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Preface

Classical harmonic analysis - the theory of Fourier series and Fourier integrals
- underwent rapid development, stimulated by physical problems, in the eighteenth
and nineteenth centuries; Dirichlet, Riemann, Lebesgue, Plancherel, Fejér, and F.
Riesz formulated harmonic analysis as an independent mathematical discipline. Since
then, in the twenteenth century, it separated into a multitude of significant branches,
whose further development resulted in many applications in various fields of mathe-
matics, including functional analysis, complex analysis, probability theory, and dif-
ferential equations. This dissertation concerns the classical flow of the theory, which
is known as nontrigonometric Fourier analysis. More precisely, we shall deal with
Fourier series in certain special orthogonal functions and study the associated funda-
mental objects of harmonic analysis: maximal functions, heat-diffusion and Poisson
integrals, Riesz transforms, and conjugate Poisson integrals. Systematic study of
the aforementioned objects in the context of nontrigonometric orthogonal expan-
sions was initiated in 1965 in the fundamental work [MuS] of Muckenhoupt and
Stein who, in analogy to ordinary Fourier series, considered Gegenbauer (ultraspher-
ical) expansions. They gave appropriate definitions of Poisson and alternate Poisson
integrals, conjugate function, and conjugate Poisson integrals (in our terminology
heat-diffusion and Poisson integrals, Riesz transform, conjugate Poisson integrals,
respectively) in one dimension and obtained various results related to these oper-
ators, inter alia boundary behavior and LP mapping properties. Then, according
to Stein’s suggestions, Muckenhoupt elaborated necessary tools and proved similar
results for Hermite and Laguerre polynomial expansions [Mul, Mu2, Mu3]. How-
ever, he worked in the unidimensional setting, and used methods which seem to be
inapplicable in higher dimensions. But despite restricting to one dimension, the cor-
responding analysis is detailed and rather hard, particularly in the case of Laguerre
expansions [Mu3].

Later, the work of Muckenhoupt was continued by many authors, who considered
manifold types of expansions based on both Hermite and Laguerre polynomials and
functions. There were several directions of research: to investigate multi-dimensional
settings, to study higher order Riesz operators, and to consider expansions with
respect to different systems of (Hermite and Laguerre) functions, which, in some
sense, behave much better than polynomial expansions. In the 1980’s and 1990’s,
many valuable results were obtained in this area, see [Di, FGS, FoSc, GoSt, Gu,
GST, Me, Pi, Sj1, Sj2, St, Thl, Th2, Th3]. Furthermore, one can observe a
growing interest in the harmonic analysis of classical orthogonal expansions in recent
years, which manifested in the attention of many mathematicians such as J. Garcia-
Cuerva, C.E. Gutiérrez, P. Sjogren, S. Thangavelu, or J.L. Torrea, and numerous
publications, for instance [FSU1, FSU2, GIT, GMMST1, GMMST2, GMST1,
GMST2, HRST, KeTh, MPS1, MPS2, PeSo, StTo]. Most of them, however,
concern Hermite expansions. Consequently, not so much is known about the Laguerre
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PREFACE iv

counterpart of the theory, which is essentially more involved, but on the other hand,
richer and hence more interesting. Nevertheless, research in this direction faces many
technical difficulties, seems to require a new approach, and therefore is substantially
retarded in comparison with research on Hermite expansions.

The main purpose of this thesis is to contribute to the theory of Laguerre polyno-
mial and function expansions both in its results and methods, which, as the author
believes, enable further development of the subject and shed some new light on the
interplay between Hermite and Laguerre expansions.

The structure of the dissertation is as follows.

In Chapter 1 we consider multi-dimensional expansions with respect to special
Hermite functions and two different systems of Laguerre functions. We define corre-
sponding heat-diffusion and Poisson integrals in a weighted L? setting with weights
from Muckenhoupt’s A4, class, 1 < p < co. Then their smoothness, boundary be-
havior and mapping properties are investigated. Heat-diffusion and Poisson inte-
grals for Laguerre polynomial expansions were first studied by Muckenhoupt [Mu1l].
Then Stempak [St], motivated by Muckenhoupt’s paper, considered one-dimensional
Laguerre expansions with respect to three different systems of Laguerre functions.
Multi-dimensional Hermite function expansions in a weighted L? setting have re-
cently been considered by Stempak and Torrea [StTo]. Noteworthy, some aspects
of weighted LP theory for special Hermite and certain one-dimensional Laguerre
expansions have also recently been treated by Kerman and Thangavelu [KeTh)].

Chapter 2 is devoted to Riesz transforms associated with multi-dimensional poly-
nomial Laguerre expansions of type «. As the principal result we prove that for
1 < p < oo Riesz-Laguerre transforms are bounded operators in LP equipped with
the appropriate measure. What is also important and interesting, the corresponding
LP constants are independent of the dimension and the type multi-index «. Subse-
quently, we obtain boundedness and convergence results for the associated conjugate
Poisson integrals. The main proof, motivated by the paper [Gu], is based on a suit-
able adaptation of the Littlewood-Paley-Stein theory [S1]. As a by-product we ob-
tain LP boundedness for the corresponding g-functions, results which are of interest
in themselves. Riesz transforms and conjugate Poisson integrals for Laguerre expan-
sions were first studied by Muckenhoupt [Mu3]. Recently, a g-function and Riesz
transforms associated with the multi-dimensional Laguerre semigroup have been in-
vestigated by Gutiérrez, Incognito and Torrea, [GIT]. The technique of transference
exploited there allowed to obtain LP,1 < p < oo, boundedness results only for the
discrete set of half-integer multi-indices cv. We remove this restriction and consider
all intermediate multi-indices.

