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The spectrum behaviors of light waves on scattering from a novel kind of medium, i.e., the PT-sym-
metric semi-soft boundary medium, were discussed, and the dependence of the presentation of 
the far-zone scattered spectrum on the characteristics of the scattering medium was investigated. 
The results show that spectral shifts and spectral switches can be discovered in the scattered field, 
and the direction of spectral switch is closely related to the non-Hermitian parameter, the boundary 
characteristic, and the effective width of the scattering medium. These results will further enrich 
the scattering theory and may have some applications in the reconstruction of the structural infor-
mation of scattering medium. 
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1. Introduction 

The scattering of light waves has been the focus of researchers for decades because of 
its great development potential in optical communication, imaging, and detection. Re-
cently, great progress has been made in the study of light wave scattering. For example, 
researchers have discussed the far-zone scattered fields of various scatterers, including 
deterministic media [1], quasi-homogeneous media [2], collection of particles [3], 
semi-soft boundary media [4,5], hollow media [6], and PT-symmetric media [7,8], etc. 
Among them, the PT-symmetric medium is a new type of scattering medium with the 
characteristics of balanced gain and loss. It is shown that the PT symmetry in the po-
tential correlation function of the medium will destroy the central symmetry of the far-
zone scattered field [9]. The PT symmetry means that the potential function satisfies 
the equal relationship under the action of the parity operator (P) and the time reversal 
operator (T). In 2010, the induced-experimental observation of the PT symmetry ex-
tended the research to the optical field [10]. After that, BRANDÃO proposed the deter-
ministic medium with PT-symmetric scattering potential by combining PT symmetry 
theory and light waves scattering theory [11,12], which triggered a lot of discussion 
on PT-symmetric medium by researchers [13,14]. On the other hand, the spectrum var-
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iation of light waves in the process of transmission and scattering has also been one 
of the hot spots for researchers. In 1989, WOLF and his collaborators found that the spec-
trum of light may change as it is scattered by a random medium [15]. After that, lots 
of researches on the spectral shifts and spectral switches in the process of light wave 
scattering have emerged [16-20]. In addition, the spectrum changes of the scattered 
far field are also very important for the inverse problem in scattering, and some appli-
cation studies have been carried out. For example, ZHAO et al. have proved that cor-
relation-induced spectral changes can be used to determine the correlation function of 
the scattering potential of an unknown random medium [21]. Wang discussed the in-
fluence of the boundary of the semi-soft boundary medium on the scattered spectrum, 
and found that the direction of the spectral switch is closely related to the boundary of 
the scatterer [22]. This phenomenon can provide a method to determine the boundary 
of the scatterer from the measurement of the far-zone scattered spectrum. 

However, the previous researches on the spectrum changes in light wave scattering 
mainly focused on the traditional scatterers. As far as we know, there are few studies 
on the spectral shift of the scattered field of the medium with PT symmetry. However, 
PT-symmetric media have unique optical properties; so is there any novel and inter-
esting relationship between the structural properties of the PT-symmetric scatterer and 
the scattered spectrum? This is an important problem, especially in the inverse prob-
lem. In this manuscript, we will study the far-zone scattered spectrum of a polychro-
matic light wave on scattering from a semi-soft boundary medium with PT symmetry, 
and discuss the influence of the non-Hermitian parameter, the boundary, and the ef-
fective width of the scatterer and the scattering angle on the scattered spectrum. 

2. Distribution of the far-zone scattered spectrum 

As shown in Fig. 1, consider that a polychromatic plane light wave is incident on a 
scatterer along the direction of the real unit vector s0(0, 0, 1). The cross-spectral den-
sity function of incident light can be expressed as [23] 

Fig. 1. Illustration of the notations. 
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W  i r S  i ω r s ω =      exp i k  s  r – r  (1)1 2 0 0 2 1 

where ω is the angular frequency of the incident field, S (i )(ω) represents the spectrum 
of the incident field, and k = ω/c is the free space wave number with c being the light 
speed in vacuum. 

