
Poisson integrals, Riesz transforms, 
and conjugacy for Laguerre expansions

Doctoral dissertation

Adam Nowak

Wydzial Podstawowych Problemow Techniki 
Politechnika Wroclawska

Supervisor: Professor Krzysztof Stempak

WROCLAW, November 2003



Contents

Preface iii

Basic notation 1

Chapter 1. Heat-diffusion and Poisson integrals for special Hermite and Laguerre 
function expansions on weighted Lp spaces 2

1.1. Introduction 2
1.2. Special Hermite expansions 2
1.3. Laguerre function expansions; system {££} 12
1.4. Laguerre function expansions; system {<p£} 21
1.5. Connection between Hermite and Laguerre function expansions 25

Chapter 2. Riesz transforms for polynomial Laguerre expansions 28
2.1. Introduction 28
2.2. Laguerre semigroups and related objects 28
2.3. Modified Laguerre semigroups 31
2.4. Littlewood-Paley type square functions 34
2.5. Riesz-Laguerre transforms and conjugate Poisson integrals 42

Chapter 3. Higher order Riesz transforms for polynomial Laguerre expansions 45
3.1. Introduction 45
3.2. Definitions and transference setting 45
3.3. Riesz-Laguerre transforms of order 2 and 3; explicit computations 47
3.4. Higher order Riesz-Laguerre transforms; the general case 50
3.5. Conclusions; LP boundedness and weak type 1-1 56

Bibliography 58

ii



Preface

Classical harmonic analysis - the theory of Fourier series and Fourier integrals 
- underwent rapid development, stimulated by physical problems, in the eighteenth 
and nineteenth centuries; Dirichlet, Riemann, Lebesgue, Plancherel, Fejer, and F. 
Riesz formulated harmonic analysis as an independent mathematical discipline. Since 
then, in the twenteenth century, it separated into a multitude of significant branches, 
whose further development resulted in many applications in various fields of mathe­
matics, including functional analysis, complex analysis, probability theory, and dif­
ferential equations. This dissertation concerns the classical flow of the theory, which 
is known as nontrigonometric Fourier analysis. More precisely, we shall deal with 
Fourier series in certain special orthogonal functions and study the associated funda­
mental objects of harmonic analysis: maximal functions, heat-diffusion and Poisson 
integrals, Riesz transforms, and conjugate Poisson integrals. Systematic study of 
the aforementioned objects in the context of nontrigonometric orthogonal expan­
sions was initiated in 1965 in the fundamental work [MuS] of Muckenhoupt and 
Stein who, in analogy to ordinary Fourier series, considered Gegenbauer (ultraspher- 
ical) expansions. They gave appropriate definitions of Poisson and alternate Poisson 
integrals, conjugate function, and conjugate Poisson integrals (in our terminology 
heat-diffusion and Poisson integrals, Riesz transform, conjugate Poisson integrals, 
respectively) in one dimension and obtained various results related to these oper­
ators, inter alia boundary behavior and Lp mapping properties. Then, according 
to Stein’s suggestions, Muckenhoupt elaborated necessary tools and proved similar 
results for Hermite and Laguerre polynomial expansions [Mui, Mu2, Mu3). How­
ever, he worked in the unidimensional setting, and used methods which seem to be 
inapplicable in higher dimensions. But despite restricting to one dimension, the cor­
responding analysis is detailed and rather hard, particularly in the case of Laguerre 
expansions [Mu3].

Later, the work of Muckenhoupt was continued by many authors, who considered 
manifold types of expansions based on both Hermite and Laguerre polynomials and 
functions. There were several directions of research: to investigate multi-dimensional 
settings, to study higher order Riesz operators, and to consider expansions with 
respect to different systems of (Hermite and Laguerre) functions, which, in some 
sense, behave much better than polynomial expansions. In the 1980’s and 1990’s, 
many valuable results were obtained in this area, see [Di, FGS, FoSc, GoSt, Gu, 
GST, Me, Pi, Sjl, Sj2, St, Thl, Th2, Th3], Furthermore, one can observe a 
growing interest in the harmonic analysis of classical orthogonal expansions in recent 
years, which manifested in the attention of many mathematicians such as J. Garcia- 
Cuerva, G.E. Gutierrez, P. Sjogren, S. Thangavelu, or J.L. Torrea, and numerous 
publications, for instance [FSU1, FSU2, GIT, GMMST1, GMMST2, GMST1, 
GMST2, HRST, KeTh, MPS1, MPS2, PeSo, StTo]. Most of them, however, 
concern Hermite expansions. Consequently, not so much is known about the Laguerre 
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counterpart of the theory, which is essentially more involved, but on the other hand, 
richer and hence more interesting. Nevertheless, research in this direction faces many 
technical difficulties, seems to require a new approach, and therefore is substantially 
retarded in comparison with research on Hermite expansions.

The main purpose of this thesis is to contribute to the theory of Laguerre polyno­
mial and function expansions both in its results and methods, which, as the author 
believes, enable further development of the subject and shed some new light on the 
interplay between Hermite and Laguerre expansions.

The structure of the dissertation is as follows.
In Chapter 1 we consider multi-dimensional expansions with respect to special 

Hermite functions and two different systems of Laguerre functions. We define corre­
sponding heat-diffusion and Poisson integrals in a weighted Lp setting with weights 
from Muckenhoupt’s Ap class, 1 < p < oo. Then their smoothness, boundary be­
havior and mapping properties are investigated. Heat-diffusion and Poisson inte­
grals for Laguerre polynomial expansions were first studied by Muckenhoupt [Mui], 
Then Stempak [St], motivated by Muckenhoupt’s paper, considered one-dimensional 
Laguerre expansions with respect to three different systems of Laguerre functions. 
Multi-dimensional Hermite function expansions in a weighted 1/ setting have re­
cently been considered by Stempak and Torrea [StTo]. Noteworthy, some aspects 
of weighted LP theory for special Hermite and certain one-dimensional Laguerre 
expansions have also recently been treated by Kerman and Thangavelu [KeTh],

Chapter 2 is devoted to Riesz transforms associated with multi-dimensional poly­
nomial Laguerre expansions of type a. As the principal result we prove that for 
1 < p < oo Riesz-Laguerre transforms are bounded operators in Lp equipped with 
the appropriate measure. What is also important and interesting, the corresponding 
LP constants are independent of the dimension and the type multi-index a. Subse­
quently, we obtain boundedness and convergence results for the associated conjugate 
Poisson integrals. The main proof, motivated by the paper [Gu], is based on a suit­
able adaptation of the Littlewood-Paley-Stein theory [SI], As a by-product we ob­
tain LP boundedness for the corresponding ^-functions, results which are of interest 
in themselves. Riesz transforms and conjugate Poisson integrals for Laguerre expan­
sions were first studied by Muckenhoupt [Mu3]. Recently, a ^-function and Riesz 
transforms associated with the multi-dimensional Laguerre semigroup have been in­
vestigated by Gutierrez, Incognito and Torrea, [GIT], The technique of transference 
exploited there allowed to obtain IP, 1 < p < oo, boundedness results only for the 
discrete set of half-integer multi-indices a. We remove this restriction and consider 
all intermediate multi-indices.

Throughout Chapter 3, starting by giving suitable definitions, we focus on higher 
order Riesz transforms and related operators for multi-dimensional polynomial La­
guerre expansions. The main results, boundedness in LP, 1 < p < oo, of these 
transforms and weak type 1-1 of Riesz-Laguerre transforms of order 2, are obtained 
by means of transference from a Hermite setting, after restricting to half-integer 
multi-indices a. The corresponding Lp constants depend neither on the dimension 
nor on the type multi-index a. The method of transference was used by Dinger [Di], 
and recently has been developed by Gutierrez et al., [GIT], We provide a signifi­
cant extension of this technique and show how to transfer higher order Riesz type 
operators and certain differential operators.
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It is noteworthy that the results of Chapters 2 and 3 already found interest­
ing applications in studying Sobolev spaces associated with polynomial Laguerre 
expansions [GLLNU]. Moreover, some techniques indirectly developed in Chap­
ter 3 allowed to discover closed bilinear composition formulas for multi-dimensional 
Hermite and Gould-Hopper polynomials [GrNo].

Acknowledgments.
I wish to express my gratitude to my supervisor Professor Krzysztof Stempak for 
introducing the subject, for many valuable discussions, and for continuous encour­
agement during my studies.
I also thank Professor Piotr Graczyk for posing the problem of transference between 
higher order Riesz-Hermite and Riesz-Laguerre transforms, and related discussions.



Basic notation

N = the set of natural numbers, including 0,
R = the set of real numbers,
C = the set of complex numbers,
R+ = (0, oo).

Let d G N\{0}. Given x € Rd or x 6 Cd, we denote its Euclidean norm by |a;| or 
|rr|f2. For a multi-index m = (mi,... ,mf) we always understand |m| as its length, 
i.e. |m| = mi. If x = (a;i,... , xj) G Rd, then

m _ mi . . md X — Xd .
The function classes

Cc\ Ck, Cp, Ck, 17, Lpoc(dp),

are defined in a standard manner and will consist of functions defined on Cd, Rd or 
R^. For 1 < p < oo we denote the class of Muckenhoupt’s weights with respect to 
the Lebesgue measure dx by Ap = Ap^, the underlying space Q being dependent 
on the context. The conjugate p' of p is defined by the identity 1/p + 1/p' = 1.

Given a > — 1, one-dimensional Laguerre polynomials of type a are of the form
1 dk

= -exx~a-^{e-xxk+a\ k G N, x > 0.

Note, that each is a polynomial of degree k. Given a multi-index a = (cei, ... , ad), 
a € (—1, oo)d, d-dimensional Laguerre polynomials of type a are tensor products of 
one-dimensional Laguerre polynomials, that is to say

d
k^d, xe d̂+.

i=l

Similarly, multi-dimensional Hermite polynomials Hk, k G Nd, are tensor products 
of the one-dimensional Hermite polynomials defined by

2 dk 2
Hk(x) = ex -^e~x , k G N, x G R.

Hermite functions hk in Rd are of the form
hk(x) = ckHk(x)e-^2, k&Nd, xE Rd,

where ck = (hi + 1)) 1//2 is the normalizing factor.
We adopt the convention that constants may change their value from one use 

to the next. The notation c = means that c is a constant depending only on 
.. . Constants are always strictly positive and finite.
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CHAPTER 1

Heat-diffusion and Poisson integrals for special Hermite 
and Laguerre function expansions on weighted IS spaces

1.1. Introduction

Heat-diffusion and Poisson integrals for Laguerre polynomial expansions were 
first studied by Muckenhoupt [Mui], Then Stempak [St], motivated by Muck- 
enhoupt’s paper, considered one-dimensional Laguerre expansions with respect to 
different systems of Laguerre functions. Multi-dimensional Hermite function expan­
sions in weighted 2/ setting have recently been considered by Stempak and Torrea 
[StTo]. Our aim is to go further and discuss multi-dimensional Laguerre and special 
Hermite function expansions in weighted ZZ setting. We note that some aspects of 
weighted ZZ theory for special Hermite and certain one-dimensional Laguerre expan­
sions have been recently treated also by Kerman and Thangavelu [KeTh],

Here we consider expansions with respect to special Hermite functions and two 
different systems of Laguerre functions. We define pointwise corresponding heat­
diffusion and Poisson integrals in weighted ZZ setting with weights from Mucken- 
houpt’s Ap class, 1 < p < oo. Then we investigate their smoothness, boundary 
behavior and mapping properties. In particular, we show that the associated max­
imal operators are dominated, up to a constant, by the Hardy-Littlewood maximal 
function or by the strong maximal function. We follow closely the technique used 
in [StTo] for ordinary multi-dimensional Hermite function expansions and the cor­
responding integrals.

This chapter is organized as follows. In Sections 1.2, 1.3 and 1.4 we treat in 
order special Hermite expansions, Laguerre expansions based on the system {2£}, 
and Laguerre expansions with respect to the system {f^}- Main results of these 
sections are contained in Theorems 1.2.10, 1.3.6 and 1.4.5. Finally, in Section 1.5 
we give some remarks on the connection between the Hermite and Laguerre cases, 
including an extension of the transference studied in [Di] and [GIT].

1.2. Special Hermite expansions

In this section we study heat-diffusion and Poisson semigroups associated with 
the special Hermite operator A, usually called the twisted Laplacian. The operator A 
is closely related to the sub laplacian on the Heisenberg group HI", and special Hermite 
expansions play an important role in a better understanding of some problems on 
H" (see [Th4]).

Let n > 1 and (x, y) G Rn x Rn ~ C". Then we have
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1.2. SPECIAL HERMITE EXPANSIONS 3

where A® = 52? d2., A^ = 52i d2. are the standard Laplacians on R”. The set of 
eigenfunctions of this operator contains special Hermite functions (a,/3 G N”). 
These form a complete orthonormal system in L2(Cn) and are given by the following 
Fourier-Wigner transform of the usual Hermite functions ha and hg :

SaM = (27T)-"/2 eix<ha (e +(e -1) * = * + iy e e.

The spectrum of A is discrete and equals {2k + n : k € N}. Since we have A^Q1?3 = 
(2|/3| + n)$aj3, the eigenspace corresponding to the eigenvalue 2k + n is infinite­
dimensional and spanned by {^a,/3 : |/?| = &}• For a function / G L2(C”) the series

(1-1) f= £
a,/3eNn

is convergent in L2(Cn) and is called the special Hermite expansion of / (here
is the standard inner product in L2(C")). Denote by Qk the spectral projection 
operator on the eigenspace corresponding to the A;-th eigenvalue 2k + n. Then the 
series (1.1) may be written in a compact form

oo 

f^Qkf. 
k=0

Given functions f,g G L2(C"), their twisted convolution is defined as

f x g(z) = / f(z-u)g(u)exp ) du,
Jcn \2 /

where (z, u) = 52j=i zj^- The above product turns L1(C”) into a (noncommutative) 
Banach algebra.

The spectral projections Qk are then expressed as

Qkf = fx C1,

^-1 being the Laguerre functions defined by

^-'W = (k|2/2) exp (-|z|2/4). z e C”.
Each is an eigenfunction of A that corresponds to the eigenvalue 2k + n and 
{</>£-1 : k G N} is an orthogonal (but incomplete) system in L2(C"). For all of the 
above and further facts regarding special Hermite expansions the reader is referred 
to the book of Thangavelu [Th3],

Let m > 1 and define

( (2k + rn)m-1, H < y/6(2k + m), 
1 exp(—7|z|2), |z| > ^76(2^ + m).

We will make use of the estimate

(1.2)
which is a consequence of estimates for Laguerre functions due to Askey and Wainger 
[AsWa], compiled by Muckenhoupt [Mu4]. Here c and 7 are independent of k G N 
and z G Cn. A direct calculation using (1.2) shows that

Hk~T^LP < cn(2k+ n)2n~1, l<p<oo.
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This estimate may be generalized by adding a proper weight to Lp norm. In fact, 
we have the following

Proposition 1.2.1. Let 1 < p < oo and G Ap(Cnfi There exists a constant c 
(independent of k) such that
(1.3) <c(2k + n(2n~V

PROOF. Denote by Br the ball {z G Cn : |z| < r}. Since the Ap condition implies 
W(Br) f\Br\\p^B^ -CVl^iJ ’ r~ ’ 

we have
(1.4) w(Br) < cr2np, r > 1.

Let Ti = B^6^k+n) and ^2 = Cn\Pi. We decompose P2 into disjoint ’’rings”:
OO

r2=Jr^, r^ = pGCn : 2my6(2/c + n) < |z| <2m+1^6(2k + n^.
m=0

Now, to estimate LHS in (1.3) we split the integration over <Cn into integration over
Pl and over each of P™. By (1.2) and (1.4) we obtain

[ — c [ (2& + dz = c(2A: +
Jri /ri

< c(2k + n^n-^p(^2k + n})2np = c(2k + n^2n-^p, 

and
[ = £ / Wr'WI’u’W dz

OO ~

< c 2^ / exp(—7|z|2p)w(z) dz 
m=oJr?

OO p
< c Y2 exp(—7p22m6(2A: + n)) / w(z) dz 

m=o
oo

< c 52 exp(—7p22m6(2A: + n)) w
m=0 

oo 2
< c 52 exp(—7p22m6(2A; + n)) ^2m+1 ^6(2/: + n)^ 

m=0
oo

< c(2k + 52 (22m)np exp(-722m) < c(2k + n^2n~^p.
m=0

□

In what follows we will make use of the following lemma (cf. [S2], p.198).