Throughout Chapter 3, starting by giving suitable definitions, we focus on higher
order Riesz transforms and related operators for multi-dimensional polynomial La-
guerre expansions. The main results, boundedness in LP, 1 < p < oo, of these
transforms and weak type 1-1 of Riesz-Laguerre transforms of order 2, are obtained
by means of transference from a Hermite setting, after restricting to half-integer
multi-indices «. The corresponding LP constants depend neither on the dimension
nor on the type multi-index o. The method of transference was used by Dinger [Di],
and recently has been developed by Gutiérrez et al., [GIT]. We provide a signifi-
cant extension of this technique and show how to transfer higher order Riesz type
operators and certain differential operators.
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It is noteworthy that the results of Chapters 2 and 3 already found interest-
ing applications in studying Sobolev spaces associated with polynomial Laguerre
expansions [GLLINU]. Moreover, some techniques indirectly developed in Chap-
ter 3 allowed to discover closed bilinear composition formulas for multi-dimensional
Hermite and Gould-Hopper polynomials [GrNo].
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I also thank Professor Piotr Graczyk for posing the problem of transference between
higher order Riesz-Hermite and Riesz-Laguerre transforms, and related discussions.



Basic notation

N = the set of natural numbers, including 0,

R = the set of real numbers,

C = the set of complex numbers,

R+ = (O, OO)
Let d € N\{0}. Given z € R% or z € C%, we denote its Euclidean norm by |z| or
|z|¢2. For a multi-index m = (my,... ,my) we always understand |m| as its length,
ie. |m|= Z‘li mi. If z = (z1,... ,24) € RY, then

g™ =2 ... a7l

The function classes
Cég’ C(I)C7 Cgv Ck’ LP, LP(du), Lfoc(dfuf)7

are defined in a standard manner and will consist of functions defined on C%, R? or
Ri. For 1 < p < oo we denote the class of Muckenhoupt’s weights with respect to
the Lebesgue measure dz by A, = A,(2), the underlying space Q being dependent
on the context. The conjugate p’ of p is defined by the identity 1/p + 1/p' = 1.
Given o > —1, one-dimensional Laguerre polynomials of type « are of the form

1 d*
Lg(z) = Eezx"aﬁ(eﬂmk“"), keN, z>0.
Note, that each L§ is a polynomial of degree k. Given a multi-index a = (a, ... , aq),

a € (—1,00)%, d-dimensional Laguerre polynomials of type o are tensor products of
one-dimensional Laguerre polynomials, that is to say

d
Ly (z) = ®ng (z4), keN4, zeRl.
i=1

Similarly, multi-dimensional Hermite polynomials Hy, k € N?, are tensor products
of the one-dimensional Hermite polynomials defined by

2 db o
Hk(a:)zezd—xzez, keN, zeR.
Hermite functions hy in R? are of the form
hk(z) = Ck‘Hk(m)e_lmP/Qa ke Nd, T € Rda

where ¢, = le(\/fﬂkil‘(ki +1))~2 is the normalizing factor.

We adopt the convention that constants may change their value from one use
to the next. The notation ¢ = cg,, .. means that c is a constant depending only on
B3,7,... . Constants are always strictly positive and finite.



CHAPTER 1

Heat-diffusion and Poisson integrals for special Hermite
and Laguerre function expansions on weighted L” spaces

1.1. Introduction

Heat-diffusion and Poisson integrals for Laguerre polynomial expansions were
first studied by Muckenhoupt [Mul]. Then Stempak [St], motivated by Muck-
enhoupt’s paper, considered one-dimensional Laguerre expansions with respect to
different systems of Laguerre functions. Multi-dimensional Hermite function expan-
sions in weighted LP setting have recently been considered by Stempak and Torrea
[StTo]. Our aim is to go further and discuss multi-dimensional Laguerre and special
Hermite function expansions in weighted L setting. We note that some aspects of
weighted L? theory for special Hermite and certain one-dimensional Laguerre expan-
sions have been recently treated also by Kerman and Thangavelu [KeTh].

Here we consider expansions with respect to special Hermite functions and two
different systems of Laguerre functions. We define pointwise corresponding heat-
diffusion and Poisson integrals in weighted LP setting with weights from Mucken-
houpt’s A, class, 1 < p < oco. Then we investigate their smoothness, boundary
behavior and mapping properties. In particular, we show that the associated max-
imal operators are dominated, up to a constant, by the Hardy-Littlewood maximal
function or by the strong maximal function. We follow closely the technique used
in [StTo] for ordinary multi-dimensional Hermite function expansions and the cor-
responding integrals.

This chapter is organized as follows. In Sections 1.2, 1.3 and 1.4 we treat in
order special Hermite expansions, Laguerre expansions based on the system {¢},
and Laguerre expansions with respect to the system {¢f}. Main results of these
sections are contained in Theorems 1.2.10, 1.3.6 and 1.4.5. Finally, in Section 1.5
we give some remarks on the connection between the Hermite and Laguerre cases,
including an extension of the transference studied in [Di] and [GIT].

1.2. Special Hermite expansions

In this section we study heat-diffusion and Poisson semigroups associated with
the special Hermite operator A usually called the twisted Laplacian. The operator A
is closely related to the sublaplacian on the Heisenberg group H", and special Hermite
expansions play an important role in a better understanding of some problems on
H" (see [Th4]).

Let n > 1 and (z,y) € R® x R™ ~ C". Then we have

~ 0
K= 0o By + x(af + 1) Z (51 - v ).
J J
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where Ay = Y7 ng, Ny=¥ 0 8§j are the standard Laplacians on R". The set of
eigenfunctions of this operator contains special Hermite functions ®, 5 (o, 5 € N*).
These form a complete orthonormal system in L?(C") and are given by the following
Fourier-Wigner transform of the usual Hermite functions h, and hg :

@a,ﬂ(z)z(zn)—nﬂ/nem'fh (§+ )h[j (g——) d¢, z=gz+iyeCn

The spectrum of A is discrete and equals {2k + n : k € N}. Since we have &@a,ﬁ =
(2|8] + n)®q 3, the eigenspace corresponding to the eigenvalue 2k + n is infinite-
dimensional and spanned by {®, 5 : |8| = k}. For a function f € L?(C") the series

(1.1) f= Z (f,®a,8)Pa,s
a,BeNn

is convergent in L?(C") and is called the special Hermite expansion of f (here (-,-)
is the standard inner product in L?(C")). Denote by Q the spectral projection
operator on the eigenspace corresponding to the k-th eigenvalue 2k + n. Then the
series (1.1) may be written in a compact form