Assuming that the scattering process is weak, i.e., the scattering field is much small-
er than the incident field, the scattering can be analyzed within the accuracy range of 
the first-order Born approximation [23]. For the deterministic medium, its optical prop-
erties are described by the scattering potential. The cross-spectral density function of 
the far-zone scattered field then can be given by the following formula [23] 

S i  
W  s rs  rs  s  ω = -------

   

---
r 
----

2
--
ω 
------- F̃ *K  ω F̃ K  ω (2)1 2 0 1 2 

where 

K1 = k (s1 – s0) (3a) 

K2 = k (s2 – s0) (3b) 

and the asterisk “*” represents complex conjugation, s1,2 is the unit vector of scattering 
direction, F̃ K  ω is the Fourier transform of the scattering potential of the deter-
ministic medium F (r, ω), 

F̃ K  ω = F r ω exp –i K r d3r (4)   

In addition, there is a quantitative relationship between the scattering potential and the 
refractive index as follows [23] 

k 2 
2Fr ω = --------- n r ω – 1 (5)

4π 

When the two scattering directions coincide (i.e., s1 = s2 = s), the cross-spectral 
density function reduces to the spectral density of the far-zone scattered field, with the 
form of [23] 

  ω 2S i  s F̃S  r s s 0 ω  = ----------------------- k s s  ω – (6)0r 2 

In this manuscript, we will study the far-zone scattered spectrum as a polychromatic 
light wave is scattered from a PT-symmetric semi-soft boundary medium. Due to the 
analogy between the Schrödinger equation for electrons and Maxwell’s theory of light, 
the complex potential function of quantum theory can be viewed to be equivalent to 
a complex refractive index in optics. Therefore, in the field of physical optics, the 
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PT symmetry of a deterministic medium can be transformed into the Hermiticity of its 
complex refractive index, or similarly, into the Hermiticity of its scattering potential [24]. 
The imaginary part of the refractive index can be positive or negative, representing the 
optical gain or loss of the medium, respectively. For classical media, the real and imag-
inary parts of the refractive index are even (i.e., nr (–r, ω) =  nr (r, ω) and ni (–r, ω) =  
= ni (r, ω)). For a PT-symmetric medium, the complex refractive index needs to meet 
the following conditions [7] 

nr (–r, ω) =  nr (r, ω) (7a) 

ni (–r, ω) = –ni (r, ω) (7b) 

Since there is a relationship between the refractive index and the scattering poten-
tial in Eq. (5), the scattering potential of a PT-symmetric medium must satisfy the fol-
lowing condition [7] 

*–r ω =  r ω (8)FPT FPT 

Next, we generalize the model of PT-symmetric semi-soft boundary medium on 
the basis of the traditional semi-soft boundary medium model [22]. The square of the 
real part and the square of the imaginary part of the complex refractive index can be 
written as 

M  r2 – 1 m= 1 4π+ B  –1m CM exp 

– m βM --

2
----
σ 
-----

2 
 (9) 

m = 1 

M 
– 1 m  r2 2Im n r ω 4π B –1m exp – -----------  β r (10)= CM  m βM   2σ 2 m = 1 

where 

m M !CM = -------------------------------- (11a)
m!M m– ! 

–11/MβM = –ln 1 – 1 – e (11b) 

and B is a constant, σ denotes the effective width, M represents the boundary of the 
scatterer and β is the vector that controls the gain and loss characteristics of the scat-
terer. From Eq. (5), the scattering potential of PT-symmetric semi-soft boundary me-
dium can be obtained as 

M 2 
– 1 m r

Fr ω = ω/c –1 exp – --  1 + i β r (12)2B m 
 

m βM ------ ---


 CM 
 2σ 2 m = 1 

Re n2 r ω  
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Substituting Eq. (12) into Eq. (4), the Fourier transform of the scattering potential 
can be obtained as 

3/2
 2π  M

m – 1 mF̃ K  ω = --------------- σ 3ω/c2B    –1 CM m βM  m = 1 

 σ 2 2   σ 2 K-- -- --- 1 + -- -- --- β K (13) exp – ---------- -- --   -- -- ---  
 2m βM   m βM  

After substituting Eq. (13) into Eq. (6), one can find that the expression of the far 
-zone scattered spectrum is 

B2S  i ω 3 
 s    2π  4S rs s 0 ω = ----------------

2
------------- --------------- σ 6ω/c 

r  m βM  
22  σ 2M

m – 1 m  σ2 
 –1 exp – -- -- -- -- 1 ---------------β K  C M  -- -- ---- ---  +  (14) 