Lemma 1.2.2. Assume that 4/: C" —» [0, oo) is radial, and (radially) decreasing, 
with f ^(z)dz = 1. Define ^e^z) = e-2"T(z/e:), e>0. If 1 < p < oo and a> G 
AP(C") then

11/ *^||LP(a,) < WW), /€£», 
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holds with A independent of £ and \P. Moreover, A depends on uj only through the 
Ap norm ofu.

Remark 1.2.3. Denote by TZ the class of functions T satisfying the assumptions 
of Lemma 1.2.2 (notice that if T belongs to TZ then so does T£). Then

Mf(z) = sup f/| * z E C",

where M denotes the (centered) Hardy-Littlewood maximal function in R2n ~ Cn. 
See [S2] for details.

Now we are in a position to estimate weighted Lp norms of Qkf-

Lemma 1.2.4. Let 1 < p < oo and w E Ap. Then 

WQkfWl^) <c(2k + f E
with c independent of k EN.

Proof. Observe that by (1.2),
\QkfW = 1/ X <-1(z)| <\f\ * |<-1|(z) < c|/| *

and notice that is radial and radially decreasing. Thus Lemma 1.2.2 may be 
applied to the function As a result we obtain

lli/i < *r1iiL>ii/iiL.M s
For the last inequality see the proof of Proposition 1.2.1. □

Our next objective is to obtain a pointwise estimate of Qkf-

Lemma 1.2.5. Let 1 < p < co, co E Ap and f E L^fO). Then

\Qkf(Q\ <c(2k + nr-\V^k + n) + |z|)2”||/||£p(w), z E Cn, 

with c independent of k € N.

Proof. Without loss of generality we assume f > 0. For a function v on C” we 
define

(t£v)(z) = v(z — £), v(z) = v(—z), zECn.
As in the proof of Lemma 1.2.4 we have

\QkfWI < cf * tf£-1(2) = c [ du.
Jcn

To handle the integral above observe that the following estimate holds: 
t < / (2fc + n)n-1’ |u| < Vg2l+n) + |z|,
zk ~ ( exp(-7(|u| - |z|)2), |u| > y6(2A: + n) +

Let Fi = B^/6(2fc+7I'j+|zp r2 = C”\Fi. Further, we divide r2 into disjoint ’’rings” F™: 

= {u E Cn : 2m^6(2k + n) + \z\ < |u| < 2m+1 y/6(2k + n) + |z|J .

Consider the case 1 < p < oo. By Holder’s inequality we obtain

/ du < 11/11^(0,) I / {tz^{u)Y'uj{u)-p'Ip du\
Jcn \Jcn /

= IIZIlLPwlMr'Iliyp).
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Since w = w p /p belongs to Ap' (cf. [Du]), similarly to the proof of Proposition 
1.2.1 we get

< (2k + n^n~Vp'd>(B^^^

< c(2k + n)^n~^p ^y/6(2k + n) + |z|) 

and

[ (rzd%~\uy)p'w(u) du < V [ exp(-7(|u| - |z|)2p%(u) du 
m=0J^

oo
< £ exp (-1P'22m6(2k + n)) £ ^2m+1^^+k|) 

m=0
oo 9 ,

< c y exp (—722m) ^2m+1 y/6(2fe + n) + |zQ
m=0

oo
< c^^k + n) + |z|)2np' exp(-722m)(22m)2np'

m=0

= c(v/6(2A: + n) + |z|)2"p'.

This proves the inequality

+ nr-\V^k + n) + |^|)2",

and so the assertion of the lemma is justified for p > 1.
If p = 1 then

[ f(u)Tz^~\u) du < ||/||li(u,)|M£-1w~1||oo, 
Jcn

and it remains to estimate ||Tzd^~1w~11|. In view of the A^ condition we may write

1 \Br\ r2n 2n 
ess sup —- < c -.--- < c < cr , r > 1, 

ueBr u(u) u(Br) w(Bi)
and therefore

esssupTzi9£_1(u)w(ii)_1 < (2k + n)”-1 esssupui(u)-1 
uGPi uGPi

< c(2k + nr-1(V^k + n) + \z\)2n,

ess sup 1(u)w(u) 1 < exp(—722m6(2A; + n)) esssupw(u) 1
uerj1 uer:p

< cexp(-722m)(2m+1v/6(2FM + M)2”
< c( ^6(2^ + n) + |z|)2n exp(-722m)22nm.

Since

ess sup r2^ 1 
«eri

iMr^iioo = sup < (u)w(u) ^esssupTz^ 1(u)(u(u) 
ver?1

the conclusion follows.
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Remark 1.2.6. Let f,p and w be as in Lemma 1.2.5 and let M > 0, m > 1. 
Then, by the above proof and the estimate (1.2),

1/ x [(i +1 ■ wi < »[a+1 • w
< c(2A + (^6(24 + m) + |z|)2“ ll/ll^u),

with c independent of k. We will make use of this fact later.

Lemma 1.2.7. Let 1 < p < oo and u E Ap. The subspace generated by : 
a, fl G Nn} is dense in and in Cq(C”) with || • Hoc norm.

Proof. According to Thangavelu [Th4, Theorem 1.4.4], the finite linear combi­
nations of are dense in the Schwartz class 5(C”). Thus the density in Co follows 
immediately. To prove the density in IT (to) it is sufficient to approximate in LP^uj) 
norm functions from 5(Cn) by finite linear combinations of

Let / G 5(C”). There exists {fn} C lin{$Qj/3} such that fn —> f in S(Cn). 
It remains to show that \\fn — -» 0. This, however, follows by Lebesgue’s
dominated convergence theorem, proper majorant being c(l + IzD-^^;?) with N 
sufficiently large. Indeed, we have

(l + |z|)^|/n-/|^0, N GN,

which gives \fn — f\ < c(l + |^|)-Ar. Further, by (1.4)
„ 00

/ (1 + IzD-^M^) +
J^n r=2

OO
< ^(BO + c^r-^r2^, 

r=2

and the last series is convergent for N sufficiently large. □

Corollary 1.2.8. Let 1 < p < oo, w E Ap and / G Lp(ff). If (f, Qa,p) — 0 for 
all a,flENn then f — 0.

Proof. If p = 1 Lemma 1.2.7 gives (f,g) = 0 for each g E Co(C") and the 
conclusion follows. If 1 < p < oo then, again by Lemma 1.2.7, we get (f,g) = 0 for 
each g E Lp\oj~p' ^p) (recall that w~p'ip G Ay). The claim is proved. □

Let 1 < p < oo and w E Ap. Given f E Lp(afl we define its heat-diffusion integral 
by

OO
g(t,z) = '£e-t^Qkf(z), t > 0.

fc=o
Note, that the above series converges pointwise by Lemma 1.2.5 and in Lp(ff) by 
Lemma 1.2.4. We may express g(t, z) as a twisted convolution with a kernel Gt by 
writing

OO
g(t,z) = £e-‘<2‘+”>/x^-’(z)

A:=0 
oo z.

= / f(z - u^nk-\u)eilm^’u^2 du
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= f^G^z).

Interchanging the order of summation and integration is justified by Remark 1.2.6 
since

oo « oo

Jcn k=0
OO

< c\\f\\LP^ £ e^+^^k + nr'^ + n) + H)2” < oo. 
fc=0

Using the generating formula [Le, (4.17.3)] we get

GAz) = .,..... 1,—— exp f — ^Izl2cotht ) , t > 0.
v ’ (47rsinht)n F \ 4 1 ) ’

Proposition 1.2.9. Let 1 < p < oo, uj G Ap and f G Lp(ff). The heat-diffusion 
integral g(t,z) of f is a smooth function on R+ x R2n. Moreover, it satisfies

(d \
- + △, j(t,Z)=O.C/L J

PROOF. Let E be a compact subset of C”. Then sup2eS |<2fc/(^)| grows poly­
nomially in k by Lemma 1.2.5. Therefore we may differentiate term by term with 
respect to t the series defining g(t, z). We obtain

am 00
(1-6) *) = £F1)”W + „)”e-‘(2‘+”)Qt/(z),

A:=0

RHS being continuous in (t, z) since each Qk(z) is a continuous function of z and 
the series is convergent almost uniformly in ft,z\

For z G C” we write z = x + iy, x,y G R”. To prove the smoothness of (1.6) in 
z we first focus on

d^Qkf(z) = [ f^-1^ - dU,
JCn

where a, (3 G Nn, df = and dy = dy{ ■ • • dy”. We claim that the differen­
tiation may be taken under the integral sign. Define

= (27r)"n£”-1 (|Z - u|2/2) e-k-“l2/4+iIm^,Z-uV2.

Observe that

(1.7) d^dlXnk-\z,U)

^e-\z-u^/4+iIm(z,z-u}/2 J- (iz-Up^P^Z^-u),
p|<|a|+l/?l

where are polynomials on Cn xC".
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Fix z E Cn and set ei = (1,0,... , 0) G Rn. For — 1 < e < 1, by the mean value 
theorem we have

for some 0 E (—1,1). In view of (1.7) the function
T*(2,-) = sup|a^T”-1(2 + 0ei,-)|

|0|<i

is bounded and rapidly decreasing. Moreover, (1.4) implies T*(z, •) E Lp'(yTp'Sp) 
and therefore integrability of T^z, u)|/(u) | is justified by Holder’s inequality. Hence 
the dominated convergence theorem may be applied and we obtain

dê Qkf^=[ f(u)dex^nk-\z,u)du.
JCn

Our claim follows by repeating the above arguments for the remaining partial deriva­
tives.

Now our aim is to show that the series
00

(1.8) £(-l)m(2A: + n)me-^k+^d^d^Qkf^
k=0

is almost uniformly convergent. Since each term is a continuous function this will 
finish the proof of smoothness of g(t, z) (the continuity in z of each term is checked 
by the mean value theorem, (1.7) and the dominated convergence theorem).

We have ([Le, (4.18.6)]) = (—l)m^^_1 (we use the convention that
— 0 if Therefore, by (1.7),

H+I0I
I^Tr1^)] < C(1 + M2H1 + |^-U|2)W £

m=0

with c independent of k E N and the convention that = 0 for k < m. This,
in view of Remark 1.2.6, gives
|^<2lU«| < c|l/l

Hence supJ6F grows polynomially in k and the almost uniform con­
vergence of (1.8) is justified.

To verify the heat equation (1.5) we differentiate term by term the series defining 
g(t,z) and use the fact that satisfies ([Le, (4.18.7)])

xd2Lk~1(x) + (n — x^dL^1^) + kL^fx) = 0.

The computation makes no difficulties and is omitted. □

Theorem 1.2.10. Let 1 < p < oo, w E Ap and f E Lp(w). Let g(t,z) be the 
heat-diffusion integral of f. Then

(a) supf>0 \g(t, z)| < Mf(z), z E Cn;
(b) ||5(V)IIlp(o>) < C(coshtffn\\f\\LP^y
(c) ^(^’) —/IIlp(w)—* 0, t-> 0+;
(d) g(t,z)—> f(z) a.e., t -> 0+.

Moreover, the family {Tt}t>o, Ttf(z) = g(t, z), is a strongly continuous and uni­
formly bounded semigroup of operators on
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Proof. Observe that

(1-9) Gt(z) = (cosht^W^-^z),

where W(a:) = (47r)_n exp(—|z|2/4) is the Gauss-Weierstrass kernel in R2" ~ C” 
and W4(-) = E~^nW / e). Since \g(t, z)\ < \f\ * Gt(z) assertions (a) and (b) follow 
from Lemma 1.2.2 and Remark 1.2.3. Items (c) and (d) are justified by standard 
arguments with the aid of (a), (b) and Lemma 1.2.7.

The semigroup property of {Tt}t>o is easily verified for f G lin{<hQ^}; hence it 
holds for any f G Lp(aJ) in view of Lemma 1.2.7 and (b). Strong continuity follows 
by standard arguments, similarly to (c). □

We now pass to Poisson integrals. Let 1 < p < oo and w G Ap. Given f G
we define its Poisson integral by

OO _____
f(t,z) = ^e~tV^Qkf(z), t > 0.

k=o
The above series converges pointwise by Lemma 1.2.5 and in Lp(uj) by Lemma 1.2.4. 
Using the well-known formula
(1.10) e-^ = -4= f°° ds, i > 0, (3 > 0,

V4tt Jo

we express f(t, z) as the twisted convolution with a kernel Pt:
OO

*=0
00 । roo 2

= 57 ~7= / e'~s^k+n>>s~^e~!^ ds / /(^ - u)^-1(u)e5lIm^’^ du
k=o Jo Jc-

p , POO / 2 \
(1.11) = / -== / ls-h-h \\e-s(-‘2k+n^J>n-\u') \dsf(z-u)e^m^du 

Jen V47T Jo \ k=0 J

=

where i roo
Pt(z) = -= / Gs^s-^e-12/^ ds.

v4tt Jo
Interchanging the order of summation and integration is justified by Fubini’s theorem 
since, by Remark 1.2.6,

Note that by (1.11) we obtain the following subordination formula:

k=0

P e-s(2fc+n)5-3/2e-t2/(4S) f du dg

Jo Jcn
00 j. POO

< eV\f\ * dnk-\z)-^= / e-^(2fc+n)s-3/2e-P/(4S) ds

k=o ^4?r Jo
oo 2

< c||/||LPH £ + n)n-y (y6(2A; + n) + |z|) < oo.

k=0

f f 00(1.12) f(t, z) == / g(s, z^s^^e-1 ds, t > 0.
v4tt Jo
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Proposition 1.2.11. Let 1 < p < oo, w G Ap and f G Lp(oj). Then the Poisson 
integral f(t,z) of f is a smooth function on R+ x R2n. Moreover, it satisfies

^^2 — = 0-

Proof. The proof is very similar to that of Proposition 1.2.9. We omit the 
details. □

Theorem 1.2.12. Assume that 1 < p < oo, G Ap and f G LP(M). Let ftfiz) 
be the Poisson integral of f. Then

(a) sup4>0 \f(t, z)| < Mf(z), z G Cn;
(b) ||/(i,-)||LP(a,)<Ce-^||/||LP(a));
(c) >0, t-*0+;
(d) f{t,z}—> f(z) a.e., t-> 0+.

Moreover, the family {Pt}t>o? Ptf(z) = f(t, z), is a strongly continuous and uni­
formly bounded semigroup of operators on LP^aifi

Proof. Using the subordination formula (1.12) and (a) of Theorem 1.2.10 we 
get

f OO J. _
\f(t, z)\< Mf^-^s-^e-1 ds

Jo v4tt

and so (a) follows. To prove (b) we apply Minkowski’s integral inequality and The­
orem 1.2.10 (b) to obtain

r°° /ll/(t,-)llL.M < / /<4,) *
Jo V 4%

r00 t
< c\\/\\lp^) (coshs)-n-=s-3/2e-t /(4s) ds

v ' Jo
< ce^f^.

The rest of the proof is analogous to the proof of Theorem 1.2.10. □

Remark 1.2.13. Theorem 1.2.10 shows that the condition co G Ap is sufficient to 
have ||5(t, ^)||lp((J) < C||/llLP(a;)- However, it is not necessary. For 1 < p < oo it was 
proved in [KeTh] that a certain local Ap condition is both necessary and sufficient 
for the above weighted norm inequality to hold. Some results of this type were also 
obtained in the case of the one-dimensional system of Laguerre functions defined in 
Remark 1.5.8 below.

Remark 1.2.14. Most of the results of this section hold for the space L°°(Cn). 
More precisely, Proposition 1.2.1, Lemma 1.2.4 (and so Lemma 1.2.5), Proposition 
1.2.9 and Proposition 1.2.11 remain valid if we replace JAfiaf) by L°°. Moreover, 
Theorems 1.2.10 and 1.2.12, except (c) and (d), also remain valid with L°° replacing 
LT^. Concerning (c) and (d), we have \\g(t, •) - fWoo -> 0 and \\f(t, •) - /Hoc -> 
0, t —> 0+, but only for f G Cb(Cn).