=Y Qf.
k=0

Given functions f,g € L?(C"), their twisted convolution is defined as
]
Fxo) = [ 1= wgwep (Gitmtz ) du
Cn
where (z,u) = Z?Zl zju;. The above product turns L!(C") into a (noncommutative)

Banach algebra.
The spectral projections @y are then expressed as

Qrf=Ffx¢
¢z“1 being the Laguerre functions defined by
¢Z'1(z) = (27r)_”L2_1 (]z]2/2) exp (—|z|2/4) , z€eC"

Each qﬁZ”l is an eigenfunction of A that corresponds to the eigenvalue 2k + n and
{#?~! : k € N} is an orthogonal (but incomplete) system in L?(C"). For all of the
above and further facts regarding special Hermite expansions the reader is referred
to the book of Thangavelu [Th3].

Let m > 1 and define

I1-1(z) = (2k +m)™ 1 2] < /6(2k +m),
G exp(=yl2P?), |2l > \/6(2k +m)
We will make use of the estimate
(1.2) |67 (2)| < c O,

which is a consequence of estimates for Laguerre functions due to Askey and Wainger
[AsWa], compiled by Muckenhoupt [Mu4]. Here ¢ and y are independent of k € N
and z € C". A direct calculation using (1.2) shows that

“QSZ*IHLP < cn(2k + n)Q”—l, 1<p< 0.
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This estimate may be generalized by adding a proper weight to LP norm. In fact,
we have the following

PROPOSITION 1.2.1. Let 1 <p < 00 and w € Ap(C"). There ezists a constant ¢
(independent of k) such that

(1.3) 16k~ Loy < € (2K +n)> .
PROOF. Denote by B, the ball {z € C" : |z| < r}. Since the A, condition implies

w(By) (IBrl)p
<c g =l
w(B1) = \|Bi]

we have
(1.4) w(By) <cer?™, r>1.
Let 'y = B\/m and I'y = C™"\I';. We decompose I'y into disjoint "rings”:

o0
r,= Iy, Ip= {z € C™: 2™\ /6(2k + n) < |2| < 2™1\/6(2k +n)}.
m=0

Now, to estimate LHS in (1.3) we split the integration over C™ into integration over
I’y and over each of I')". By (1.2) and (1.4) we obtain

B @Rl de < o [ (@4 P0() d = o2k + ) DPu(ry)
I

< o2k +n)mYP(\/6(2k + n))Q"p = ¢(2k +n)@—Dp,

and

[t @re) = = Z / 1 (Pulz) d

5 [ exp(=rlaPput) dz
m=0 rg
o o]
< ¢ exp(-wEmo2k+n) [ w(e) ds
m=0 4
o0
< ) exp(= w2 6(2k + ) @ (Bynis o)
m=0
00 5 1 2np
< ¢ ) exp(—yp2°™6(2k +n)) (2m+ 6(2k + ”)>
m=0
o0
S 2]{,‘ + n np Z 22m exp 722771) S C(2k + n)(?n—l)P_
m=0

O
In what follows we will make use of the following lemma (cf. [S2], p.198).
LEMMA 1.2.2. Assume that ¥: C" — [0, 00) is radial, and (radially) decreasing,
with [ W(z)dz = 1. Define U.(z) = e 2"¥(z/e), e > 0. If 1 <p < oo and w €
A, (C™) then
||f * \IIEHLP(UJ) < A”f”LP(w)) f € Lp(w)a
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holds with A independent of € and V. Moreover, A depends on w only through the
Ap norm of w.

REMARK 1.2.3. Denote by R the class of functions ¥ satisfying the assumptions
of Lemma 1.2.2 (notice that if U belongs to R then so does ¥.). Then

Mf(z) = sup [f| x ¥(z), =ze€C",
YeR

where M denotes the (centered) Hardy-Littlewood maximal function in R?® ~ C".
See [S2] for details.

Now we are in a position to estimate weighted L” norms of Qyf.

LEMMA 1.24. Let1 <p < oo andw € A,. Then

1Qkfllr(w) < ¢ 2k +n)*" M fllow), [ € LP(w),

with ¢ independent of k € N.

PROOF. Observe that by (1.2),

Qkf ()| = |F x 8 (@) < If1 %167 I(2) < el f] * 9~ (2),

and notice that 192_1 is radial and radially decreasing. Thus Lemma 1.2.2 may be
applied to the function 192_1/”192"1””. As a result we obtain

A1 92 oy < el el Fllzagy < (2K +2)> | flzago)-
For the last inequality see the proof of Proposition 1.2.1. O
Our next objective is to obtain a pointwise estimate of Qyf.
LEMMA 1.2.5. Let 1 <p < o0, w € A, and f € LP(w). Then
Qcf(2)] < ¢ 2k +n)" " (V6(2k +n) +|2)** | fll Loy, 2 €C™,
with ¢ independent of k € N.
PrOOF. Without loss of generality we assume f > 0. For a function v on C" we
define
(rev)(2) = v(z2 - &), ©(2) =v(—2), =ze€C"
As in the proof of Lemma 1.2.4 we have
Qef @ < ef s @) = [ fmdi™ w) du
To handle the integral above observe that the following estimate holds:

() s{ @k tmyns, ] S 82 6) + [,
exp(—=y(lul = [21)?), [ul > V/6(2k +n) +|z].

Let 'y = B\/MHzI’ I’y = C™"\I';. Further, we divide I'y into disjoint ”rings” I'5":

m_ {u € C": 2™\/6(2k +n) + |2 < |u| < 2™T\/6(2k +n) + |z|}.