K 
 2mβM  mβMm = 1 

Since the medium is isotropic, a pair of symmetric vectors can be selected to high-
light the statistical properties of the scattering field. We define the angle between s0 
and s is θ and consider that this kind of medium can be described by β = βs0, where 
β is the non-Hermitian parameter. In this case, we can get the following expression 

2 2 θ K = k s s– 0 = 4k 2 sin2 -----
2 

(15)   

  -- -β K  = –2k β sin2 θ-- (16) 2

Then the spectral density of the far-zone scattered field of Eq. (14) can be rewritten as 

B2 S  i ω s θ ω  
   2π 3

4S    = ------------------------------ --------------- σ 6ω/c 
r 2  m βM  

M 
m – 1 m –1 C M exp   

m = 1 

 2σ2ω/c2 sin2 --θ--- 2
– ---------------------------------------------------

mβM 

2--ω-----βσ2 

c θ 1 – ----------------------- sin2 ----- mβM 2

(17) 

3. Numerical results and discussions 

In the following numerical simulations, let us assume that the spectrum of the incident 
field has a form of Gaussian distribution [15], i.e. 

2 
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2ω ω  – 
S  i ω 0  = S0 exp – ---------------------------- (18)

22 Γ0 

where S0 is a positive constant, Γ0 is the spectral width, and ω0 denotes the central fre-
quency. By substituting Eq. (18) into Eq. (17), the far-zone scattered spectrum can be 
expressed as 

B2 S 0  2π 3 
s  θ ωS    = ----------------- ---------------2 m βr  M  

M 
m – 1 m  –1 C M exp 

m = 1 

4σ 6ω/c exp 
2ω ω  – 0– ---------------------------

22 Γ0 

2 ω  2σ  /c2 sin2 --θ--- 2
– ---------------------------------------------------

mβM 

2 
ω 2-------βσ  
c θ 1 – ----------------------- sin2 ----- mβ 2M 

(19) 

In order to make the expression look more concise, we can make ω, Γ0, β, and 
σ dimensionless through the following transformations: 

Γ ωω 0 c 0ω' = --------- Γ ' = ------ β' = --------- β σ' = ---------σ (20), --- , ,0ω ω ω0 0 0 

and defining the normalized spectral density 

2 2 3ω r  mβ 0 M s  θ ωSβ θ ω '  = -------------------------
6
--- --------------- S    

B2 S0 c
2 σ  2π  

Eq. (19) can be rewritten as 

2ω' – 1Sβ θ ω  = ω' 4 ' – -------------------------exp 
22 Γ ' 0 

M 
m – 1 m –1 exp   C M 

m = 1 

θ 2σ' 2ω' 2 sin2 ----- 2
– --------------------------------------------

mβM 

c 

(21) 

2ω' β' σ' 2 θ 1 – --------------------------- sin2 ----- mβ 2M 

(22) 

It can be seen from the expression that the far-zone scattered spectrum is generally 
different from the incident spectrum. The non-Hermitian parameter β', the boundary 
constant M, and the effective width σ' all play a role in the scattered spectrum (for con-
venience, we still call the transformed β' and σ' as the non-Hermitian parameter and 

2 

2 
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the effective width in the following). In order to intuitively explain the changes in the 
spectrum, we will give some numerical results of the far-zone scattered spectrum. 

First, let us consider the demonstration of the scattered spectrum with increase of 
the scattering angle when the non-Hermitian parameter β' = 0.23. In order to facilitate 
the comparison, we also draw the spectrum of the incident field in the figure (as shown 
by the black solid line). As shown in Fig. 2, when the light wave with Gaussian spec-
trum is scattered from the PT-symmetric semi-soft boundary medium, the scattered 
spectrum will be different from that of the incident light, which is the phenomenon of 
spectral shift. It is well-known that if the central frequency of the scattering spectrum 
is smaller than that of the incident spectrum, the red shift occurs (as shown in Fig. 2(b)). 
On the contrary, one can find from Fig. 2(d) that if the central frequency of the scattering 
spectrum is greater than that of the incident spectrum, the blue shift occurs [25,26]. 
This is because the spectrum of the scattered field will split into two peaks, and we 
always take the location of the larger peak as the central frequency. As the scattering 
angle increases, the maximum peak and the secondary peak exchange positions, which 
induces the spectrum to jump from red shift to blue shift. It should be noted from 

Fig. 2. The far-zone scattered spectrum with different scattering angles. The calculation parameters are 
selected as follows: β' = 0.23, M = 4, Γ0 ' = 0.01 and σ' = 18. 
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Fig. 2(c) that there is a critical direction, where the two peaks of the spectrum reach 
the same height, such spectrum is called a spectral switch [27]. 