Remark 1.2.15. If 1 < p < oo and f e Lp(Cn) (the case w = 1) then Theorem 
1.2.10 (b) is valid with (7 = 1 and Theorem 1.2.12 (b) holds with Ce-1^ dropped. 
In particular, this means that {Tt} and {Pt} are semigroups of contractions on 
L^(Cn), 1 <p< oo.
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1.3. Laguerre function expansions; system {££}

Let k = (ki,... ,kd) E and a = (07,... ,ad) E (—l,oo)d be multi-indices. 
The Laguerre function on R^ is defined as

W Gn) •... • ^xd\ x = (an,... , xd) E

where are one-dimensional Laguerre functions given by

patt \_(__+ 1)______ A x- > 0 i — l d
~ [r^k. + a. + ^) Lki^)e ,

Each is an eigenfunction of the differential operator

A / S1 . . 9 xA
1=1 z

the corresponding eigenvalue being —|A:| —(|o!|+d)/2. The operator — L is positive and 
symmetric in L2(R+,xadx). Moreover, the system : k E Nd} is an orthonormal 
basis in L2(R+, xadx').

The following estimate of ££ is crucial for further considerations:
d

(1-13) |^(s)|<Cn ©£(<),
i=l

where
(2^ + H + l)l“«l/2, 0 < Xi < 3(2^ + M + 1), 
exp(—7X1), Xi > 3(2^ + |cq| + 1).

Here c and 7 are independent of k and x. The estimate (1.13) is a consequence of 
Muckenhoupt’s generalization [Mu4] of the classical estimates due to Askey and 
Wainger [AsWa].

Let 1 < p < 00. We denote by Ap = AP(R^., dpa) the class of Ap weights on R^ 
with respect to the (doubling) measure r]a(dx) = xadx. More precisely, Ap is the 
class of all nonnegative functions w E -/^(R^, dpaY such that co~p'/p € L^R^, dpa~) 
and

(1-14) sup
Qes

if 1 < p < 00, or

(1-15) sup  —- / (x(x)r/a(dx) ess sup — v < 00
QeB 1Ja(Q) Jq xeQ ^\x)

if p = 1. Here B denotes the class of all sets of the form Q = Q D R^, where Q is a 
cube (with sides parallel to the coordinate axes) in Rd with center in R^.

For r > 0 denote by Qr the cube (0, r)d. Given 1 < p < 00 and w E Ap we have

(1-16) ^^Qr) = [ co(x)pa(dx') < cr^+l“^p, r > 1. 
jQr

Indeed, if 1 < p < 00 and r > 1 then, by Holder’s inequality and the Ap condition,

%(Qi) ( iv{x)1^puj(x') 1^ppa(dx) 
Qi
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1/p'

If p = 1 then the condition (1.15) gives

WQi) < / u(x)pQ(dx) esssup —— < cn>(Qi)77Q(Qr)w(Qr)_1 
J Qi x^Qr ^X)

Since pa(.Qr) = crd+lal the inequality in (1.16) follows.

Lemma 1.3.1. Let 1 < p < oo and co g A®. There exist constants 6 = 6a and c 
independent of k g Nd such that

ll^llLP(^a)<c(2|A;| + ll«ll + l)W,

where ||cr|| = ^Li M-

Proof. Set Aj = 3(2A:j + |aii| + 1), i = 1,... ,d and A* = max{Ai : 1 < i < d}. 
For S C {1,... , d} we define

r^(S) = {x g R^ : Xj > Xj for j g S & Xj < Xj for j £ S}.

Note that {F£ (S') : S C {1,... , d}} is a decomposition of R^ into 2d disjoint subsets. 
Therefore, to finish the proof it is sufficient to obtain a proper estimate of

Ik (S) = /

If S' — 0 then by (1.13) and (1.16) we have

I£(S) < c [ ( max AjQ<l/2) uj(x)pa(dx)

< c(2\k\ + \\a\\ + l^a^ ^x)pa(dx) 
Jqx,

< c(2|A;| + ||a|| + l)il“ll^/2 (V)(d+|a|)P < c(2|fc| + ||a|| + 1)(1+3H“H/2Mp.

If S’ 0 we divide into disjoint subsets m g N, defined as follows:

n(S,0) = r^(S,0), n(S,m)=rn5,m)\r^(S,m-l), m>l, 

where

r^(5, m) = {x g R^ : Xj < Xj < 2m+1Aj for j E S & Xj < Xj for j £ S}.

Now, using (1.13) and (1.16) we obtain

i^s)

d oo p
< c]^(Aj)|a>|p/2 exp (^7^2™!™^) / w(x}pa(dx} 

j=l ^0 V ]ES 7
OO «

< c(2\k\ + \\a\\ + l^dp/2^exp(-yp2m) uArfr^dx)
m=0 JQ2m+1x*

| K
O

I. W
fO

C
f.|



1.3. LAGUERRE FUNCTION EXPANSIONS; SYSTEM {^} 14

oo
< c(2|&| + ||a|| + 1)H«IMp/2 exp (_7p2m) (2™+^*)^+^)?

m=0
oo

< c(2\k\ + ||a|| + i)IN|dp/2+(d+N)p 2m{d+^p exp {-yp2m)
m=0

< c(2\k\ + ||a|| + i)(1+3ll«ll/2)‘ip.

The conclusion follows. □

LEMMA 1.3.2. Let 1 < p < oo and a> € A^. The Fourier-Laguerre coefficients
= Jr^ ^(^/(^aG^) ex^ for f e Lp(wdr)a). Moreover, there exist con­

stants 5 = 6a and c independent of k £ such that

(1-17)
PROOF. For 1 < p < oo Holder’s inequality implies 

(xffi^r^dx) II f II LP^uidr/a),

and since w~p'!p € A?, Lemma 1.3.1 gives (1.17).
The case p = 1 is less straightforward. We use the notation from the proof of 

Lemma 1.3.1. We have
|(^,/)| < 52 esssuP T7T\I^(?/)I / \f(xj\u;(xffia(dx)

sc{^..,d}y^w “w J^s)

< II/IIl1^*) e max esssup —|.
v ;Sc{i,.”,^l yer^ts)

If S = 0 then by the A® condition, (1.13) and (1.16) we obtain
esssup-^-|^(y)| < c(2|/c| + ||a|| + l)l|QHd/2esssup _L 
per“(s) yeQx. ^(y)

< c(2W + |H| + 1)IMI*25^1 
w(Qa*)

< c(2|k| + ||o|| + 1)H"IW2 
w(Vi)

< c(2|fc| + ||a|| + i)(14-3ll«ll/2)d>

If S 7^ 0 we use again the A® condition, (1.13) and (1.16) to get
esssup-^-|^(y)| < sup esssup -^|^(y)|
yerg(s) ^vy) me^yer^(s,m) ^(y)

< c sup esssup -4—exp f — 7 TT 
meNyer«(s,m)^(y)

d 1
< cTT AJQ^2 sup exp ( — q2m minA?-) esssup —

meN V JG5 7 yeQ2m+ix. “W)

< c(2k + ||a|I + l)H“lld/2 sup exp(_72m)
mGN iX\Q2m+1X*)
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< c(2k + Hall + l)H“Hd/2 sup
mCN ^(^1)

< c(2k + | |a|| + l)ll«l|d/2+d+|a| sup (2™)<*+H exp(-72m) 
m€N

< c(2k + ||a|| + i)(1+3IM/2)<

The proof is finished. □
Lemma 1.3.3. Let 1 < p < oo and u eA^. The subspace spanned by : k G 

Nd} is dense in Lp(u>dpa) and in (7o(Rd) with || • Heo norm.

PROOF. It is sufficient to approximate functions from C£°(Rd) by linear combi­
nations of We consider first the case of Lp(cvdpa).

Fix f G C^R^) and define

w = £ (cnc
|fc|<2V

We will show that there exists a subsequence of {S^f} convergent to f in Lp(pjdr/a). 
Since S^f —> / in L2(dpa), there exists a subsequence Sxkf convergent to f pa — 
a.e. and thus S^kf —> f a.e. Next, observe that by the symmetry of — L we have, 
for m G N,

(I I 1 —Tn

/
hence, by the Schwarz inequality,

(I I I rl\
W + l««l-

stu- 7

Therefore, for 1 < p < oo, by Holder’s inequality we get
(1-20)

iwwi’<4E (m15^) "T* e (w + !£4y) ”j«Mi’.
LfceNd ' ' J fceNd ' '

Now, Lemma 1.3.1 implies, for m sufficiently large,
f / | | । —Tn
! \sn!(x)\KAx)v^ (|*| +

1/R+ feeNd ' '

(I I I d\~m
W + (2W + IMI + I)* <

KtlV 7

To show that ||Sivfc/ — > 0 as k —> oo we apply the dominated conver­
gence theorem (the majorant is (T + |/|p)cu, where T is the RHS in (1.19) if p = 1 
or in (1.20) if p > 1).

We pass to the case of Co(Rd). Since Swkf —> f a.e., the proof is finished once 
we show that S^f is uniformly fundamental.

Let 1 < N < M. By (1.13), (L18) and the Schwarz inequality we obtain
M 

\sMf^-sNf^\< £ £|(^,.nilWI 
n=A+l |fc|=n
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AL __ z i | , jx -m
<C £ £ II(-U"/IIlW)(|*I + U2H (2W + ||a|H-l)IHW2 

n=A+l |/c|=n

A / \a\+dymf ||a|| +1\
<? E n+LV- ^+^-4— n- 

\ J \ /n=N+l ' ' ' '
The last expression tends to 0 as N, M —> oo, if only m is chosen sufficiently large. □

Corollary 1.3.4. Let 1 < p < oo, cu 6 A? and f g Lp(ujdpa'). If = 0 
for all k g then f = 0.

Proof. Apply the arguments from the proof of Corollary 1.2.8. □

Let 1 < p < oo and uj E A®. Given f g Lpfxdr]a) we define its heat-diffusion 
integral by

OO

ga(t,x) = £ <^,/)W, t > 0.
n=0 |fc|=n

The above series converges, since by (1.13) and Lemma 1.3.2
OO

(1.21) £^>(»+(i«IW2) £ |«,/)||4?(z)| 
72=0 |fc|=7l

OO d
< e||/||„M,.)^e-‘<"+<l“l+d>/2> £ (2W + |H| + l)"^ + l«d + l)w/2 

n=0 |/c|=n i=l
oo

< c£e-t(n+(lQl+d)/2\2n + ||a|| + l)M+lla|l<i/2n<i < 
n=0

To obtain an integral form of ga(t, x) we write
OO p

g^t,x) = £££(^ ^fMyM
7i=0 |fc|=n ^K+

G?(x,y)f(y)7]a(dy).

£ ^x)^}f^M 

|A:|=7i

Interchanging the order of summation and integration is easily justified by (1.13) 
and Lemma 1.3.2 (see (1.21)).

The kernel Gf(x/y) may be computed explicitly since a proper generating for­
mula is available (cf. [Le, (4.17.6)]). The result is 

where x,y E and /a(s) = i~aJa(is) is the Bessel function of an imaginary 
argument, cf. [Le]. In particular, it follows that Gf(x,y) is strictly positive for 
(t, x, y) E R+ x x R^.
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Proposition 1.3.5. Let 1 < p < oo, u E and f G Lp(pjdr]a). The heat­
diffusion integral ga(t,x) of f is a C°° function on R+ x R^. Moreover, it satisfies 

(1-22) (o \
Lx - -rr) ga(t,^ = o.(J L /

PROOF. Since /)^(®)| grows polynomially in n, uniformly with re­
spect to x, (see (1.21)), we may differentiate in t term by term the series defining 
ga(t, x). The result is

(1.23) = f>l)m (»+ !d±l!)”e-‘(«+(H+«)/2) £ «,/)««.
OT z—/ \ 2 / *—'n=0 |fc|=n

RHS being continuous since the series converges almost uniformly in ft, x).
Using the formula (cf. [Le, (4.18.6)])

= kj>0,OXj J &

together with (1.13) we obtain

<c(2|M + W + 1)M/2+1.
OX j

Thus |(^, f)dXji^(x)\ grows polynomially in n, uniformly with respect to x. 
Therefore we may differentiate in Xj term by term the series in (1.23), the result 
being a continuous function since the convergence is almost uniform in (t, x). The 
same arguments apply to higher derivatives, so gaft, x) is smooth on R+ x R^.

The heat equation (1.22) is easily verified by differentiating term by term the 
series of gaft, x). □

Denote by the strong maximal function in R^ with respect to the measure 
pa, i e. given f G L11OC(R+, dpa) we have

M?f(x) = sup —j— f \ffy)\r]Q(dy), 
xeHeH Jh

where H is the family of all ’’rectangles” in R^ with sides parallel to the coordinate 
axes.

For 1 < p < oo we denote by (A?)* = A*fR^_,dya) the strong Ap class of 
weights in R^ with respect to the measure pa- More precisely, (Ap)* consists of 
those functions from Ap which satisfy the condition (1.14) if p > 1, or (1.15) if p=l, 
with the supremum taken over TL. We note that if p > 1 then w G (A^)* if and 
only if Mf is bounded on LP(R^, ujdpQ). This seems to be well-known and follows 
by an adaptation of the proof for the Lebesgue measure case, which may be found 
for instance in [GaRu].

THEOREM 1.3.6. Let 1 < p < oo, w G (A“)* and f G Lp(u)dpa). Let ga(t,x) be 
the heat-diffusion integral of f. Then

(a) supt>0 \ga(t, x) | < CM?f(x), x G R$;
(b) ||ga(U JIIlp^^) < Cexp (—t(|a| + d)/2) H/Ulp^^);
(c) ll$Q(V) ~t -> o+;
(d) ga(t,x)—> f(x) a.e., t -> 0+.
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Moreover, the family {T“}t>o, T^f(x) = ga(t,x), is a strongly continuous and uni­
formly bounded semigroup of operators on Lp(wdT]a).

To prove the theorem we will need a multi-dimensional analogue of a result used 
by Muckenhoupt. Although the proof is a straightforward modification of that in 
[Mui], we give it for the sake of completeness.

Lemma 1.3.7. Let rj be a positive, absolutely continuous measure on As­
sume that f is a measurable function on R^, g G Z^R^ch;), g > 0 and g(y) = 
51 (yi)' •' 9d(yd^ U e Suppose also that for some x G R^ each gi(-) is increasing 
for yi < Xi and decreasing for yi > Xi- Then

I \f(y)\9^9{dy) < \\g\\L^dri^f(x), 
JR*

where Ms denotes the strong maximal function associated with the measure ry

PROOF. Given y, x G R^ denote by [y,x] the d-dimensional interval 

[min(rri,yi),max(xi,?/i)] x ••• x [min^y^max^yd)].

Observe that each gi may be approximated by an increasing sequence of simple 
functions of the form

aj 1 j(yj) + bjl\x.'Vj-\(yj), aj,bj > 0,
3 3

where Ipj stands for the indicator function. Thus g may be approximated by an 
increasing sequence of functions of the form

g(y) = cj>o.
3

But for such g we have
[ tfty^gtyMdy) = ^cj f \f(y)[n(dy)

< Mpf(x)^Cjp([z],x\) = Mff(x)\\g\\Li(dj]y
3

□
Proof of Theorem 1.3.6. Observe that Gf(x,y) = nLi Gt^i, yf), where 

> 0. According to [St, Lemma 2.2] there exists a function K(t,x,y) = 
nf=1 Ki(t,Xi,yi) with the following properties:

(i) G^ (xi, yi) < exp (~t(ai + l)/2) Ki(t, Xi,yi), i = 1,... , d;
(ii) for each t > 0 and Xi > 0, Ki(t,Xi,yi) as a function of yi is increasing on 

[0, Xj\ and decreasing on [a?i,oo);
(iii) Ki(t, Xi, yi)yia'dyi < C independently of Xi and t > 0.

Thus by Lemma 1.3.7,

(1.24) \ga(t,^\ < Ce-^+^MffW, xEld+,
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and hence (a) and (b) follow, (c) and (d) are justified by standard arguments with 
the aid of (a), (b) and Lemma 1.3.3.

The semigroup property is easily verified to hold for any hence by (b) and 
Lemma 1.3.3 it holds for all f € Lp(ajdr]a). Strong continuity follows by standard 
reasoning, similarly to (c). □

Proposition 1.3.8. Let 1 < p,q < oo, w e A®, p e Af and f e LP^dpah 
Then

II/II
where C(t), t > 0, is a continuous and decreasing function of t that vanishes at 
infinity.