Consider the case 1 < p < co. By Holder’s inequality we obtain

3 " ’ , 1/p'
F) 9 (u) du < [|£llLew) </ (977 (u) )P w(u) PP du)
cr -

= ”fHLP(w) ”7_2192_1 ”LP’ (@)
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Since @ = w™?/P belongs to Ay (cf. [Du]), similarly to the proof of Proposition
1.2.1 we get

/ (I P B0 de < k"D (B )
c(2k + n)(n— P (\/ (2k +n) +|z|>

/

IA

and

/ (T ) o) do Z / exp(—y(Jul — |20)%)(u) du

IN

IN

o0
Z £Xp (_'7p/22m6(2k +n)) @ (Bzm+1,/6(2k+n)+|z|)
m=0

oo /

c Z exp (—722™) (2"‘“ V6(2k +n) + ]zl)znp

IA

IA

c(v/6(2k +n) + |2])2 Zexp (—y22 (222
= ¢(\/6(2k +n) + |2])*.

This proves the inequality
20 o 2y < e(2k +n)" " (V6(2k + ) +|2])*

and so the assertion of the lemma is justified for p > 1.
If p=1 then

nf(U)TﬁZ_l(U) du < |fllpr)limdr '@ o,

and it remains to estimate |79} 'w™!||c. In view of the A; condition we may write

ess sup ! SclBrl <ec i <er™, r>1,
ueB, w(u) w(Br) w(B1)

and therefore

esssup'rzﬁ;c‘"l(u)w(u)_l < (2k+n)" lesssupw(u)”
u€ly u€ly

c(2k +n)""1(\/6(2k + n) + |2])*"

1

IA

esssup 7,97 (u)w(u) "t < exp(—y2°™6(2k + n)) esssup w(u) !
uel'y uel'y

< cexp(—y22™)(2™H1\/6(2k + n) + |2|)*"
< c(v/6(2k + n) + |2|)?" exp(—y22™)22"™,

Since

|97 'w ™ |so = sup { esssup 707 (w)w(u) ™t ess sup 7,97 H(w)w(u) L :m eN Y,
u€el uel'y

the conclusion follows. O
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REMARK 1.2.6. Let f,p and w be as in Lemma 1.2.5 and let M > 0, m > 1.
Then, by the above proof and the estimate (1.2),

1 x [+ 1-PMp10] (2)] < el [(1+1-BMp-10] (2)
< c(2k +m)" M (VG T ) + [2l) e

with ¢ independent of k. We will make use of this fact later.

LEMMA 1.2.7. Let 1 < p < 00 and w € A,. The subspace generated by {P@qap :
a, 3 € N} is dense in LP(w) and in Co(C") with || - ||cc norm.

PRrROOF. According to Thangavelu [Th4, Theorem 1.4.4], the finite linear combi-
nations of ®, g are dense in the Schwartz class S(C"). Thus the density in Cj follows
immediately. To prove the density in LP(w) it is sufficient to approximate in LP(w)
norm functions from S(C") by finite linear combinations of ®, g.

Let f € S(C"). There exists {f,} C lin{®, 3} such that f, — f in S(C").
It remains to show that [|f, — f|[zr) — 0. This, however, follows by Lebesgue’s
dominated convergence theorem, proper majorant being ¢(1 + |z|)™VPw(z) with N
sufficiently large. Indeed, we have

(1+2)N|fn—f1=0, NEN,
which gives |fn, — f| < ¢(1 + |z|)~". Further, by (1.4)

oo

/ L+12)Mw(z) dz < w(B)+ Y rMw(B,)
= r=2
o0
< w(By) ey Ve
r=2
and the last series is convergent for N sufficiently large. O

COROLLARY 1.2.8. Let 1 < p < o0, w € A, and f € LP(w). If (f,Pap) =0 for
all a,8 € N"™ then f =0.

PrROOF. If p = 1 Lemma 1.2.7 gives (f,g) = 0 for each g € Cy(C") and the
conclusion follows. If 1 < p < oo then, again by Lemma 1.2.7, we get (f,g) = 0 for
each g € LP (w™P'/P) (recall that w™P/P € A,/). The claim is proved. O

Let 1 <p <ooandw € A,. Given f € LP(w) we define its heat-diffusion integral
by

o0
g(t,2) =) e PMQuf(2), t>0.
k=0
Note, that the above series converges pointwise by Lemma 1.2.5 and in LP(w) by
Lemma 1.2.4. We may express ¢(t, z) as a twisted convolution with a kernel G; by
writing

g9(t,z) = et £ 5 ¢ (2)

e I

e—t(2k+n) f(z . u)d)’,;_l(u)ei Im(z,u)/2 du
Cn

Eol
Il
=)
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= f(z _ u) <Z e—t(2k+n)¢z—1(u)> eiIm(z,u)/Z du
& k=0
= fxGi(2).

Interchanging the order of summation and integration is justified by Remark 1.2.6
since

i ¢ H(2k+n) / (2 = u)gp " (u)] du < ¢ e MR £ 9771 (2)
k=0 cn

k=0
o
< ellfllze) Y e M (2k + n)"H(V6(2k +n) + [2))*" < 00
k=0
Using the generating formula [Le, (4.17.3)] we get

Cle)= (—%d%mho, t>0.

1
(47 sinh t)” e

PROPOSITION 1.2.9. Let 1 <p < o0, w € A, and f € LP(w). The heat-diffusion
integral g(t,z) of f is a smooth function on Ry x R?™. Moreover, it satisfies

(1.5) (;+A) g(t,z) = 0.

PROOF. Let E be a compact subset of C*. Then sup,.p |Qkf(z)| grows poly-
nomially in & by Lemma 1.2.5. Therefore we may differentiate term by term with
respect to t the series defining g(t,z). We obtain

(1.6 o 9(t,2) = S (=12 + )" I, (2),
k=0

RHS being continuous in (¢, z) since each Qk(z) is a continuous function of z and
the series is convergent almost uniformly in (¢, z).