Figure 3 shows the spectral shifts and spectral switches produced by scattering 
from the PT-symmetric semi-soft boundary media with different non-Hermitian pa-
rameters β'. The solid line, dashed line and dotted line represent the normalized scat-
tered spectrum when the polychromatic light wave is scattered from the PT-symmetric 

Fig. 3. The influence of the non-Hermitian parameter on the spectral switch of the far-zone scattered field. 
The calculation parameters are selected as follows: M = 3, Γ0 ' = 0.01 and σ' = 18. 
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semi-soft boundary medium with β' = 0.230, β' = 0.231 and β' = 0.232, respectively. 
From Figs. 3(c)-3(e), we find that the non-Hermitian parameter β' of the scatterer has 
an important influence on the location of the spectral switch in the scattered far field. 
For the case of β' = 0.232, the spectral switch occurs at θ = 0.097378 (see Fig. 3(c)); 
as the scattering angle continues to increase, the spectral switch of the scatterer with 
β' = 0.231will appear at θ = 0.09743 (see Fig. 3(d)); while the spectrum corresponding 

Fig. 4. The influence of the boundary of the scatterer on the spectral switch of the far-zone scattered field. 
The calculation parameters are selected as follows: β' = 0.23, Γ0 ' = 0.01 and σ' = 18. 
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to the scatterer with β' = 0.230 will jump at θ = 0.097481 (see Fig. 3(e)). We summarize 
the influence of the non-Hermitian parameter on the scattered spectrum by stating that 
with a larger value of β' of the scatterer, the appearance of the spectral switch will be 
at a smaller scattering angle as θ increases. 

Figure 4 discusses the influence of the scatterer boundary M on the spectral switch 
of the far-zone scattered field. The solid line, dashed line and dotted line represent the 
normalized scattered spectrum of the PT-symmetric semi-soft boundary medium with 
M = 5, M = 10 and M = 20, respectively. As shown in Figs. 4(c)-4(e), the direction of 
the spectral switch is closely related to the boundary of the scatterer (i.e. M ). When 
M = 20, the medium has a spectral switch at θ = 0.089205; while for PT-symmetric 
semi-soft boundary medium with M = 10 and M = 5, the corresponding scattered spec-
trum jumps at θ = 0.090868 and θ = 0.093726, respectively. So in general, the larger 
the value of M is, the earlier the spectral switch occurs as θ increases. 

The effects of the effective width of the scatterer on the scattered spectrum have 
been investigated in Fig. 5. The solid line, dashed line and dotted line represent the 
normalized scattered spectrum of the PT-symmetric semi-soft boundary medium with 
σ' = 10, σ' = 15 and σ' = 18, respectively. As shown in Figs. 5(b)-5(d), different σ' will 
also lead to different critical angles when the spectral switch occurs. It is obvious that 

Fig. 5. The influence of the effective width of the scatterer on the spectral switch of the far-zone scattered 
field. The calculation parameters are selected as follows: β' = 0.23, M = 4, and Γ0 ' = 0.01. 
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the critical angle when the spectral switch occurs becomes smaller with the increase 
of σ'. 

4. Conclusion 

In this manuscript, the far-zone scattered spectrum of a polychromatic light wave on 
scattering from a PT-symmetric semi-soft boundary medium is discussed. The analyt-
ical expression of the far-zone scattered spectrum is derived, and the influence of the 
scattering angle and the properties  of the scatterer  on the scattered spectrum is dis-
cussed. The results show that with the increase of the scattering angle, the spectral 
shifts and spectral switches can be found in the scattered field. The scattering angle 
where the spectral switch occurs is closely related to the non-Hermitian parameter, the 
boundary characteristic and the effective width of the medium. This phenomenon fur-
ther enrich the scattering theory, and may provide some applications in the reconstruc-
tion of the structure information of the scattering medium from the measurements of 
the far-zone scattered spectrum. 
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