PROOF. Using Lemmas 1.3.1 and 1.3.2 we write
OO

n=0 |/c|=n

(oo \
£e-t(n+(d+|Q|)/2)(2n+ h^h +
n—0 /

□
Corollary 1.3.9. Let 1 < p < oo andw 6 Ap. The family {Tfi}t>o is a strongly 

continuous semigroup of operators on Lp^ojdqa) (note that the continuity at 0+ is 
not postulated here).

We now pass to Poisson integrals. Let 1 < p < oo and w E Ap. Given f G 
LPfiodria) we define its Poisson integral by

OO
fa(t,x) = £e-*V"+(l«IW2 £ t > 0.

n=0 |fc|=n

The above series converges (see (1.21)). Using (1.10) we obtain an integral form of 
fa(t,xfi

00 + roo / |a|+d\ , .2 __ r
fa(t,x) = 52^=/ e V 2 )s~2e~^ ds ^(x) f(y)r]a(dy)

V47T Jo J^+

= / -4= I ( e~S^+^^k(x^ dsf(yfi]a(dy)
\k% J

= / Pt , y) f (y')qa{dy'),

where
= ~7t= / Gs^x^^s^^e^ ds.

v4tt Jo
We also have the subordination formula 

f c°°(1.25) fa(t,x) = —= / ga(s, x^s^^e^ ds, t > 0.
v4tt Jo

Interchanging the order of integration and summation above is justified by (1.13)
and Lemma 1.3.2.
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Proposition 1.3.10. Let 1 < p < oo, w G A® and f E LT^dpa). The Poisson 
integral fa(t,x) of f is a C°° function on R+ x R^. Moreover, it satisfies

^Lx + = °’

PROOF. Apply the arguments from the proof of Proposition 1.3.5. □

THEOREM 1.3.11. Assume that 1 < p < 00, tn G (AT)* and f G Lp(u)dga). Let 
fa(t,x) be the Poisson integral of f. Then

(a) supt>0 \fa(t,x)\ < CMff(x), x G R$;
(b) ||/“(^ < Cexp ( - i>/(|a| + d)/2)||/||LP(a)^Q);
(c) \\fa(t,J-f\\LP^>0, t^0+;
(d) fa(t,x)—> /(x) a.e., t->0+.

Moreover, the family {Pt^tx, P^f^) = a strongly continuous and
uniformly bounded semigroup of operators on LP^^wdpa).

Proof. Using the subordination formula (1.25) and (1.24) we get
f OO 4

|/Q(t,x)| < CMffix) e-*(H+d)/2 s-3/2g-t2/(4s) ds
Jo v47T

= Ce-^^^^M^f^x).

This shows (a) and (b). The rest of the proof is similar to the proof of Theorem
1.3.6. □

Proposition 1.3.12. Let 1 < p, q < 00, u? g Ap, p e A® and f e Lffiodpa). 
Then

C(t), t > 0, being a continuous and decreasing function oft that vanishes at infinity.

Proof. Argue as in the proof of Proposition 1.3.8. □

Corollary 1.3.13. Let 1 < p < 00 and co E Ap. The family {P^jtx Is a 
strongly continuous semigroup of operators on Lp(R+,ojdpa).

Remark 1.3.14. A large part of the results of this section are valid for the space 
£oo(r^)_ More precisely, Lemmas 1.3.1 and 1.3.2 and Propositions 1.3.5 and 1.3.10 
remain valid if we replace Lp(wdpa) by L°°. Moreover, Theorems 1.3.6 and 1.3.11, 
except (c) and (d), also remain valid with L°° replacing LP^codpa). Concerning (c) 
and (d), we have ||ga(t, •) — /||oo ~> 0 and || fa (t, •) — /||oo —> 0, t -» 0+, but only for 
f G C0(R$).

Remark 1.3.15. If 1 < p < 00 and f E LPfR^jdpa) (the case w = 1) then 
(b) of Theorem 1.3.6 holds with the coefficient Cexp (—t(|a| + d)/2) replaced by 
(cosh(t/2))-^Q'+^ (cf. computations in [St]) and Theorem 1.3.11 (b) holds with 
Cexp( — i\Z(|a| + d)/2) dropped. This means, in particular, that {T^}t>Q and 

are semigroups of contractions on LPfR^dpa), 1 < p < 00. Note also 
that the above together with Lemma 1.3.3 implies Lp convergence (part (c) in both 
theorems) for f E Lp(dpa), 1 < p < 00, which for p = 1 could not be concluded 
earlier.
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Remark 1.3.16. In dimension one we have Mf = Ma (here Ma denotes the 
Hardy-Littlewood maximal function in R+ with respect to the measure pa). Conse­
quently, Theorems 1.3.6 (d) and 1.3.11 (d) hold with p = 1 admitted.

1.4. Laguerre function expansions; system {<p£}

Let k = (A?i,... ,kd) E and a = (ai,... ,ad) G (—l,oo)d be multi-indices. 
The Laguerre function p% on R^. is defined as

Tk^ = ^(^i) ’ ••• x = e R+’

where p^ are the one-dimensional Laguerre functions given by

i Ct2, T 1//

Note that only for on > —1/2, i = 1,... ,d, do the functions pf belong to all 
ZAspaces on R^, 1 < p < oo. Therefore we assume throughout this section that 
a G [—1/2, oo)d.

Each p^ is an eigenfunction of the differential operator

7L = △ - |m|2 - -2 (a?--) ,
2=1 1 x z

the corresponding eigenvalue being —(4|fc| + 2|a:| + 2d). The operator — L is posi­
tive and symmetric in L2(R+, dx). Furthermore, the system {p^ : k G Nd} is an 
orthonormal basis in L2(R+, dx).

The following estimate of pp is essential for our considerations:
d

(1-26) |^(x)|<cn^(^),
i=i

where
ypa, (rl - / 0 < Xi < 4(2fcj + oij + 1);

ki^ 1 ~ 1 exp(—7^), Xi > 4(2/ij + on + 1).

Here c and 7 are independent of k and x. Similarly to (1.13), the above estimate fol­
lows by Muckenhoupt’s generalization of the estimates proved by Askey and Wainger.

In this section we denote by Ap = Ap(R+,d;r), 1 < p < 00, the class of Ap 
weights on R^ with respect to the Lebesgue measure dx.

Let 1 < p < 00 and u G Ap. The lemmas below are analogues of Lemmas 1.3.1-
1.3.3. Their proofs are almost the same as for the system {€^}, the only essential 
difference being the estimate for Laguerre functions (1.26).

Lemma 1.4.1. There exists a constant c independent of k ENd such that 
\\pak\\LPH<c(2\k\ + \a\ + d)d.

Moreover, the Fourier-Laguerre coefficients (pk,f) = f^d pk(F)f(x)dx exist for f E 
Lp(uf) and they satisfy

\(pk, f)\ < C(2\k\ + \a\ + d)d\\f\\LP^, 

with a constant C independent of k E Nd.
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Lemma 1.4.2. The subspace spanned by : k E Nd} is dense in Lp(a>) and in 
Co(R+) with || • ||oo norm.

Corollary 1.4.3. Let f e If f) = 0 for all k £ Nd then f = 0.

Assume that 1 < p < oo and oj E Ap. Given f E Lpfiff we define its heat-diffusion 
integral by

OO
ga^X) = ^e-tAn+2\a\+2d) £ t > 0.

n=0 |fc|=n

The above series converges by (1.26) and Lemma 1.4.1. Similarly to the case of the 
system {^} we obtain an integral form of ga(t, x):

p / OO x

'n=0 |fc|=n '

= [ G?(x,y)f(y) dy.
Jr*.

The kernel Gf^x, y) may computed by using the formula [Le, (4.17.6)] to be 
(1-27)

G?(x,y) = (sinh 2t)~d exp -coth(2t)(|m|2 + |y|2)) ]Jffx^Iai •

Note that Gf(x,y) is positive for (t, x, y) E R+ x x R^.

Proposition 1.4.4. Let 1 < p < oo, w E Ap and f E LT^oj). The heat-diffusion 
integral ga(t,x) of f is a C°° function on R+ x R^_. Moreover, it satisfies

(O X
is - ) 9a(t,x) = 0.

(J L J

PROOF. The conclusion follows by the reasoning from the proof of Proposition 
1.3.5 provided we have a proper estimate of at our disposal. Since (cf. [Le, 
(4-18.6)])

OXj J y /
kj > 0,

the estimate (1.26) gives what is needed:

< c (e + E !) x/W, x E [e, e

for any £ £ (0,1); similarly for higher order derivatives. □

Denote by M+ the (centered) Hardy-Littlewood maximal function in R^, i.e.

M+f(x) = sup f \f(y)\ dy, x E R^, 
M JQ

where the supremum is taken over all sets of the form Q = Q CR^., and Q are cubes 
(with sides parallel to the coordinate axes) in Rd centered at x.

THEOREM 1.4.5. Assume that 1 < p < oo, w E Ap and f E Lp(af). Let g01^^) 
be the heat-diffusion integral of f. Then
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(a) \ga(t,x)\<CM+f(x), x e Rd;
(b) \\ga(t^\\LP^<^
(c) ||5Q(i,-)-/W)-^0, i->0+;

(d) ga(t,xj—> f(x) a.e., t -a 0+.
Moreover, the family T^f^x) = ga(t,x), is a strongly continuous and uni­
formly bounded semigroup of operators on Lp(oj).

Proof. Let W(rr) = (47r)~d/2exp(—|z|2/4) be the Gauss-Weierstrass kernel in 
Rd and let We(-) = E~dW(-/e) be its e-dilation. We claim that there exists a constant 
C depending only on a such that
(1.28) G^x,y) < C(27r)d/2Wsinh(2t)/2(y - x).

To prove this we need the following estimate (see [Mui, p.238]) for Ip, (3 > —1/2:

(1.29) c-1E(s) < Ip(s) < cE(s), s > 0,

with c depending only on (3 and the function E defined by
_ ( s^ 0 < s < 1,

“ 5 [ s~x^es 1 < s < oo.

Let u = (sinh2t)-1. Then we have (see 1.27)
d

G?(x,y) = J^uexp (-aA?-^^2+ y2)/2J 
i=l

d

1=1

and therefore to justify (1.28) it is sufficient to obtain the following bounds

< caiVuexp (-u(yi - ®i)2/2) , i = 1,... ,d.

If uxiyi < 1 then using (1.29) we get (recall that ai > —1/2)
< Q^a*+1(zzyz)Q!+1/2exp +y2)/^^

< c^Vu^ux^^^1/2 exp (-ufai + y2)/2)
< caiy/uexp (~u(xi - yiY/2) .

If uxiyi > 1 then, again by (1.29), we have

< cQi v^exp (-\/u2 + l(x2 + y2)/2 + uxiy^

< caiVuey.p{-u{x2+ y2-2xiyi)/2)
= caiX/uexp {-u{xi - yJ2/2) .

The claim is proved. Let f be an extension of f to Rd such that f(x) = 0 for x $ Rd. 
By (1.28) we have |yQ(t,m)| < c\f\ * Wgjnh^t)^^) and hence (a) and (b) follow by 
the Rd versions of Lemma 1.2.2 and Remark 1.2.3. This together with Lemma 1.4.2 
justifies (c) and (d) in a standard manner.

The semigroup property is immediately verified for any hence by (b) and 
Lemma 1.4.2 it holds for all f G Lp(w). Strong continuity follows by standard argu­
ments, with the aid of (b) and Lemma 1.4.2. □
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Proposition 1.4.6. Let 1 < p,q < oo, w G Ap, p G Aq and f g Then

\\Ttaf\\L9(p)<C(tm
where C(t), t > 0, is a continuous and decreasing function of t that vanishes at 
infinity.

Proof. Apply Lemma 1.4.1 (see the proof of Proposition 1.3.8). □

Let us pass to Poisson integrals. Assume that 1 < p < oo and G Ap. Given 
f G LpfiT) we define its Poisson integral by

OO
x) = £ t > 0

n=0 |fc|=n

The above series converges by (1.26) and Lemma 1.4.1. An integral form of fa(t, x) 
as well as the corresponding subordination formula are obtained by (1.10). Applying 
arguments from the proof of Proposition 1.4.4 we get

Proposition 1.4.7. Let 1 < p < oo, a) G Ap and f G The Poisson 
integral fa(t,x) of f is a C°° function on R+ x R^. Moreover, it satisfies

(pi + fa(t,x) = 0.

The main result on Poisson integrals reads as follows.

Theorem 1.4.8. Assume that 1 < p < 00, w G Ap and f G LP^oj). Let fa(t,x) 
be the Poisson integral of f. Then
^\fa(t,x)\<CM+f(x), X (= R^;
(b) ||/Q(MIW)<
(c) \\fa(t,-)-f\\LP{^-+0, i^0+;
(d) fa(t, x)—t/(^c) a-e., t —> 0+.

Moreover, the family (Pfi}t>Q. P^f^x) = /a(t,x), is a strongly continuous and 
uniformly bounded semigroup of operators on Lp(oj).

Proof. Items (a) and (b) follow by Theorem 1.4.5 and the subordination for­
mula (see the proof of Theorem 1.2.12). The rest is justified as in the case of the 
heat-diffusion integrals. □

Proposition 1.4.9. Let 1 < p,q < 00, co G Ap, p G Aq and f G Lp(cT). Then
\\Ptaf\\Lo^<C(t)\\f\\LPH,

where C(t), t > 0, is a continuous and decreasing function of t that vanishes at 
infinity.

Proof. Arguments are analogous to those from the proof of Proposition 1.3.8.
□

Remark 1.4.10. A large part of the results of this section are valid for the 
space L°°(R+). More precisely, Lemma 1.4.1, Proposition 1.4.4 and Proposition 1.4.7 
remain valid, if we replace LPfia) by L°°. Further, Theorem 1.4.5 and Theorem 1.4.8, 
except (c) and (d), also remain valid with L°° replacing Lp(a>fi Concerning (c) and 
(d), we have ||sQ(t, •) - /||oo -> 0 and ||/Q(t, •) - /||oo -> 0, t 0+, but only for 
f € C0(R$).
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Remark 1.4.11. Let Ms be the strong maximal function in R^. and denote by 
A? the strong Ap class of weights in R^,. Using [St, Lemma 4.2] and Lemma 1.3.7 
one may obtain

(i, a;)| < Ce“2tiQA1/2lMJ(x), x G R^,

with the notation |a A 1/2| = min (cvj, 1/2) . Thus, when 1 < p < oo and 
w G A*, the constants C in Theorem 1.4.5 (b) and Theorem 1.4.8 (b) may be 
replaced by C*exp(—2t |a A 1/2|) and C exp(—t^/2max {|a A 1/2|, 0}), respectively. 
If |a A 1/2| >0 this gives the exponential decrease in t at infinity.

Remark 1.4.12. If 1 < p < oo and f G LP(R+) (the case w = 1) then Theorem 
1.4.5 (b) holds with C replaced by C'exp(—2t(|ai| + d)) (cf. estimates in [St]) and 
Theorem 1.4.8 (b) holds with Cexp(—t-y2(|a!| + d)) instead of C.

1.5. Connection between Hermite and Laguerre function expansions

In this section we briefly show how some results for Hermite semigroups may be 
transferred to the Laguerre setting. We will exploit the ideas used by Dinger [Di] 
and developed later in [GIT], for Hermite and Laguerre polynomial systems (see 
also Chapter 3). The lemmas we shall use are straightforward modifications of those 
in [GIT] and therefore we provide no proofs here.

The key fact underlying the idea of transference is that if a has a special, half- 
integer form, then the one-dimensional Laguerre functions can be expressed in a 
suitable way by means of multi-dimensional Hermite functions. The following lemma 
makes this precise.

Lemma 1.5.1. Let be the one-dimensional Laguerre function of type a with 
a = n/2 — 1, n G N\{0}, and let x G R”. Then we have the expansion

^(M2) = 52 arh2r(x), r = (ri,... ,rn) G Nn.
|r|=k

Now, let n = (ni,... ,nd) G be a multi-index and define xz = (a^,... ,x^.) E 
R”’, i = 1,... , d. We define the quadratic transformation </>: Rl”l —> Rd by 
(1.30) = (kT, • • • > kd|2) ■

Lemma 1.5.2. Let a = (aq,... , ad) with ai = ni/2 — \ and n G (N\{0})d. Given 
a weight w in R^ and a measurable function f, the following holds:

cd,n / f(y^(y)yQdy = fo c/)(x) w o ^(x) dx, 
JRd JRl"l

provided one of the integrals is absolutely convergent.