For z € C" we write z = = + iy, z,y € R™. To prove the smoothness of (1.6) in
z we first focus on

6;;‘ Qkf 6065/ f(u) d’ )eilm(z,z—u)/Q du,

where o, 8 € N*, 0f = 07} --- 03" and o = Byll -'-Bﬂ,':. We claim that the differen-
tiation may be taken under the integral sign. Define
Tz—l(z, ’LL) — ¢1I:—1(z _ u)ei Im(z,z—u)/2
— (271’)_an_1 (IZ _ u|2/2) e—|z—-u|2/4+i1m(z,z—u)/2.
Observe that
(1.7) 0295 (2,u)

— e—lz—u,2/4+i1m(z,z—u)/2 Z 8"’|Lz‘1 (|Z . u|2/2) 'P,,(z, 5 — u)’
v|<|a|-+|B]

where P, are polynomials on C" x C".
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Fix z € C" and set e; = (1,0,...,0) € R™. For —1 < € < 1, by the mean value
theorem we have

gt ITZ_l(z +ee1,u) — TZ_l(z,u)’ = |3§1Tz_l(z + Oel,u)l
for some 0 € (—1,1). In view of (1.7) the function
T*(2,+) = sup |8§1Tz—1(z + Bey, )‘
|0]<1

is bounded and rapidly decreasing. Moreover, (1.4) implies T*(z,:) € L¥ (w=?'/?)
and therefore integrability of T*(z,u)|f(u)| is justified by Holder’s inequality. Hence
the dominated convergence theorem may be applied and we obtain

o Quf(2) = [ F@o Xy )

Our claim follows by repeating the above arguments for the remaining partial deriva-
tives.

Now our aim is to show that the series
o0

(1.8) > (=1)™(2k + n)me M o200 Q£ (2)
k=0
is almost uniformly convergent. Since each term is a continuous function this will
finish the proof of smoothness of g(¢,z) (the continuity in z of each term is checked
by the mean value theorem, (1.7) and the dominated convergence theorem).
We have ([Le, (4.18.6)]) 0™Ly~! = (=1)™L}" ™! (we use the convention that

L™=l = 0 if k < m). Therefore, by (1.7),
e+

LT zw)| < e+ M+ —uP) Y g e )l
m=0

with ¢ independent of & € N and the convention that qSZfz‘l = 0 for k¥ < m. This,
in view of Remark 1.2.6, gives

aﬁangf(Z)l < el fllog) (L + 2™ (2k + n) M (/6 (2K + 1) + |2])*.

Hence sup,.p 8;'85 Qrf(2)| grows polynomially in k£ and the almost uniform con-

vergence of (1.8) is justified.
To verify the heat equation (1.5) we differentiate term by term the series defining

g(t, z) and use the fact that LZ‘I satisfies ([Le, (4.18.7)])
2&?L}H(z) + (n — z)0LY ' (z) + KL}~ (z) = 0.
The computation makes no difficulties and is omitted. O

THEOREM 1.2.10. Let 1 < p < o0, w € Ay and f € LP(w). Let g(t,z) be the
heat-diffusion integral of f. Then

(a) supysglg(t, 2)| < Mf(2), ze€C™

(b) llg(t, )lzr(w) < Clcosht)™|| fll Lo w);

(c) llgt,) = flloo@wy — 0, t—07;

(d) g(t,z2) — f(2) ae., t—07.
Moreover, the family {Ti}i>0, Tif(2) = g(t, 2), is a strongly continuous and uni-
formly bounded semigroup of operators on LP(w).
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ProOF. Observe that

(1.9) Gi(z) = (cosht) "W (),
where W (z) = (47) " exp(—|z|?/4) is the Gauss-Weierstrass kernel in R?® ~ C"
and W.(-) = e"2"W(-/¢). Since |g(t, 2)| < |f| * G4(z) assertions (a) and (b) follow
from Lemma 1.2.2 and Remark 1.2.3. Items (c) and (d) are justified by standard
arguments with the aid of (a), (b) and Lemma 1.2.7.

The semigroup property of {T}}¢>o is easily verified for f € lin{®, 3}; hence it
holds for any f € LP(w) in view of Lemma 1.2.7 and (b). Strong continuity follows
by standard arguments, similarly to (c). O

We now pass to Poisson integrals. Let 1 < p < oo and w € A,. Given f € LP(w)
we define its Poisson integral by

o
Flt,2) =) e ™VFQuf(2), t>0.
k=0
The above series converges pointwise by Lemma 1.2.5 and in LP(w) by Lemma 1.2.4.
Using the well-known formula

(1.10) e~ *s53/2¢=t*/(45) g5 >0, B >0,

=T

we express f(t,z) as the twisted convolution with a kernel P;:

fltz) = D e VI grTl(z)

LA L 3 1(, )0 kil
= Z —/ e Skt s=5e G ds [ f(z— u)dy (u)e? m(zu) gy,
0 Ccn

0 4
t Y -
) = [ = s-fewsze—sww u) ) ds f(z = wekiime gy
Cn ™ JOo
= fXPt(z)a
where

Pi(z) = —\/——%_7;/0 Gs(z)s_3/26_t2/(45) ds.

Interchanging the order of summation and integration is justified by Fubini’s theorem
since, by Remark 1.2.6,

Z \/E/ ~s(2k+n) g=3/26=8/48) [ | £ (2 — u) P (u)] du ds

Cn

<e x 97" 1(z) s(2k+n) =3/2,—12/(4s) 4
Zm (2) \/—

2n
< el fllzr(w) Ze_t” k41 (9% 4 n)nL <\/6(2k: +n)+ |z|> < 0o0.
k=0

Note that by (1.11) we obtain the following subordination formula:

(1.12) f(t,2) = T / s3/2=t/4s) g5 ¢ >0
™
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PROPOSITION 1.2.11. Let1 <p < o0, w € Ap and f € LP(w). Then the Poisson
integral f(t,z) of f is a smooth function on Ry x R**. Moreover, it satisfies

?  ~
<W - Az> f(t, Z) =0.

PROOF. The proof is very similar to that of Proposition 1.2.9. We omit the
details. O

THEOREM 1.2.12. Assume that 1 <p < oo, w € Ap and f € LP(w). Let f(t,2)
be the Poisson integral of f. Then

(a) sup;so|f(t,2)| < Mf(z), z€CH

(b) £t )lLrw) < Ce™™| fllLow);

(c) ”f(t7 o) = f”LP(w) — 0, t— 0+;

(d) f(t,z) — f(z) ae,, t—0T.
Moreover, the family {P;}i>0, Pif(z) = f(t,2), is a strongly continuous and uni-
formly bounded semigroup of operators on LP(w).

