y = 3 cm,  rxx = ryy = 2 cm; (b) w0x = w0y = 3 cm,  rxx = 2 cm,  ryy = 1 cm;  (c)  w0x = 3 cm,  
w0y = 2  cm,  rxx = 2 cm,  ryy = 1 cm; (d) w0x = 3 cm,  w0y = 2 cm,  rxx = 2 cm,  ryy = 1 cm,  n = 3.  

formity coherent structure causes self-focusing of the beams during beam propagation, 
while the asymmetry coherence length is the reason for the secondary self-focusing 
of the beams. Accordingly, we can infer that combining the EMHNUC beams with 
different coherence lengths can generate multi-focusing points along the propagation 
direction, which can be used in longitudinal multi-particle optical trapping and trans-
parent material cutting. 

To further explore the longitudinal focusing characteristics of the EMHNUC beams, 
Fig. 2 shows the intensity distribution of the EMHNUC beams along the propagation 
direction z-axis in the xoz plane (see Fig. 2(a1)-(a4)) and the on-axis intensity distribution 
(see Fig. 2(b1)-(b4)) with different beam source parameters. When the coherence length 
and beam width of the two orthogonal components of the EMHNUC beam are the same 
due to the self-focusing characteristics of each element, the light intensity shows a pre-
cise longitudinal focusing distribution along the z-axis (as shown in Fig. 2(a1)-(b1)). 
As the coherence length and beam width of the beam components differ, the second-
ary longitudinal focusing distribution of the light intensity along the z-axis gradually 
becomes apparent, and the brightness of the focusing spot increases (as shown in 
Fig. 2(a2)-(a3) and (b2)-(b3)). Moreover, the focusing spot shortens significantly 
along the axis as the beam order increases. It exhibits unique longitudinal focusing 
characteristics (as shown in Fig. 2(a4)-(b4)). 

Figure 3 shows the polarization properties of the EMHNUC beam with the same 
parameter as in Fig. 1(d) in a turbulent atmosphere. Figure 3(a) illustrates the evolution 
of the DOP of the EMHNUC beam, and Fig. 3(b) shows its corresponding distribution 
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Fig. 2. Intensity distribution of the EMHNUC beam along the z-axis distance. The parameter selection 
from left to right is the same as the parameter selection in (a)-(d) in Fig. 1. (a) Intensity distribution of 
xoz plane. (b) On-axis intensity distribution along the z-axis. 

Fig. 3. Evolution of polarization characteristics of the EMHNUC beams in turbulence with (a) distribution 
of the DOP, and (b) distribution of the SOP. The parameter choices of the EMHNUC beams are the same 
as in Fig. 1(d). 

of the SOP. It can be seen from Fig. 3, that due to its particular non-uniform coherent 
structure, the DOP of the EMHNUC beams has an axisymmetric non-uniform distri-
bution, which also changes with the propagation distance (as shown in Fig. 3(a)). 
The SOP of the EMHNUC beams initially presents an elliptical polarization state dis-
tribution in the central region, surrounded by a linear polarization state distribution. 
As the propagation distance increases, the elliptical polarization distribution extends 
outward from the central region, and the entire distribution area shows a stable ellip-
tical polarization state distribution. 

Figure 4 explores how the number and position of focal points of the beam change 
as it propagates, based on different initial beam parameters. It is observed that the beam 
widths, coherence lengths, and beam order n mainly determine the number and position 
of the focal points (as shown in Fig. 4(a)-(c)). One can find from Fig. 4(a)-(b) that as 
the beam widths wx (or wy ) and coherence lengths rcx (or rcy ) change, the axial intensity 
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Fig. 4. On-axis distribution of normalized intensity of the EMHNUC beams for varying initial beam pa-
rameters and turbulence parameters. (a) For different w0x and w0y ; (b) for different rxx and ryy ; (c) for dif-
ferent n ; (d) for different e in a turbulent atmosphere. 

distribution also changes, thereby affecting the number and position of the beam’s 
focal points. Figure 4(c) shows that the beam order n not only changes the position of 
the peak intensity but also affects its height. One also confirms from Fig. 4(d) that 
a change of the ratio of the field amplitude e will affect the height of the peak intensity 
distribution. 

Next, we will discuss the influence of beam order n and amplitude ratio e on the size 
of the focal spot. Figure 5 shows the evolution of the intensity of the EMHNUC beams 
at different positions. One can find from Fig. 5(a)-(b) that as the amplitude ratio e and 
beam order n increase, the intensity distribution of the beam gradually expands out-
ward, the expansion at the first position (z = 0.175 km) is more significant than that at 
the second position (z = 0.6 km), indicating that the focal spot becomes larger and the 
focusing effect weakens. Under the same conditions, the focusing effect at the second 
focal point is better than at the first. 

To analyze the influence of turbulence parameters on the self-focusing of the beam 
further, Fig. 6 presents the intensity distribution of EMHNUC beams at different tur-
bulent parameters. We can find from Fig. 6(a) that as the refractive-index structure pa-
rameter increases, the light intensity rapidly weakens, and the second peak gradually 
disappears, indicating that the refractive-index structure parameter has a significant im-
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Fig. 5. Normalized intensity of EMHNUC beams at different positions with w0x = 3 cm,  w0y = 2 cm,  
rxx = 2 cm, and ryy = 1 cm.  

Fig. 6. Normalized intensity of EMHNUC beams  at different turbulent parameters with w0x = 3 cm,  
w0y = 2 cm,  rxx = 2 cm, and ryy = 1 cm.  

pact on the multi-focus auto-focusing of the beam. Meanwhile, we also found that, com-
pared to the inner scale l0 (as shown in Fig. 6(c)), the influence of the outer scale L0 on 
the on-axis intensity distribution of the beam is much weaker (as shown in Fig. 6(b)). 

4. Conclusion 

In this work, we choose electromagnetic Hermite non-uniformly correlated (EMHNUC) 
beams as typical examples to explore the multi-focus auto-focusing characteristics of 
vector beams with non-uniformly correlated structures. We also demonstrated con-
trolling the number, intensity, and position by adjusting the vector beam’s initial pa-
rameters. Furthermore, the effects of turbulence parameters on the self-focusing 
property of the beam are analyzed in detail. These results can be used in longitudinal 
multi-particle optical trapping and transparent material cutting. 
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