Recall that pa(dx) = xadx.

Lemma 1.5.3. Let a,n and w be as in Lemma 1.5.2, p G [l,oo), and let f 
be a fixed function in LpfR^_,wdr]a). Suppose that T,T are operators defined on 
LPfR^jCodpa) and //(R^^w o <$) respectively, satisfying (Tf)(fi)(x)) = T(f o fifix) 
for x G Rlnl. If

II^VIIz,P(Rlnl C|I/IIlp(rinl ,U>0</>)

then also
,UjdT]a ) < C11 f 11LP (Rd ,wdr)a) 
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with the same constant C. Moreover, in the case p = 1 an analogous statement is 
true for weighted weak type inequalities.

Let {Tta} and {P®} be the heat-diffusion and Poisson semigroups associated with 
the Laguerre system {^}- Denote by {TtH} and {PtH} the corresponding semigroups 
for the system of Hermite functions {h^} (see [Th3] for basic facts concerning this 
system).

Lemma 1.5.4. Assume that a and n are as in Lemma 1.5.2. Then for any f G 
lin{££ : k G Nd} we have

(T^f) o = T^(f o 0), (P^f) o = P^f o 0).

Let A? = ApfR^.,dr]a) be the class of weights from Section 1.3. For a and n as 
in Lemma 1.5.2 we define

The above class is considerably large. In fact, the following inclusion holds:

(1.31) (A“)*CA“, l<p<oo.
We shall sketch a proof of this fact for p > 1 (the same reasoning applies if p = 1).

Let Q C be a cube with sides parallel to the coordinate axes. We have 
Q = Qx x • ■ ■ x Qa, where each Qi is a cube in RnL Denote by Si the smallest rectangle 
in polar coordinates in Rn< that contains Qi. Note that |Sj| and |Qi| are comparable 
with a constant independent of Qi. Thus so are |Q| and |S|, S = Si x • • • x Sd- Given 
a weight function w in Rd we get
(1.32) [ w o <$(2:) dx < c-^- f w o ftfx) dx = c-L- f w o ^1(2:) dx.

IQI Jq Pl js |5| Js

Here S = Si x • ■ ■ x Sd, with Si being the radialization of Si in Rn*. The last equality 
in (1.32) holds since w o is poly-radial on R”1 x • ■ ■ x R”d. Now, making proper 
change of variables and integrating in polar coordinates on each Rn* we obtain

i / w o <b(x) dx = c-----* ~ I w(y)'na(dy).
|S| Js { rMS)) J^s)

Treating similarly (w o ^>)-p we conclude that

ip/p'
-p'!p dx

1 1
%(</’(-?))

p/p'

with c independent of Q. Since ^>(S) is a rectangle in Rd, this clearly shows that 
w o </> g Ap(Rlnl) if only iv G (A®)*. Hence (1.31) follows.

As a corollary of the above lemmas, Lemma 1.3.3 and the results for Hermite 
semigroups [StTo, Theorems 2.6 and 2.8], we obtain

Theorem 1.5.5. Let a = (aq,... ,&d) w^h ai = ni/2 — 1 and ni G N\{0}. 
Assume that lu E Af. Then the maximal operators

T*f = sup \T^f\ and Pt* f = sup \Ptaf\ 
t>0 t>0 
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defined on Lp(wdpa) are bounded if 1 < p < oo, and weakly bounded if p = 1. 
Moreover, the semigroups {T“} and {P®} are uniformly bounded on Lp(wdr]a), 1 < 
p < oo.

As a consequence of Theorem 1.5.5 and Lemma 1.3.3 we get

Corollary 1.5.6. Let 1 < p < oo and f G L^^wdpafi Under the assumptions 
of Theorem 1.5.5, we have

Ttaf—>f and Pfif—^f, t —> 0+, 
the convergence being both in Lp{wdpa) and almost everywhere.

Remark 1.5.7. When the multi-index a is half-integer, Theorem 1.5.5 extends 
Theorems 1.3.6 and 1.3.11. This generalization is particularly significant in the case 
p = 1, since weak boundedness of T* and Pf seems to be a new result even in the 
unweighted setting (w = 1) if d > 1.

Remark 1.5.8. Still another transference may be carried out from the special 
Hermite setting to the one-dimensional Laguerre setting based on the system : 
k G N}, a > —1. The functions are defined by 

^k^ =
r(fc + i) \ 

2aT(k + a + 1)J

1/2
Lak exp = 2~Q/2^ r > 0,

and they constitute an orthonormal basis in L2(R+, r2a+1dr). If f(z) = f(r), r = |z|, 
is a radial function on Cn, then its special Hermite expansion reduces to the Laguerre 
expansion of f with respect to the system {V’fc-1} (see [Th4] for details). Using the 
results of Section 1.2 and the fact that if w G AP(R+, r2n-1dr) then u>(| • |) G Ap(Cn), 
which is justified similarly to (1.31), we obtain for conclusions analogous to 
those from Theorem 1.5.5.

Remark 1.5.9. To treat the system {^} also in higher dimensions and for 
all half-integer multi-indices a one may use the transference from Hermite function 
expansions, but with the quadratic transformation (1.30) replaced by ^(a;1,... , xd) = 
((or11,... , l^l). In particular an analogue of Theorem 1.5.5 follows.

Remark 1.5.10. Similar analysis to those from Sections 1.3 and 1.4 may be 
conducted for another Laguerre system : k E Nd}, defined by

The system {^Q} is an orthonormal basis in L2(R+,da;) and was investigated in 
one-dimensional, unweighted case by Stempak [St].



CHAPTER 2

Riesz transforms for polynomial Laguerre expansions

2.1. Introduction

The aim of this chapter is to study the Riesz transform Ra = (R“,... ,R^) 
naturally associated with multi-dimensional Laguerre polynomial expansions of type 
a. Our main result is contained in Theorem 2.5.1: we prove that if a € [—l/2,oo)d 
then j = 1,... , d, are bounded operators in Lp with appropriate measure for 
1 < p < oo. Moreover, the corresponding Lp constants are independent of the di­
mension d and the type multi-index a. As a consequence we obtain boundedness and 
convergence results for the corresponding conjugate Poisson integrals, see Corollary 
2.5.3 below.

Our methods are analytic and based on the Littlewood-Paley-Stein theory con­
tained in the monograph [SI]. We construct appropriate square functions that relate 
a function and its Riesz transform, and then prove that these square functions are 
bounded in IP, 1 < p < oo. Noteworthy, the same scheme was exploited by Gutierrez 
[Gu], who considered Riesz transforms associated with the multi-dimensional Her­
mite semigroup. Nevertheless, the case of Laguerre semigroup is more involved.

Riesz transforms and conjugate Poisson integrals for the Laguerre semigroup were 
first studied by Muckenhoupt [Mu3]. However, he worked in the one-dimensional 
setting and methods he used seem to be inapplicable in higher dimensions. Recently 
a p-function and Riesz transforms associated with the multi-dimensional Laguerre 
semigroup were studied by Gutierrez, Incognito and Torrea, [GIT]. The technique 
of ’’transference” exploited there allowed to obtain Lp, 1 < p < oo, boundedness 
results only for a discrete set of half-integer multi-indices a. Here we remove this 
restriction and consider all intermediate multi-indices a. The case when ai < —1/2 
for some i = 1,... , d seems to require more subtle analysis and the corresponding 
Riesz transforms are not considered.

The chapter is organized as follows. Section 2.2 contains basic facts about La­
guerre semigroups and related objects. In Section 2.3 we introduce and briefly study 
a family of modified Laguerre semigroups. These are of great importance in Section 
2.4, where we define suitable square functions and prove necessary Lp inequalities. 
Main results of this section are contained in Theorems 2.4.1 and 2.4.2. Finally, 
in Section 2.5 we conclude the results concerning Riesz transforms and conjugate 
Poisson integrals.

2.2. Laguerre semigroups and related objects

Consider the measure pa in given by dpa(x) — Hiki dx. The Laguerre 
differential operator

28
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is positive and symmetric in Z2(R^, d^a). Moreover, Ca has a closure which is self- 
adjoint in Zz2(R^, d/zQ) and which also will be denoted by Ca. Each Laguerre polyno­
mial Lk is an eigenfunction of £“ with the corresponding eigenvalue |Ar|. Furthermore, 
the system {Lk : k G constitutes an orthogonal basis in L2(R+, dpa). Thus we 
have an orthogonal decomposition

OO

L (R+, dpa) =
n=0

where Hn = lin{L£ : |fc| = n}.
The semigroup generated by £“ is called Laguerre semigroup and will be denoted 

by T". Given f E L2(R^.,dpa), it has the expansion

f = £

where, with the notation {f,L^)dna = f(y)L^y}dpa{y), 

hence
Ttaf = £ 

k^d 
both series being convergent in L2(R^, dpa). However, the definition of T^f for 
f E Lp(R^.,dpa), 1 < p < oo, by means of its Fourier-Laguerre expansion would 
be unsatisfactory, since the corresponding series may diverge for p < 2, see [Mui]. 
Therefore it is appropriate to use an integral definition, which turns out to be usable 
for all p E [1, oo]. We define

(2.1) = [ G^x, y)f^ dpa(y\ f E LP(Rd+, dpa\
Jnd+

where

k&ld
The kernel Ga(x, y) may be computed explicitly by means of the Hille-Hardy formula 
[Le, 4.17.6]. The result is

~ n)~1 exp +^0 vuxjyj ~aiia; ,
J=1 \ V J

where u = e-t and Iy denotes the modified Bessel function of the first kind and order 
i/, cf. [Le]. Noteworthy, G^x., y) is smooth and strictly positive for (t, x, y) E +1. 
By using the estimate (1.29) for Iy it is easily seen that the integral in (2.1) is 
absolutely convergent. It is well-known that {T"} is a symmetric diffusion semigroup 
(in fact {T“} is a transition semigroup for the Laguerre diffusion process, which 
already received an attention due to some applications in financial mathematics). In 
particular T"1 = 1 and

WKfWLP^a') < II/IIlp(^q), 1 < P < OO.
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The corresponding Poisson semigroup {P“} is defined by means of the subordi­
nation principle as the weighted average of T^:

1 r°° e~uPffW = /(*) du, f G L^Rd+,dpa).
v71" Jo

Note, that for f G L2(R^,d^Q) we have

P“f = £ “M)^1''2
keNd

By a general theory (see [SI, p.73]) it follows that the maximal operator (Payf(x) = 
supt>0 \Pyf(x)| satisfies

(2.2)

Let us emphasize that the constant Cp depends neither on the dimension d nor on 
the type multi-index a. The important consequence of (2.2) is

lim Pyf(x) = f(x) a.e., f G LP(R+, dpa), 1 < p < oo, 
t->o+

the fact which will be used later without further mention.
We define the z-th partial derivative associated with £a by

Si = XiOxi 5
see [GIT], The formal adjoint of Si in Z2(R4.,d^Q) is given by

x* _ /—(a i ai + \/2- xi\
S{ — v Xi I ^Xi P 1\ Xi J

and we have
d

£“ = E«-
i=l

The last equality may be written in a compact form
£a = divQ gradQ,

where gradQ = (^i,... , ^) and divQ F = ^i=iS*fi f°r a vector-valued function 
P(y) = (/i(y),...,/d(j/)).

The Riesz-Laguerre transform Ra = (R^,... ,R^ is then formally defined by 
(cf. [GIT])

(2.3) 77“ = grada (ZT*)-1/2 n0,

where Iio denotes the orthogonal projection onto the orthogonal complement Hq of 
the eigenspace corresponding to the Laguerre eigenvalue 0. Note, that (2.3) makes 
sense for Laguerre polynomials (hence for all polynomials) and by (2.4) we have

\k\ > o,

and R^L^ = 0 if |fc| = 0. This follows by the differentiation rule [Le, (4.18.6)]

(2.4) dXxL^ = -L^xy i = \,...,d,

gj denoting the z-th coordinate versor in Rd. Here and later on we use the convention 
that = 0 if ki - 1 < 0./C C i

A crucial observation which should be made here is that RfLk is not a Laguerre 
polynomial of the same type a (to make it worse, it is not a polynomial at all), 
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which is a consequence of ’’bad” action of the Laguerre derivatives di on ££. This 
effect is absent in the Hermite setting and makes the present analysis more complex, 
including working with d auxiliary orthogonal systems and considering supplemen­
tary semigroups, which are not simply ’’translations” of Pf1 (as it was in the Hermite 
case, see [Gu]).

2.3. Modified Laguerre semigroups

Now, we introduce additional semigroups {F“’z}, i = 1,... , d, which are gener­
ated by ’’slight” modifications of the operator As we shall see, they play an
essential role in the study of Riesz transforms and conjugacy for Laguerre expansions. 
To proceed, we first define the operators

M? = did* + V d*dj = Ca + ££±1/?+^* i = i ... d.

Observe that each M? is symmetric, and positive since for sufficiently regular func­
tions /

We set (formally) 
pa,i = i = ^...yd.

To make this definition more explicit we will need the following

Lemma 2.3.1. Given i = 1,... ,d the functions are eigenfunctions
of M®, with the corresponding eigenvalues |fc|. Moreover, the system {y/xiL^6' (x) : 
k g Nd} forms an orthogonal basis in Z2(R^_,d^Q).

Proof. The first part follows by a direct computation and using the identity 
^+eiL^ = (W - i)Lye;.

The second part is a consequence of the fact that the system {L^6' : k g Nd} is an 
orthogonal basis in L2(R+, dpa+ei). □

By the above lemma, given i = 1,... , d, any f g Z2(R+, dp,cf) has the expansion 

f = E 
ke^d 

hence
(2.5) p^f = E 4(/)e"‘<w+1),/!vW,‘-

Unfortunately, such definition is not appropriate for general f g Lp(Wfr,dpa), 1 < 
p < oo, the reason for that being similar as in the case of T^. Therefore we will use 
an integral representation. Let f g LpfR^.,dpa) and define

(2.6) T^f^x)^ [ Gf\x,y)f^dpa(y), i = l,...,d,

where
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Similarly as in (2.1), the integral in (2.6) is absolutely convergent and for / G 
L2(Rd+,dpa) we have

(2.7) f“’7 = £
ke^d

Now, using the subordination formula, we set

~ ■ 1 f°° e~u ~ ■= 7id du' i =

Note, that the above definition makes sense for / G ZP(R^, dya\ 1 < p < oo, and if 
p = 2 it coincides with (2.5). Observe also, that the operators P^'1 are positive and 
symmetric by the corresponding properties of G^fir, y). To obtain the relevant Lp 
inequalities for P®'2 we prove the following.

Lemma 2.3.2. Given i = 1,... , d the quantity
^{X-.G^^y^Xe^Gf^yfi x,yERd+, t > 0}

is the one-dimensional, finite function of ai, which is further denoted by A.
The function A(z/) is nonincreasing for v E (—l,oo), A(p) = 1 for v > —1/2, 

A(p) > 1 for v E (—1, —1/2) and A(p) —> oo as v —> —1+.

PROOF. By the explicit formula for Gt(x,y} we get

G^^.y} = ©Qi [^^-^e-^Gf^yY

where the function Qy is given by
= 77- * > “•

Quotients of this type are of independent interest and have been studied by many 
authors. In particular, it is known (see [IfSi]) that Qy^z) is a decreasing function of 
v > — 1 for every fixed z > 0. Hence

A(p) = sup Qy(z) 
z>0

is nonincreasing in the interval (—l,oo). Consequently, we have
A(p) < A(—1/2) = suptanh(,z) = 1, p > —1/2.

z>0
Thus we obtain A(p) = 1 for p > —1/2, because (cf. [Le, 5.11.10])

Iy{z) = (27rz)~1^2ez[l + O(l/z)], z—> oo.

To treat A(z^) in the range — 1 < v < —1/2 we shall use the estimate
B^z) < Qy^zfi z > 0, v > -1, 

where

V 7 p + 1/2 + 7z2 + (p + 3/2)2
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For this and other bounds for 0P see [Na] and references therein. A simple calculus 
shows that

supB^zH — 1 < u < —1/2,
z>0 + 1)

hence A(u) > 1 for z/ G (—1, —1/2), and A(u) -—> 00 as u —> —1+.
Let us note, that more precise description of the behavior of A is possible by 

using another estimates for Q^^z), cf. [Na]. For example one can show that

A(p) = O((i/+l)~1/2), u—a-1+.