PROOF. Using the subordination formula (1.12) and (a) of Theorem 1.2.10 we
get

f(t,2)| < / Mf(z —3/26—“’/(48) ds

and so (a) follows. To prove (b) we apply MlnkOWSkl s integral inequality and The-
orem 1.2.10 (b) to obtain

o0
t 2
17 ey < /0 lg(s, Moy —=s"2e/4) ds
(o o]
t 2

< ¢ cosh §) ™" ——g73/2¢=t°/(45) 4g

< ellf o) /0 (cosh ) "

< eV fll o)

The rest of the proof is analogous to the proof of Theorem 1.2.10. O

REMARK 1.2.13. Theorem 1.2.10 shows that the condition w € A, is sufficient to
have ||g(Z, 2) || Lr(w) < C|lfllLr(w)- However, it is not necessary. For 1 < p < oo it was
proved in [KeTh]| that a certain local A, condition is both necessary and sufficient
for the above weighted norm inequality to hold. Some results of this type were also
obtained in the case of the one-dimensional system of Laguerre functions defined in
Remark 1.5.8 below.

REMARK 1.2.14. Most of the results of this section hold for the space L>(C").
More precisely, Proposition 1.2.1, Lemma 1.2.4 (and so Lemma 1.2.5), Proposition
1.2.9 and Proposition 1.2.11 remain valid if we replace LP(w) by L*. Moreover,
Theorems 1.2.10 and 1.2.12, except (c¢) and (d), also remain valid with L*° replacing
L?(w). Concerning (c) and (d), we have ||g(¢,:) — flloo = 0 and [|f(¢,-) — flloo —
0, t — 07, but only for f € Co(C").

REMARK 1.2.15. If 1 < p < oo and f € LP(C") (the case w = 1) then Theorem
1.2.10 (b) is valid with C' = 1 and Theorem 1.2.12 (b) holds with Ce~*" dropped.
In particular, this means that {7};} and {P;} are semigroups of contractions on
LP(C"), 1 <p < .
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1.3. Laguerre function expansions; system {/}}

Let k = (k1,...,kq) € N¢ and @ = (a1,...,0q) € (=1,00)¢ be multi-indices.
The Laguerre function £ on Ri is defined as
G(z) =L z1) - ... Gi(za), = (m1,...,34) ERY,
where Z:i" are one-dimensional Laguerre functions given by

. T(k;+1) \Y% . . .
Qg P - L S La‘ . 11/2 3 = o e 5
i (@0) (F(/‘Ci + ;i + 1)) g w20, 4=l 4

Each £f is an eigenfunction of the differential operator

d
02 0 z;

the corresponding eigenvalue being —|k|—(Je|+d) /2. The operator —L is positive and
symmetric in L?(R%, 2%dz). Moreover, the system {£2 : k € N%} is an orthonormal
basis in L?(R4,z%dz).

The following estimate of /3 is crucial for further considerations:

d
(1.13) 63 (z)| < c ][ Ofi(z:), zeRY,
i=1

where
0% (z;) = (2ki + |au] + 1)Iil/2 0 < 23 < 3(2Kk; + |oy| + 1),
ki 1 exp(—yz;), z; > 3(2k; + |ay] + 1).

Here ¢ and v are independent of & and z. The estimate (1.13) is a consequence of
Muckenhoupt’s generalization [Mu4] of the classical estimates due to Askey and
Wainger [AsWal].

Let 1 < p < oo. We denote by A7 = AP(R‘_{_, dne) the class of A, weights on ]Ri
with respect to the (doubling) measure 7, (dz) = 2%dz. More precisely, Ay is the
class of all nonnegative functions w € L% _(R%, dny), such that w™?'/? € LL (RY, dna)

and
p/p’

(14 s & / lam(@)| | [ o) rnagan] ™ <o

if 1 <p<oo,or

1 1
(1.15) (S;é% ) /Qw(:c)na(dm) eszsesct;p o) < 00

if p = 1. Here B denotes the class of all sets of the form @ = @ N Ri, where é is a
cube (with sides parallel to the coordinate axes) in R? with center in R%.
For > 0 denote by @, the cube (0,7)?%. Given 1 < p < oo and w € Ay we have

(1.16) W) = / w(z)na(dz) < erldtlelp >,

r

Indeed, if 1 <p < oo and r > 1 then, by Holder’s inequality and the A7 condition,

1a(Q@1) = / w(@)YPw(z) Py dz)

1
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([ woia)” ([, )

cw(Q1)"P1a(Qr)w(Qr) /7.
If p = 1 then the A} condition (1.15) gives

7a(Q1) < /Q (o)) ess s ﬁ,) < cw(Q1)1a(Q@r)w(@r) .

IA

IA

Since 74 (Qr) = crdtlel the inequality in (1.16) follows.

LEMMA 1.3.1. Let 1 <p < o0 and w € Ag‘. There exist constants 6 = 0, and c
independent of k € N such that

16211 Lo dna) < e(2IE] + [la]] + 1),
where ||a|| = S5 ail-

PROOF. Set A\; = 3(2k; + |ai| +1), i =1,... ,d and \* = max{\;: 1 <17 < d}.
For S C {1,...,d} we define

Tg(S)={z€R:z;>\jforjeS & z; < )\jforj ¢S}

Note that {I'¢(S) : S C {1,...,d}} is a decomposition of R4 into 2¢ disjoint subsets.
Therefore, to finish the proof it is sufficient to obtain a proper estimate of

£S) = [ |gE)Pu@nd)
re(s)
If S = then by (1.13) and (1.16) we have

d
8 < of (max A7) o(@na(do)
I'y(s)

1<i<d

AN

c(2[K| + || + 1) llelle/2 / (@)a(dz)

Qx~

< 2k + ||| + 1)llelldp/2 (y*)(d+lalp < c(2|k| + ||af| + 1) +3llell/2)dp,
If S # 0 we divide I'}(S) into disjoint subsets I'} (S, m), m € N, defined as follows:
I3(5,0) =T§(5,0), TE(S,m)=TFS,mN\R(S,m~1), m>1,
where
I¢S,m)={reRL:)\j<z; <2™\iforjeS & z; < \;forj ¢ S}
Now, using (1.13) and (1.16) we obtain

cg/l“g(s,m) [exp ( = ’)/ij) H()\j)laf|/2]pw(a:)na(d:z)

JES Jj¢s

I (S)

IN

d 00
< c[fr)lelP/2 exp ( — yp2™ min A, / w(z)ne(dz
TT00P 3 exp (2™ mipy) [ wleina(d)

< c(2lk] +[lal] + 1)lll4/2 i exp(—vp2m)/ w(z)7a(dz)

m=0 Qym+1
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o
< c(2lk] + [lal| + )INP2 Y " exp (—yp2m) (27 FIA") @HeDP

m=0
o0
< c(2lk| + ||| + 1)llelldp/2+(d+iebp 5™ gm(d+lalp gxp (—ypom)
m=0
< c(2lk| + ||a|| + 1)+3llell/2)dp,
The conclusion follows. 0

LEMMA 1.3.2. Let 1 < p < oo and w € Ag‘. The Fourier-Laguerre coefficients
(eg,f) = fRi 23 (z) f(z)na(dz) exist for f € LP(wdn,). Moreover, there ezist con-

stants 6 = 64 and c independent of k € N® such that
(1.17) (€8, )] < eIkl + [lell + DU f 1| Lo (wana)-
PRrOOF. For 1 < p < oo Holder’s inequality implies

ez, ) < M

Ry

/ / l/pl
102 (a )|Pw<m>-P/Pna<dm)] TF.

and since w™?'/? € Az‘, Lemma 1.3.1 gives (1.17).
The case p = 1 is less straightforward. We use the notation from the proof of
Lemma 1.3.1. We have

@N < Y essup i) / 2)1a(de)

St apvers(®) @l

< N fllorwdne) Scr{naxd};zgsrgup (y) €5 (y)]-

If S =0 then by the A{ condition, (1.13) and (1.16) we obtain

A

ess sup ——

1
@) < c(2lkl+ [la] + 1)1el9/2 ggg up ——
yere(s) @(y)

YEQ )+ UJ(y)

llalld/2 Ma(@x+)
c(2|k| + |laf| + 1) w(00)
()\*)d+|a]
w(Q1)
c(2|k| + ||a|| + 1)A+3llell/2)d

If S # (0 we use again the A{ condition, (1.13) and (1.16) to get

IA

IN

c(2[k| + ||af| + 1)llele/2

IN

1 1
esssup —[£g(y)] < sup esssup —|£F(y)]

yere(s) w(y) meN yere (S,m) W (Y)
1
< csup esssup —— exp ( v y]) )\j|01j|/2
meN yel'¥ (S,m) w(y) ]EZS };{,
1
= cH Aj 2172 sup exp ( 2™ min \; ) esssup ——
j=1 meN ]G y€Q2m+1)\~ (y)
< na(Q2m+1)\*)

c(2k + ||o]| + 1)1eN14/2 gup exp(—y2™)
meN w(Qgm+1x+)



1.3. LAGUERRE FUNCTION EXPANSIONS; SYSTEM {£} 15

(2m+1/\*)d+|a|

INA

c(2k + ||| + Dllelld2 gy 22 27
-+ ol + 114 s =2

c(2k + ||a|| + 1)llelld/2Fd+lal gyp (9m)dtlal exp(—y2™)
meN

c(2k + ||a|| + 1)(tF3lladl/2)d,
The proof is finished. O

LEMMA 1.3.3. Let 1 <p < o0 and w € Ay. The subspace spanned by {{f : k €
N?} is dense in LP(wdne) and in Co(RL) with || - || norm.

exp(—y2™)

IA

IN

PROOF. It is sufficient to approximate functions from C°(R%) by linear combi-
nations of £f. We consider first the case of LP(wdna).
Fix f € CX(R%) and define

Svf= 3 (6. neg.
|k|<N

We will show that there exists a subsequence of {Sy f} convergent to f in LP(wdn,).
Since Sy f — f in L?(dna), there exists a subsequence Sy, f convergent to f 7, —
a.e. and thus Sy, f — f a.e. Next, observe that by the symmetry of —L we have,
for m € N,

L18) (€)= (—L)™6, (<L) f) = (|k|+

hence, by the Schwarz inequality,

al+d\™"
119 i@l S X ID" o (K + 22 i
keNd
Therefore, for 1 < p < 0o, by Holder’s inequality we get

(1.20) |
> (m+EED) T 5 (42 T e

iSSP <c|
keNd keNd
Now, Lemma 1.3.1 implies, for m sufficiently large,
ol +d
[ sws@re@mn <c 3 (1H+ 25D 7 it
+ keNd

ol +d\ ™™ 5d
SCZ <|k|+T> (2|k| + ||a]] + 1)°? < oo.
keNd
To show that ||Sx, f — fllzr(wdne) — 0 as k — oo we apply the dominated conver-
gence theorem (the majorant is (T + |f|?)w, where T is the RHS in (1.19) if p = 1
or in (1.20) if p > 1).
We pass to the case of Cj (Ri). Since Sy, f — f a.e., the proof is finished once

we show that Sy f is uniformly fundamental.
Let 1 < N < M. By (1.13), (1.18) and the Schwarz inequality we obtain

1S f(z) — Sn f(z Z > e Ol ()|

n=N+1 |k|=n

la| +d

) e -om,
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m al+d\™™ "
= I(=L)™ FllL2(dna) | 1K] + o] (2[k] + ||| + 1)/lelld/2
2

n=N+1 |k|=n
llalld/2
<CZ( |a]+d) <n+||a]|2+1> iy

n=N+1

The last expression tends to 0 as N, M — oo, if only m is chosen sufficiently large. [J

COROLLARY 1.3.4. Let 1 < p < oo, w € Ay and f € LP(wdna). If (£, f) =0
for all k € N® then f = 0.