□
Corollary 2.3.3. Given i = 1,... , d and a reasonable f we have

P^f^<^Ptaf(x), t>0.

Thus, {P®’1} is a uniformly bounded semigroup of operators (contractions, if a € 
[—1/2,oo)d) in ^(R^.,dpa), l<p<00.

Proposition 2.3.4. Let f G L2(R^,d^Q) and i G {1,... ,d}. Then T^f^x), 
P^f^x), T^flP), P^f^x) are C°° functions on R+ x R^. Moreover,

(dt + £a)Ttaf^ = 0 = (dt + M^T^fW, xERd+,

- £Q) pffW = 0 = (a2 - P^f^, X G R^..

PROOF. We consider only T^flx) since treatment of the remaining functions is 
analogous. We will show that the series in (2.7) may be differentiated term by term. 
Observe that by Schwarz’ inequality

ini II/IIwm _ rr ( 1/2
w - km + a. + i); ’

hence |a^.(/)| grows at most polynomially in \k\. Furthermore, for a fixed compact 
set K C R^ the quantity supiejR-1L^+e' (x) | also has sub-polynomial growth in |fe|, 
see [Mu3, p.405]. Therefore the series defining T^’lf(x) may be differentiated in t 
term by term. The result is

(2.8) = E 4(/)(-l)m(|t| +
fceNd

the right hand side being continuous since the series converges almost uniformly in 
(t, p). Using (2.4) we see that also sup^g^ \dXj(y/PiL^+ei(x^\ grows in |fe| not faster 
than polynomially and hence we may differentiate in Xj term by term the series in 
(2.8), the result being a continuous function since the convergence is again almost 
uniform in (t, x). The same arguments apply to higher derivatives, so T^f^x) is 
smooth on R+ x R^_. The corresponding heat equation is easily verified by differen­
tiating term by term the series of T^f^x). □

Remark 2.3.5. Noteworthy, Proposition 2.3.4 is true for f G ^(R^d^), 1 < 
p < oo, which is proved by an analysis of the integral representations of the semi­
groups.
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2.4. Littlewood-Paley type square functions

Denote VQ = (5t,gradQ). We consider the following Littlewood-Paley-Stein type 
square functions:

a oo \ 1/2
t|VQP/7« dt) 

and 
/ roo \ 1/2

t^p^f^dt] , i = i,...,d.
Vo /

For a vector-valued function F(F) = (fi(x),... , fd(x)) we define
g(F)(x) = ,gd(fd^x^.

The main results of this section read as follows.

Theorem 2.4.1. Let 1 < p < oo, a G (—l,oo)d and A be the function from
Lemma 2.3.2. There exists a constant cp such that
(2-9) h(/)llLP(dMa) < cp[A(minaj]2||/||L;>(d/iQ)

for all f G LTfR^jdpa).

Theorem 2.4.2. Let 1 < p < oo and a G [-1/2, oo)d.
(a) Given 1 <i < d we have

cp II f 11 LX (diia) — 119i (f ) II LP(dfj.a) — CP11 / II LX (dp.a)
for all f G U’lf&.+idpa).

(b) Let Q = #{&i : i = 1,... ,d} be the number of distinct coordinates in the 
multi-index a. Then

lll^MlLPfdMa) ~ CP^ll^^^p|lLP(dMQ)
for all F(x) = (fi(x),... ,fd(%Y) such that |F|^2 G Lp(R+,dp,a').

2.4.1. Proof of Theorem 2.4.1.
For a reasonable function F = F(t,x) define

LaF(t,x) = d?F(t,x) - LfF^xf

We will need several technical lemmas.

Lemma 2.4.3. Let F = F(t, x) be a C2 function mapping R+ x R^ into (0, oo) 
such that ^aF = 0. Then for any p > 1 we have

LQ(F”)=p(p-l)^-2|VQF|2.

Proof. The result follows by a simple computation, see [GIT]. □

Lemma 2.4.4. Let F: R+ x R^ —> R be a C2 function such that IFF > 0 or 
f- fRd t |LQF(t, rr)| dpa(x)dt < oo. Assume that

(a) sup{|F(t, x)| : t > 0,x G R^} < oo;
(b) sup{|Vo;F(t, a;) | : t > 0, z G R^.} < oo;
(c) t \dtF(t, x)| < c (1 + |x|)p(t) for all t > 0, where the function q is continuous, 

vanishes at 0 and oo, and satisfies t^plt) dt < oo.
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Then

t ~LaF(t, x) dna^x)dt = F(Q,x) d/ia(F) — F(po,x) dp,a(x).

Proof. First observe that for each x E R^ the limit
F(oo,x) = lim F(t, x) t-^OO

does exist. Indeed, by the condition (c) we may write
A-l

\F(t+ T,x) — F(t,x)\ < £
3=0

= £ iam,x)i < c (i + ku +ki)s«,
1 V „ 1 V v dJ=O j=0 J

with 0j € (t + ^-,t+ • Since Sn —> j/+'rr-1p(r) dr as N -> oo, the

conclusion follows. Similar arguments show the existence of the limit
F(0,x} = lim F(t,x). 

t—>o+
Now, observe that

d
iFF^x) — dfF(t,x) + .

j=i

Let Ft = (e~T, T) x (e~T, T)d. Given j € {1,... , d} we have 

e^Xj^dxj [e x^x^+1dXjF(t,x^ dnaj(xj}

= e-TT^+1dXjF(t,x)\ -exp^-e-^e-^+^dx.F^x^
J \xj=T J \xj=e~T

hence, by (b),

te^x^dXj d^a^dt < cT2 (e~TTa^ + e~^+^T^

Therefore,

exiXj a3dXj [e dua^dt —>0, T —> oo.

'OO
t LaF(t, x) dfj,a^)dt = lim

This, together with the monotone (or the dominated) convergence theorem, implies 

td2F(t, x) dtd/da^x).

On the other hand, integrating by parts we obtain
[t—T/ td2F(t,x) dt = F^e~T,x) — F(T^x) + tdtF^t^x^ 

Je-T \t=e~T
By (c) the absolute value of the last term is estimated by c (1 + |rc|)[^(e-T) + q(T)]. 
Since limt^0+ p(t) = lim^oo p(t) = 0 and (1 + | • |) S the proof is
finished with the aid of (a) and the dominated convergence theorem. □
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Proposition 2.4.5. Lemma 2-4-4 maV be applied to the function 
F(t,x) = (ptaf(x)y,

where p > 1 and f is an arbitrary nonnegative function from C^R^.).

Proof. By the subordination principle and Proposition 2.3.4 we get

Interchanging the order of differentiation and integration above is justified by the 
dominated convergence theorem, using (see also the considerations below)

dXjTtaf(x) = (dXjf)(x),
02XjTtaf& = e~2tT?+2ei fyf^x).

These identities are easily verified for Laguerre polynomials, and for functions from 
C2(R^.) C L2(R^, dpa) they are checked by term by term differentiation of the series 
defining T^f, see the proof of Proposition 2.3.4. Thus

V JO V J=1

1 r°° o~u + «/ Me"‘+1)22/& (i) *

~2^ / V^u^ f) du

j=l
= 24 +I2 + ^3-

Since T“ are contractions on L^R^) and f has bounded first and second order 
derivatives we have

f OO U J. _
|tZi| < ct Xj J —^—e^ du = cte^^^Xj ,

and similarly
d d

\tl2\ + l^l < cte-1 + 1) + cte^ Xj.
j=i j=i

Consequently,
^dtP^f^ < c(l + |a?|)ie-t.

Since f is bounded and P^ are contractions on Z°°(R+) (which follows by the same 
property for and the subordination principle), the hypotheses (a) and (c) of 
Lemma 2.4.4 are satisfied (with p(t) = te^). Concerning (b), we have
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The fact that LQ [(Fa/^))*7] > 0 is justified with the aid of Proposition 2.3.4 and
Lemma 2.4.3 (an application of Lemma 2.4.3 is possible, because P^f is strictly 
positive if /(rro) > 0 for some zq € ®+> see the comment in the proof of Theorem 
2.4.1 below). □

Proposition 2.4.6. Let f G C^R^.) be nonnegative. There exists a constant c 
(depending on f) such that

g(fW < c(l + l^l), ZGK+,

hence g(f) G 1/^^, dpa) for all 1 <p < oo.

PROOF. We apply the estimates on and \dXjP^f(x)\ obtained in the
proof of Proposition 2.4.5. □

Proposition 2.4.7. Lemma 2-4-4 maU be applied to the function
F(t,x) = (Ptaf(x»2P°h(x),

with arbitrary nonnegative f,h G C'c(R^).

PROOF. Items (a)-(c) are verified similarly as in the proof of Proposition 2.4.5.
It remains to show the integrability condition.

Given reasonable functions F, G: R+ x R^ —> R, one has

(2.10) L^FG) = (LQF)G + (LaG)F + 2(VaF, VaG).

Therefore,
\V*[(P^x))2Ptah(x)]\ < L“(F,W))2 Ptah(x) + 2 |VQ(F“/(ir))2| \VaPtah^\, 

since La(F“h(a;)) = 0 by Proposition 2.3.4. Now, observe that

[ t ~La (Pf* f (xf)2 P“h(x) dpa(x)dt < c / [ t^^P^f^x^dpa^dt
Rd JO J^

and the last term is finite by Proposition 2.4.5. Further, by Schwarz’ inequality and 
the fact that P^f^x) is bounded we obtain

[ t \Va(Pff(x))2\ \VaPfh(x)\dp^ [ g(f)(x) g(h}(x) dpa(x), 
Rd v/Rd

the last integral being finite by Proposition 2.4.6. □

Proof of Theorem 2.4.1; the case 1 < p < 2.
Apart from minor changes, the proof relies on a classical reasoning, see [SI]. Observe 
first, that it is sufficient to prove (2.9) for all nonnegative f G (72(R^). Then the 
theorem is justified by standard arguments, that is decomposition into positive and 
negative parts, approximation of each part by an increasing sequence of nonnegative 
smooth compactly supported functions, and an application of Fatou’s lemma.

Assume that f G C^R^.), f > 0 and /(^o) / 0 for some rco G R^.. Since the 
kernel Gf(x,y) is strictly positive we have T^f{x) >0, xE R^ and hence, by the 
subordination formula, P®f(x) > 0, x E R^.. An application of Lemma 2.4.3 gives

FOO
[<?(/)« = / t\Va(P?fW\2dt 

Jo
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1 r°°= t—n/ t(ptmxtf-? L^p^y dt 
P\P “ 1) Jo

< -—- [(p'-nw]2-” / m.
P(P - 1) Jo

Thus, by Holder’s inequality, (2.2) and Proposition 2.4.5 we obtain
p/2

< cp tLa(Ptaf(x))p dt

|P(1—P/2) 
LP(dpQ)

tLa(Ptaf(x)Y d^x)dt^ p/2

TP/2

- cPlM llLP(dMQ)>

since La(F“/(x))p > 0, see the proof of Proposition 2.4.5. The conclusion follows.
□

Proof of Theorem 2.4.1; the case 2 < p < oo.
We begin with some basic observations. Given a reasonable function f, by Schwarz’ 
inequality we have

(Ptaf(x^2 < P“(f2)(x)Ptal(x) = Pta(f^.

Similarly, by Corollary 2.3.3 we get

(p°7w)2 < pr(/2)(^)p°-‘iw <
Assume that f G Then

dtPta+sf^ = P^dtPtafUx).

Moreover,
= P^f^x), j =

which is directly verified for Laguerre polynomials, and for f 6 C^JR^) follows by 
differentiating term by term the series of P^f. Therefore

W+sfW = j = l,...,d.
Let f, h be nonnegative functions from (R^) and denote C(a) = [A(minj aj]2.

Using the above observations, symmetry of P® and Lemma 2.4.3 with p = 2 we write

t 2 t 2 (\Pa
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La [P“f(x)]2Ptah(x)dpa(x^

Now, by (2.10) and the identity ^(P^h^x)) = 0, the last double integral equals

ptf LQ [ (PffW)2 dtia^dt
J 0 J

- 2 Pt [ = Jx-J2.
Jo Jr*.

In view of the estimates from the proof of Proposition 2.4.7 the integrals Ji and Ji 
are absolutely convergent. By Proposition 2.4.7

Ji < / f{x)2h(x) dpa(x) 
Jr*.

and, by Schwarz’ inequality,

IJ2I < 4 [ [(PaYf](x) gtfW gWW d^x).
Jr*

Thus,

/ W^x)]2^) dpa(x) <
Jr*.

2C(a) [ f2{x)h{x) dpa(x)+ 8C(a) f [(FQ)*/](x) glf^x) g^h^x) d^x). 
Jr*. Jr*+

Assume that p > 4, (2/p) + (1/g) = 1 and ||h||i,«(dMa) < 1- By Holder’s inequality 
(for three functions), (2.2) and Theorem 2.4.1 for q < 2, we obtain

(g(J) i^/dna < cpC(ai) ||f||Lp(dp,a) + llsCnilLP^JI/llw^ ),

hence

ll^/)!^^,,) < CpC(ai) ( II/IIlp^) + ||?(/)||LP(d/iQ)II/IIlp^) )
This implies the desired estimate for p > 4. For 2 < p < 4 the result follows by
Marcinkiewicz’ interpolation theorem. □

2.4.2. Proof of Theorem 2.4.2.
To prove the upper bound in Theorem 2.4.2 (a) one could try to adopt the reasoning 
used in the proof of Theorem 2.4.1, as was done by Gutierrez [Gu] in the Hermite 
setting. Indeed, such an adaptation is (at least partially) possible, but the corre­
sponding analysis is considerably more involved. Therefore we prefer to invoke a 
general result, which immediately implies the desired inequalities.

Since for a € [—l/2,oo)d the semigroups {Py1}, i = 1,... ,d, form positive 
symmetric contraction semigroups (see Corollary 2.3.3), Theorem 2.4.2 (a) is a con­
sequence of the refinement of Stein’s general Littlewood-Paley theory [SI], which is 
due to Coifman, Rochberg and Weiss [CRW], see also Meda [M, Theorem 2].

The case when a $ [—l/2,oo)d seems to require more subtle treatment. Here 
are some details. Fix i € {1,... ,d}. Notice that the function a;-1/2 belongs to 
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L2(R+, d/zQf+i) for all ai G (—1, oo). Hence it has the Fourier-Laguerre expansion

^,/2 = E“u:‘+I-
The coefficients alk are computed to be (see [Le, Sec.4.24])

; r(qj + 3/2) (l/2)fc
k ^ + 2) (^ + 2)*’

where (•)& is the Pochhammer symbol. Therefore 1 has the expansion

r(q, + 3/2)v (l/2)fc 
F(cq + 2) (ai + 2)*

the series being convergent in L2(R+,d/tQi) since (u^) € f2. It follows that

T^’1! = r(aii + 3/2)y^ (l/2)t -t(fc+i) /— ra,+l 
+ 2) (ai + 2)fc V 1 k

Now, using suitable generating formula (see [SrMa, Ch.2, Sec.2.5]) we obtain

T^l^) = + 3/2) t/2 
r(«i + 2)

1/2 Xje 1 \
1 — e~* /

where 1F1 denotes the confluent hypergeometric function. It can be shown that

T(ai + 3/2) 
r(a< + 2)

sup y/y 1^1 (1/2; 
y>0

ai + 2; -y)

does not exceed 1 if ai > —1/2 and is greater than 1 if a^ < —1/2. Thus T^’1 are 
not contractions on L°°(R+) for t sufficiently small. Since || • ||z,P(dMa) —> || • ||oo 
as p —> oo, we see that T®’1 are not contractions on Lp(^_,dpa) for t sufficiently 
small and p sufficiently large.

The above example shows, that cq = —1/2 is a ’’critical” point for the contraction 
properties of {T“’1} (noteworthy, the same critical point appears in the logarithmic 
Sobolev inequality related to the Laguerre semigroup, see [Ko]). Nevertheless, it 
may happen that contraction properties of {P^’1} are preserved for ai < —1/2. This, 
however, is by no means obvious and seems to require a distinct detailed analysis. 
Let us also mention, that we were not able to treat the case ai < —1/2 by suitable 
adaptation of the proof of Theorem 2.4.2. The reason for that is, roughly speaking, 
that the difference

M? - CP = 
1 2xi

is ’’negative” for small Xi if ai < —1/2.
The proof of Theorem 2.4.2 (b) is a straightforward modification of the arguments 

given in [Gu]. We present it with details for the sake of completeness. To the end 
of this subsection we assume that a E [—1/2, oo)d.

Fix i E {1,... , d}. If f E L2(R^,d/zQ) has the expansion f = 
then

= E
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and therefore

keNd

Using Parseval’s identity we get

= £ 4(/)2dti+oe-^i+'iAiv^L^ii^, 
fcGNd

Hence, applying again Parseval’s identity,

( dpa(x) = [ t f [at^’7(®)l dpa(x)dt
Rd JO JR^_ L J

= E «i(/)2(W + iJIIVm^IIl^)
ke^d Jo

= j E 4(/)2llV£iU"llb».) = jll/llbfc)- 
kGNd

This gives 2||pi(/)Hz?^) = and by polarization we obtain

(2-11) dpa(x)dt = (/i,/27Mq,

for all real-valued /i,/2 € L2(R+,d;«a).
Let F(x) = (J\(x'),... ,/d(ic)) be a vector-valued function in R^. For £ = 

(€1, • • • ,€d) € Rd, |£| = 1, we define
d

3=1

Assume that 1 < p < oo and X/p + l/p1 = 1. Let h G L2(R+, d/za) A l/(R+, d/za) be 
such that ||fr||Lp'(dAlQ) < 1- By (2.11) we get

yF^x)h(x) dpa(x) = 4 y y^

= 4/ / t|U(t,x)|^2 cosK, V(t,x)) dp,a(x)dt,
«/ 0 « IR^_

where
V{t,x) = [dtP^fr^ dtP^h^]^.

Denote by cr the surface measure on the unit sphere Sd 1 = {£ G Rd : K| = 1}. Using 
the above and Minkowski’s integral inequality we obtain

IKf-a^IILp^S11-1^)

= ^C^p}

t|U(i, x)11| cos(-, V(t, x)) WLp^d-i^dtd^x)

t|U(i, x)| dtdpa{x}.
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Let , ain be all distinct values of coordinates in the multi-index a. Observe, 
that the last expression may be estimated from above by

IC^p)^ / t |3tF“’b/i(x)| ( ^2 [dtFtQ’7i(z)j ] dtdpa(x),
j=l do \ i=1 /

which, by Holder’s inequality and Theorem 2.4.2 (a), is further bounded by 
n

/ gi^h^x^F^x^ dna(x) 
j=i •M

< ^C{d,p) ||$u(^)|lLp'(d/iQ)IP$(^)MlLP^
j=i

< 4cpC(d,p)n|||s(F)|f2||£p(d/Xa).

For each £ G Rd, |£| = 1, there exists a sequence {h™} C L2(R^_, dpa)HLP (^.,dpa), 
II^IIlp'^) < 1, such that

Thus, by Fatou’s lemma, we get

(2.12) - (4cpC(d,p)n|||g(F)|^2||Lp(d^)) .

Now, observe that
IW=W |cos(e,mx))|p, 

and therefore

I KIIL-Ife) = CWp)',IIIUpI^.).
•' l€l—1

This, in view of (2.12), completes the proof.

2.5. Riesz-Laguerre transforms and conjugate Poisson integrals

Recall that the Riesz-Laguerre transform F" = (F",... , F^) is formally given 
by

FQ = grad^rT^Ho,

which makes sense for a dense subset of L2(R+, dpa) of all polynomials, because for 
Laguerre polynomials we have

R?Lak=-\k\-l'2^iL  ̂ \k\ > 0,

and RfLk = 0 if |fc| = 0. Given a suitable function / we define its conjugate Poisson 
integrals U^f, i = 1,... , d, t > 0, by

U^f = P^Rff,

Such definition extends that given by Muckenhoupt [Mu3] in the one-dimensional 
setting and is well motivated by the following set of Cauchy-Riemann type equations:
(2.13) SjU^f = SiU?’jf, i,j = l,...,d,
(2.14) 83P^ = -dtU^jf, j = l,...,d,
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d
(2.15) = -dtP^f.

J=1

Moreover,

(2.16) ^U^f = M^f, j = l,...,d.

Some of the above equations, in one-dimensional version, may be found in [Mu3]. 
Verification of (2.13)-(2.16) when f is a (Laguerre) polynomial is straightforward. 
Indeed, for i = 1,... ,d, we have (see Sections 2.2 and 2.3)

W>0,

and U^L^ — 0 if |A:| = 0. Now, identities (2.13) and (2.14) are easily verified with 
the aid of (2.4). To get (2.15) observe that 3* (y/xiL^^) = —kiL^, which follows by 
(2.4) and the fact that Laguerre polynomials L% are eigenfunctions of £a. Checking 
(2.16) makes no difficulties.

The main result of this chapter is the following.

Theorem 2.5.1. Assume that 1 < p < oo and a G [—1/2, oo). Let Q = #{oti : 
i = 1,... , d} be the number of distinct coordinates in the multi-index a. There exists 
a constant cp (depending neither on the dimension d nor on the type multi-index a) 
such that

and
11^7 f II LP(dfia) — CP11 f 11 LP(dna) > * 1,. . . , d,

for all polynomials f in

Proof. In view of (2.14) we have

[dtP^Rff),... ,dtP^d{Rdf)] = [-d^f,... ,-5dPtaf],

hence
|^a/)«2 = \[g^RV^--- ,MRWW]\e2<g(fW.

Ergo the conclusion follows by Theorems 2.4.1 and 2.4.2. □

Corollary 2.5.2. Let a G [—1/2, oo). The operators Rf and U^’1, i = 1,... , d, 
t > 0, initially defined on a dense subset of L2(R^_,dpa), extend uniquely to bounded 
linear operators in LP(R+, dpa), 1 < p < oo.

Corollary 2.5.3. Let 1 < p < oo and a G [—1/2, oo). Then
(a) There exists a constant cp (independent of d and a) such that

W^t ’ f\\LP(dlla) < 11/II LP^dfla) 5 i = 1,... , d,

for all f G Lp(R+,dpa)-,
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(b) For all f G dp,a) and, i G {1,... , d} 
U^f—^Rff. t-^+,

the convergence being both in LPfS^dpa) and almost everywhere;
(c) For each i G {1,... ,d} the family is strongly continuous and uni­

formly bounded in LPfR^dpa).

Proof. Item (a) is a consequence of Theorem 2.5.1, (2.2) and the fact that 
sup\Uf*’i f (x)\ < (Pay(Rff)^, X G R*.
t>o

Statements (b) and (c) are justified by standard arguments with the aid of (a). □

Remark 2.5.4. When p = 2 we have
aef-l.ooR

Indeed, if f G L2(R+,d/2Q) has the expansion f = ak(f)L^, then

|fc|>0

and therefore by Parseval’s identity 
d

= E E
i=l |fc|>0 

d
= E E

i=l |fc|>0

= E = UlWfe(.w
|fc|>0

Analogous computations show that for each i G {1,... ,d} the operators {{/“’’Joo 
are contractions in Z/2(R^, dnaf a G (—l,oo)d.



CHAPTER 3

Higher order Riesz transforms for polynomial Laguerre 
expansions

3.1. Introduction

In the present chapter we focus on higher order Riesz transforms and some related 
operators for multi-dimensional polynomial Laguerre expansions. Such operators do 
not appear in the existing literature, thus we start by giving suitable definitions. 
The main results, boundedness in Lp, 1 < p < oo, of higher order Riesz-Laguerre 
transforms (Theorem 3.5.1) and weak type 1-1 of Riesz-Laguerre transforms of order 
2 (Theorem 3.5.2), are obtained by means of transference from Hermite polynomial 
setting, after restricting to half-integer multi-indices a. The corresponding Lp con­
stants depend neither on the dimension nor on the type multi-index a.

The method of transference was used by Dinger [Di] and other authors, and 
recently has been developed by Gutierrez et al., [GIT]. We provide a considerable 
extension of this technique and show how to transfer higher order Riesz type op­
erators and certain differential operators. Although the corresponding formulas are 
rather complex, we believe they shed some new light on an interplay between Her­
mite and Laguerre expansions. The crucial ingredient of our reasoning is technical 
Lemma 3.4.3. This result is of independent interest and may be applied to derive 
certain bilinear composition formulas for multi-dimensional Gould-Hopper polyno­
mials, hence also for multi-dimensional Hermite polynomials (see [GrNo]). Other 
interesting applications of the results obtained in Chapter 3 have been recently given 
in [GLLNU], in investigation of Sobolev spaces associated with polynomial Laguerre 
expansions.

The organization of this chapter is the following. In Section 3.2 we furnish 
relevant definitions and describe the transference setting. Section 3.3 contains two 
examples which are given to provide a better insight in what follows later. These 
are explicit computations of transference inequality for Riesz-Laguerre transforms of 
order 2 and 3. In Section 3.4 we obtain a transference inequality for Riesz-Laguerre 
transforms and related operators of arbitrary finite order . Finally, in Section 3.5 we 
state and prove main results concerning Lp boundedness and weak type 1-1 of the 
aforementioned operators.

3.2. Definitions and transference setting

We shall use the notation of Chapter 2. Recall that a is the type multi-index, 
C,a is the Laguerre differential operator, pa is the associated measure in R^., and 
Hq denotes the orthogonal projection onto the orthogonal complement Hq of the 
eigenspace corresponding to the Laguerre eigenvalue 0. Further, 6i, i = 1,... , d are 
the Laguerre partial derivatives defined by 5i = y/xidXi.

Let m = (mi,... ,m^) € be a multi-index. Using the standard notation 
_ jpi ... naturaj to define the Riesz-Laguerre transform of order M € N 

45
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by

1 1 \ / \m\=M
This formal definition makes sense for all polynomials in and if M = 1 it coincides 
with that given in Chapter 2. Another possible definition of higher order Riesz- 
Laguerre transforms, which could be taken under consideration, is

(3.1) ICa’M = = (^/2^(£Q)-M/2n0)

with the notation m/2 = (mi/2,... ,md/2). Nevertheless, more appropriate seems 
to be the first one since it better fits to a general framework and is more suitable 
from the transference point of view, whereas Lp boundedness of the operators 
cannot be concluded by transference for all half-integer a (see Remark 3.4.9).

We will study Lp mapping properties of 7£a,M by exploiting analogous results for 
Hermite polynomial expansions. The setting is as follows. To the end of this chapter 
we assume, without further mention, that

TIj ■
ai = — - 1, rii G N\{0}, i = l,...,d.

Consider the space Rlnl, where the multi-index n = (ni,... , nd) is determined by a, 
as above. Notice, that |n| > d. Let

Lh = -^/2 + x- V

be the Ornstein-Uhlenbeck operator in Rlnl and by d'y(x) = 7T l”l/2 exp(—|x|2)dx 
denote the associated Gaussian measure. For x G Rlnl we write x — (x1,... ^xA\ 
where xl = (x\,... , x^.) is the ’’block” of Rln' corresponding to ai. Thus x^ denotes 
the (ni -I-----+ ni-i + j)-th coordinate of x.

Let dij = dxi . Hermite partial derivatives are defined by (cf. [GIT])

so that we have
d n,
EEK) ^ = 1",
1=1 J=1

where

K)* = + ^4
is the formal adjoint of in L2(Rl”l,d7). To define higher order Riesz-Hermite 
transforms we introduce multi multi-indices m = (mi,... ,md) G Nlnl, where each 
coordinate is also a multi-index: mi = ,mi,ni) G In the sequel multi
multi-indices and their coordinates will always be distinguished by tildes, and will 
always refer to the Hermite setting. We denote |m| = ^i l^il = Zaj mid- According 
to the standard notation, the meaning of (dH)mi and (d#)”1 is the following:

(dHr =

Similarly are defined the operators dmi and dm.
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Let LI# be the orthogonal projection onto the orthogonal complement of the 
eigenspace corresponding to the Hermite eigenvalue 0. Then the (normalized) Riesz- 
Hermite transform of order M is given by

nH'M = «)|A|=M = (wHr(iYM/2n^
= [^(m) ((a#n(L#)-M/2n#

, /.- ,,\l/2
where T(m) = Hi=i ( ) with = i = 1, • • ■ , d. Note, that the
normalizing factor may be estimated from above by

Riesz-Hermite transforms were studied with great intensity. The proof of Lp, 
1 < p < oo, boundedness valid for any order and any dimension was found by P.A. 
Meyer, by probabilistic methods. Another proofs, in various cases, were given by 
Gundy [G], Pisier [Pi], Urbina [Ur], Gutierrez [Gu], and Gutierrez et al. [GST]. 
The corresponding weak type 1-1 was investigated by Fabes et al. [FGS], Forzani 
and Scotto [FoSc], and in [GMST2], see the survey [Sj2] for more details.

Recall that in Chapter 1 the quadratic transformation 0: Rlnl —> R^ establish­
ing a connection between Hermite and Laguerre function expansions was defined by 
(see (1.30))

^(x1,... ,xd) = (Im1)2,... , |md|2).
The transformation </) relates also Hermite polynomial setting in Rlnl and Laguerre 
polynomial setting in R^, which allows to transfer certain results from Hermite to 
Laguerre expansions. For instance, the following lemma shows a relation between 
Lh and The proof is an easy consequence of [GIT, Lemma 1.1].

Lemma 3.2.1. Let f be a polynomial in R^. Then, given £ € R, we have 

(L#)?H#(W) = 2< [(£qM/] 0 0-

In particular, H#(/ o <$) = (Hq/) o <$.

In what follows we shall use the function ip: Nlnl —> given by

<^(m) = (|mi|,... , |md|).

Further, for a multi-index m G Nd, we define
A(m) = {m G N'”' : = m}.

Observe that for M G N
{m G : |m| = M} = A(m),

\m\=M 
the summands being mutually disjoint.

3.3. Riesz-Laguerre transforms of order 2 and 3; explicit computations

Before passing to the general case, it is convenient to go through some computa­
tions, which provide a better insight in further development and also exhibit places, 
where difficulties appear.

We shall compute transference inequalities for Riesz-Laguerre transforms of or­
der 2 and 3. Note that for the 1-st order Riesz transforms, as well as for other 
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objects considered in [GIT], Laguerre and Hermite counterparts are related through 
equalities. This, however, is not the case of higher order Riesz operators.

3.3.1. Second order Riesz transforms; explicit computations.

Proposition 3.3.1. Let f be a polynomial in and fix a multi-index m, such 
that |m| = 2. Then the following transference inequality holds:

|K/W|<|(W°«) J
I । <2

Proof. Without any loss of generality we will consider only two cases: m = 
(1,1,0,... ,0) and m = (2,0,... ,0) (of course the first case makes sense only if 
d > 1). Assume that f G Hq and denote di = dyi, i = 1,... , d.

Case 1. Let m = (1,1,0,... , 0). Using Lemma 3.2.1 we obtain

I l2
I I €-2

ni ri2

E E
jl = l >2 = 1

ni ri2

2-4 E E Mi ([(£“)-7] o^)))2
Ji=1 L=i
ni n2

2-4 E E »«7)2
11=1 J2 = l

711 712

11=1 12 = 1

I®1!2!®2!2 o
([^2(£“)-7]o^))2
([C1/W7))2-

Case 2. Let m = (2,0,... , 0). Again by Lemma 3.2.1 we get

2 "1

1 ^2 ., 1Jl=l

“^“E^iRK^)-1/]-^)))2
m

= 2-4 £ °<o2

711
+ 2-4 £ (2 [(di)2^-^] ° <X®))2

1=1
l=j

m m /. \ 2
= £ « /M)2 + E J [S‘(£°)~7] ° )

11=1 1=1 v 7
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ni
+ E^1)2 [(9i)2(£“)_7] » [ai(£“)"7] °

3=1
= (lx1!2 ° <X*))2 + kT [(ai)2(n-7] o

/1 \ 2 — 1+ ([^r/M*))2

/ 1 \2
> lx1!2 [(ai)2(rQ)"7] c + - [d^r1/] ° = (KJ] o

The last equality follows since
(5i)2 = yi(a1)2 + |a1.

□
3.3.2. Third order Riesz transforms; explicit computations.

Proposition 3.3.2. Let f be a polynomial in R^ and fix a multi-index m such 
that |m| = 3. Then

(3-2)

PROOF. Assume that f G Hq. Without any loss of generality we will consider 
only three cases.

Case 1. If d > 3 and m = (1,1,1,0,... , 0) then (3.2) is verified exactly in the 
same way as for m = (1,1,0,... ,0). Thus the computation is omitted.

Case 2. Assume that d > 2 and let m = (2,1,0,... , 0). Using Lemma 3.2.1 we 
write

2 nl n2 . -9

ji 11=1 12=1
ni nj 2

= 2-6 E E(aiA&J[(.c7“’Jo«J)

1111=112=1
712 711 9

= 2“4 S^)2 22 ^L9^ ([^K)-372/] o^))} •
>2 = 1 1111=1

Now we may estimate the internal sum in the same way as in the case m = 
(2,0,... ,0), see the proof of Proposition 3.3.1. Hence the last expression is fur­
ther bounded by

/ 1 \2
kT (kT [(ai)2%(£“)"3/7] ° M + j p>4^”r’3/2/| -

since
(<h)% = yi v/y2(ai)2d2 + | Jy2did2.
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Case 3. Let m — (3,0,... ,0). Assume that F: Rlnl —> is sufficiently regu­
lar. Then a straightforward computation gives

23

di,jdi,i9i,k [F ° (KXW =
’ ° <KX) + | (x}X{l=k} + xlX{j=k} + 4X{J=Z}) [(^l)2^] o ^(x) ,

where X{l=k} = 1 if I = k and X{l=k} — 0 otherwise. Therefore denoting

MW'p'W) and .7 = 

and making use of Lemma 3.2.1 we obtain

2 ni 2

2 j,l,k=l
711 ^1

= 52 (xjxlxki)2+ 52 + 52
j,l,k~l j,l,k=l j,l,k=l

j^l^k^j j=l^k j^l=k
ni ni

+ 52 (xixixkF+x}j)2 + 52 (xjxixkz+(xj+xi+xlk)^2
j,l,k=l j,l,k=l
j=k^il j=k=l

ni ni
= T2 52 (xjxixk)2+ [^^^(x^)2 + J2(xl)2]

j,l,k=l j,l,k=l
3=1

711 ^1

+ £ 52 ^zjr^^+j2^
j,l,k=l j,l,k=l

l=k j=k
ni

+ 52 S./2^1)2 ^Z2^1!6 + 6ZJIS1!4 + (3m+6)J2|t:1|2 
j,l,k—l 
j=k=l
> Z2^1!6 + 6ZJ|^|4 + 9 J2p|2 = (Z^1!3 + SI^U)2

/ ? \2(ix1!3 [^\LHr3/2] ° iw2(LHr3/2] o )

The last equality holds, because

(<O3Hw)3/W + |'/w(0i)2.

□

3.4. Higher order Riesz-Laguerre transforms; the general case

The main objective of this section is to prove the transference inequality for 
Riesz-Laguerre transforms of arbitrary finite order, which is stated in Theorem 3.4.6 
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below. We start by defining the coefficients

= " = 0,1,2,..., 0<k<N/2.

Note, that the Hermite polynomials express explicitly by (cf. [Le, (4.17.2)])

52 ffil)kEN,kxN~2k, ^ = 0,1,2,...,
0<k<N/2

hence E^tk is the absolute value of the coefficient standing at the (N — 2&)-th power 
in the iV-th Hermite polynomial.

Lemma 3.4.1. Given N G N and a sufficiently smooth function g: R+ —> R we 
have

(3.3) dN[g(y2)] = 2"^] (y2),
(3.4) dN[g^] = £ ENtkyN-2k[dN-kg](y2\

0<k<N/2
(3.5) 6Ng^ = 2~n £ EN,k^yN-2k[dN~kg\^.

0<k<N/2

Proof. The identity (3.3) is easily verified by induction. (3.4) follows by Faa di 
Bruno’s formula for the IV-th derivative of the composition of two functions:

*=1 fceN", |fc|=i 1=1 J ' J 7
ki +2A12+• • •+Nkw=N

Finally, (3.5) is a consequence of the two previous identities. □

Corollary 3.4.2. LetF-. R^ —> Rd be sufficiently regular. Given multi-indices 
m G and m G Nd, we have

[F o 0] (x) = 2-l™l/2
0<k<m/2

[6mF]o^x) = 2-H £ Em,k[^x)]m/2~k[dm-kF] o^x).
0<k<m/2

In particular, if f is a polynomial in R^_, then denoting F = and
using Lemma 3.2.1 we get

b<k<m/2

Kfl°M = 2-l”l E
0<k<m/2

In the above corollary the following notation has been used: 
d Hi d

Em,k = fl II Emt j ,kid ’ Em,k = H Emt ,kt,
1=1 J = 1 2=1
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d nt

1=1 j=x

d

i=l

0 < k < m
0 < k < m

0 < ki^j < m^j, 1 < i < d, 1 < j < rii.
0 < ki < mi, 1 < * < d,

where 0 denotes the multi-dimensional zero (0,... ,0) G the value of N being 
dependent on the particular context. Such notation will be used in the sequel without 
further comments or explanations.

The following technical lemma is crucial. It enables us to establish a relation be­
tween higher order Hermite derivatives in Rl”l and higher order Laguerre derivatives 
in R^. (see Proposition 3.4.10 below). Recall that the Pochhammer symbol (X)i = 1 
if i = 0 and (A)j = A(A + 1) • • ■ (A + i — 1) for i = 1,2,... .

Lemma 3.4.3. Let m G be a fixed multi-index. Then, for an arbitrary set of 
complex numbers {/?j}o<j<m/2 and x £ R'nL we have

i / \ 2
w £ ^W-Xo)

' 0<k<m/2
o2|j| / \ 2

0<j<m/2 - 0<k<m/2—j

where ml = mJ • • • mfi, 1 = (1,... , 1) G Nd and (A)j = (Ai)^ • ■ • (Xd)jd for A G Rd 
and a multi-index j G Nd.

PROOF. After expanding both sides, the identity (3.6) takes the form

pt E E =
mEA(m) 0<k<m/2

6<l<m/2

E E Em^Em_2jfit(xf[m-2^
0<j<m/2 J 0<k<m/2-j

0<l<m/2-j

It remains to show that the coefficients of fikfii, 0 < k,l < m/2, coincide on both 
sides. To do this, let us introduce the polynomials

gN(2u,p) = E EN,kPkuN~2k, u,pE^,
0<k<N/2

which are a generalization of Hermite polynomials, because Hn(u) = ^(2u, — 1). 
Noteworthy, gN(u,p) are contained in certain general classes of polynomials consid­
ered by Brafman, Gould and Hopper, and others, see [SrMa] and references therein. 
Observe that

/ • \-N / ■ \/ 2 \ / 1 \
gN(2u,p) = — HN I —u , p 0, 

\VpJ \Vp /
hence, in virtue of classical Mehler’s formula which holds also with imaginary ar­
guments (this seems to be well-known and may be proved by essentially the same
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reasoning as in the case of real arguments, see the proof in [Sj2]) we get

00 zN

N=0

(~^pqz)N 
2NN\

1 / z2(qu2 + pv2) + 2zuv
, exp ------ --------- 5--------  

0 - pqz2 \ 1 - Pqz2

provided |z| < |pg| 1/2. In particular, for u = v we have

. zN 1 / 2 (P + q)z2 + 2z(3.8) £ w(2u,P)9»(2<*,9)^ = A _ , e*P (“ t-^2
N—o V 1 PH4' x

Next, consider the multi-dimensional polynomials
ni

9rhi ■> Pi) = It jiPi) i Pi € K, i = 1, . . . , d.
J=1

Using the generating formula (3.8) we obtain
|mi| 

zi
2l"lilmJ9rhi (2x , Pi)grhi (2x , Qi) 

mt^i
/, 2\—^i/2(l-piqizj exp 02 (Pi +9i)zi +2zA

® i 2 I
1 - Pi9izf J

the identity being valid if |zj| < \piqi\ 1/2, i = 1,... ,d. Thus, denoting z = 
Ui,... ,zd), p = (pi,... iPd), q= (?!,••• ,9d), we have

^2 gm1(2x\p1)gm1(2x\q1)---gmd(2xd,pd)grhd^
meNl"l

d \rhi\
52 dmi^X^P^grhi^X^qi) 

i=lm;eNni 1

=n

(i X T \ \ X \
52 ? (^4“). 5L nakWApjgkA^ , 
jeNd^’ ' / \fceNdi=i l /

since
OO 2

(1 - U)-^/2 - £ ((AT - l)/2). N = 1, 2,... , |u| < 1. 
i=o l-

Now, comparing the coefficients of zm we see that

52 ^2xl’P1 (2xl'9^"'9^d(2xd^Pd)gmd ^xd, qd) 
rheAlm)

22b'l . . d= 52 1)/2)jPJqJ T[9mi-2ji(2\xt\,pi) gmi^2ji(2lxliqi),
0<j<m/2 i=l
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which after expansions yields

V — V E -E -T2m-2fc-2Z ^(0 _

meA(m) 0<k<m/2 
0<l<m/2 

?2|j|
£ ^-(-m)2j((n-I)/2). £

0<j<m/2 0<k<m/2-j
0<l<m/2—j

Since the above identity holds at least for allp, q G R^, it follows that the coefficients 
of pkql, 0 < k,l < m/2, are equal on both sides. This, in view of (3.7), finishes the 
proof. □

Remark 3.4.4. As an interesting application of the technique exploited in the 
above proof one may derive bilinear composition formulas for Hermite and Gould- 
Hopper polynomials, see [GrNo]. For example, it follows that

E E _ 2;)! (“) ^(H)]2,

|m|=M 0<j<M/2J v x 7 J

for all M G N and x G Rd. This is the simplest formula of those discussed in [GrNo], 
nevertheless it seems to be new.

Lemma 3.4.5. Let f be a polynomial in R^. For all m G and x G Rlnl we 
have

(3.9)

= 2-l"l £
0<j<m/2

where F = (£«)-^l/2n0/.
Proof. By Corollary 3.4.2 and Lemma 3.4.3

i i2(^(/o^)^))
I । <-2

= 2-2|m| Em,kX^~2k o ^x)
meA(m) ‘ X0<k<m/2

0<j<m/2
— (-m)2j((n- l)/2)j.

0<fc<m/2—j
which by (3.5) is equal to the RHS in (3.9).

Theorem 3.4.6. Let f be a polynomial in R^.. Then
IK/wl<l(«w)Lex(  ̂

i i £2

for any multi-index m G Nd.
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Proof. In view of Lemma 3.4.5 and the definition of R^ we have

(3.10) | M(/ o - («/]» «x))2

z v 2
= 2-1-1 £ ((n - l)/2) .Em>j ( [8m~2WF] o > 0

0<J<m/2 
J'/O

for all x G Ri’1!. □

Remark 3.4.7. If a = (—1/2,... , —1/2), which is equivalent to n = (1,... , 1), 
then a stronger result holds than that stated in Theorem 3.4.6, namely

[R“/W==R£(/o0),
for all polynomials / in R^ and an arbitrary multi-index m G Nd. Moreover, for any 
half-integer a, the first order Riesz transforms satisfy

| [R^f] o = \(R?(f o , i = 1,... , d.

The first of the above facts follows by Corollary 3.4.2. The other one is a direct 
consequence of (3.10).

Let us also consider the operators
= xm/2-j5m-j(£Q)-H/2n0) 0 < j < m/2, m G Nd,

which are closely related to the Riesz-Laguerre transform of order |m|, because R^ 
is a linear combination of j, 0 < j < m/2. These operators turned out to be im­
portant in studying Sobolev spaces associated with Laguerre polynomial expansions 
(see [GLLNU]). Note that coincides with in (3.1).

Theorem 3.4.8. Assume that min, ai > —1/2 and let f be a polynomial in R^. 
Then, for all multi-indices m,j G such that 0 < j < m/2
(3.11) | [K^/] o < c|M(/ »«)^m)|6 .

with C independent of d and a.

Proof. Define the operators
(3.12) £ E^^K^, 0<j<m/2,

j<k<m/2
where

/ o2|j| \ 1/2
B(n>,j,n)= 2-2l”l^(-m)2j((n-I)/2) ) .

By the proof of Lemma 3.4.5 we have

= E [Kj/M1-

0<J<m/2

Thus
I ^f) o ^| < {R^f O o < j < m/2.

I I €2
When j = m/2 or j = m/2 — e,/2 then the sum in (3.12) has only one term and 
(3.11) follows for When j = m/2 — e, for m, > 2, the sum in (3.12) has two
terms, one of which is K^im^ considered in the first step, so (3.11) holds also for 



3.5. CONCLUSIONS; LP BOUNDEDNESS AND WEAK TYPE 1-1 56

the second term. Iterating this procedure we get (3.11) for all the operators K^ j. 
The constant C is independent of n, because the Pochhammer symbol ((n — l)/2). 
is monotone in j. □

Remark 3.4.9. The assumption about minjOj is essential. If ai = —1/2 for 
some i, then ((n — l)/2)^. vanishes whenever ji > 0 and hence the conclusion does 
not follow.

The result below may be regarded as a generalization of the formula (3.4), with 
the square function on R replaced by the transference transformation f>.

Proposition 3.4.10. Given a sufficiently smooth function f in R^ and a multi­
index m G we have

m€4(m)

92|j|IS 1^/2^
0<j<m/2 L J‘
(\ 2-

0<k<m/2—j / -
= 2l“l £ EmJ((n-i)/2).([i”-2>y/]o^))2.

0<j<m/2

Proof. These identities were already obtained implicitly and are a consequence 
of Lemma 3.4.3, see also Lemma 3.4.5 and its proof. □

3.5. Conclusions; Lp boundedness and weak type 1-1

Theorem 3.5.1. Let a = (oi,... ,ad) with ai = n1f2 — \ and ni € N\{0}. Then, 
given 1 < p < 00 and M € N, we have

(3.13)

for all polynomials f. Consequently, each R^, |m| = M. extends uniquely to a 
bounded linear operator in //(R^, dpa). Moreover, the constant C is independent of 
the dimension d and the type multi-index a.

Proof of Theorem 3.5.1. By [GIT, Lemma 2.1] we have

(3.14) / g(y) dpa(y) = Cdtn g o d^x).
JrM

Hence, by Theorem 3.4.6 and P.A. Meyer’s result [Me] on the ^^(dy) boundedness 
of higher order Riesz-Hermite transforms, for any polynomial f in R^ we obtain

/ \na’Mffiy)\Pe2dya(y) = CdJ
Jrw

< ^(x)\p2 dffix)

< CPtM Cd,n [ |(/o^)(t)|p dy^)
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= CP,M \f(y)\p dpa(y).
Jr*.

Thus (3.13) is justified. □

Weak type 1-1 for Riesz-Laguerre transforms of order 1 was obtained for half- 
integer ct’s in [GIT], by the method of transference. Concerning the transforms of 
order 2, we have

Theorem 3.5.2. Let a be half-integer. Then the Riesz-Laguerre transforms 
of order 2 extend uniquely to weakly bounded linear operators on L1fRd^,dpa).

Proof. Assume that |m| = 2. Let f be a polynomial in R^ and denote
YX = {y^:^f^>X},

XX =

Note, that by Theorem 3.4.6
< lxA,

where lyA and 1%A are the indicator functions of Yx and Xx, respectively. Hence, 
using (3.14) and the weak type 1-1 results for the corresponding Riesz-Hermite 
transforms [GMST2] we get

MXx) = / VA(y) dpa(y)
JR^

= Cd,n / lyA ° d^x)
JrW

< Cd,n / lXx(x) d^x) 
Jrn

< Cd,n —1|/o <£||Li(d7) = yI|/||z,1(^q). A A
□

Remark 3.5.3. Riesz-Hermite transforms, unlike classical Riesz operators, are 
not of weak type 1-1 when the order is greater than 2, see [FoSc, GMST2]. Unfor­
tunately, this negative result cannot be transferred to the Laguerre setting. There 
are two essential reasons for that: the lack of equality in Theorem 3.4.6 and the fact 
that the quadratic mapping 0 is not injective.

Theorem 3.5.4. Let a be half-integer and assume that minic^ > —1/2.
(a) Given p G (1, oo), the operators m G 0 < j < m/2, extend uniquely 

to bounded linear operators in LX^^.diiaf The corresponding Lp constants 
depend neither on the dimension d nor on the type multi-index a.

(b) If |m| < 2 then K°j, 0 < j < m/2, extend uniquely to weakly bounded linear 
operators on L1fRd^,d/j,a').

Proof. Argue as in the proofs of Theorem 3.5.1 and 3.5.2, with the aid of 
Theorem 3.4.8. □
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