PRrROOF. Apply the arguments from the proof of Corollary 1.2.8. O

Let 1 < p < oo and w € A7. Given f € LP(wdn,) we define its heat-diffusion
integral by

o
g®(t,z) = ) e tntleltd/2) N " (g2 fre(z), t>o0.
n=0 |k|=n

The above series converges, since by (1.13) and Lemma 1.3.2

(1.21) Ze—t"“"‘*d/?Zl A ()]

|k|=n

o0 d
< cllflleruang) D_ e "HIHD H 7 (k| + (] + 1) T] (2i + faa] + 1)le1/2

00
< cze—t(n+(|a[+d)/2)(2n+HaH+1)6d+[|aHd/2nd < 0.
n=0

To obtain an integral form of g*(¢, z) we write

¢%(t,z) = Ze—t n+(|al+d)/2) Z @ (z / () f (y)naldy)

|k|=n

_ / (Ze—tw /) 3 ga(a) )()na(dw

lk|=n
S Gy (z,y) f(y)na(dy).

Interchanging the order of summation and integration is easily justified by (1.13)
and Lemma 1.3.2 (see (1.21)).

The kernel G¢(z,y) may be computed explicitly since a proper generating for-
mula is available (cf. [Le, (4.17.6)]). The result is

—d d d
Lt 1 t g VZilYi
G (z,y) = (2 sinh 5) exp <_§ cothE ;_l(mi + yi)> H(,/miy'“i) i < : t> ,

ric sinh 5

where 2,y € RL and I,(s) = i7%J,(is) is the Bessel function of an imaginary
argument, cf. [Le]. In particular, it follows that G§(z,y) is strictly positive for
(t,z,y) € Ry x RE x RY.
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PROPOSITION 1.3.5. Let 1 < p < o0, w € Ay and f € LP(wdn,). The heat-
diffusion integral g®(t,z) of f is a C*° function on R4 x ]Ri. Moreowver, it satisfies

(1.22) (Lz - %) g°(t,z) = 0.

PROOF. Since Zl H=n |(€5, [)€3 (x)| grows polynomially in n, uniformly with re-
spect to z, (see (1.21)), we may differentiate in ¢ term by term the series defining
9%(t,z). The result is

am e! = m |al +d\™ —t(n+(|la|+d)/2) el @
(1.23) 9 (ta) =Y (-)™(n+ —5 ) € > (R, eg(a),
n=0 k|=n

RHS being continuous since the series converges almost uniformly in (¢, z).

Using the formula (cf. [Le, (4.18.6)])
0 ety 1
B_a:jeﬂx) = —Vkite_.) () - 3t (2), k>0,

together with (1.13) we obtain

d . )
}O_Zk (z)| < c(2|k| + ||a|| + 1)llell/2+1
*5

Thus Z|k|:n |(£%, )0z, €3 (z)| grows polynomially in n, uniformly with respect to z.
Therefore we may differentiate in z; term by term the series in (1.23), the result
being a continuous function since the convergence is almost uniform in (¢,z). The
same arguments apply to higher derivatives, so ¢g%(¢, z) is smooth on R X R‘i.
The heat equation (1.22) is easily verified by differentiating term by term the
series of g(t,x). O

Denote by M the strong maximal function in Ri with respect to the measure
Na, i-e. given f € Ll (R%,dn,) we have
1

M2 f(@) = sup —os /H ) )

where H is the family of all "rectangles” in Ri with sides parallel to the coordinate
axes.

For 1 < p < oo we denote by (A7)* = A;‘,(Ri,dna) the strong A, class of
weights in Ri with respect to the measure 7. More precisely, (Ay)* consists of
those functions from A which satisfy the condition (1.14) if p > 1, or (1.15) if p=1,
with the supremum taken over . We note that if p > 1 then w € (Ap)" if and
only if M2 is bounded on LP(R%,wdn,). This seems to be well-known and follows
by an adaptation of the proof for the Lebesgue measure case, which may be found
for instance in [GaRul].

THEOREM 1.3.6. Let 1 < p < oo, w € (Ap)* and f € LP(wdn,). Let g*(t,z) be
the heat-diffusion integral of f. Then
(a) supyslg®(t,z)| < CMf(z), = €RY;
(b) lg*(#, M Lo (wdne) < Cexp (—t(|a] + d)/2) || fll e (wdna);
(C) ”ga(t’ ) - f”LP(wdna) -0, % 0+;
(d) g*(t,z) — f(z) ae., t—0%.
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Moreover, the family {T{ }i>o0, TP f(2) = g*(t, ), is a strongly continuous and uni-
formly bounded semigroup of operators on LP(wdny).

To prove the theorem we will need a multi-dimensional analogue of a result used
by Muckenhoupt. Although the proof is a straightforward modification of that in
[Mu1], we give it for the sake of completeness.

LEMMA 1.3.7. Let n be a positive, absolutely continuous measure on R‘_{. As-
sume that f is a measurable function on R‘fr, g € Ll(Ri,dn), g >0 andg(y) =
91(y1) -+ 9a(ya), y € RL. Suppose also that for some z € Ri each g;(+) is increasing
for y; < z; and decreasing for y; > x;. Then

[, 1£)lot0) ) < gl an M7 ),
+
where MJ denotes the strong mazimal function associated with the measure 7).

PROOF. Given y,z € R‘i denote by [y, z| the d-dimensional interval

[min(xlv yl)a max(ml, Z/l)] X X [min($d7 yd)a max(zd, yd)]

Observe that each g; may be approximated by an increasing sequence of simple
functions of the form

Za] [ud a5 yz Zblz,vl yl aj’bj>07

where 1) stands for the indicator functlon. Thus g may be approximated by an
increasing sequence of functions of the form

y) = chl[zj,z](y)a ¢ > 0.
J
But for such g we have

[, 1i@lawnn = Yo [, 1f

-+

= Zc]n P)) [zJ D |f(y)n(dy)

[27,z]

< M”f Zcm A,a)) = MIF(@)glluian)-

O

PROOF OF THEOREM 1.3.6. Observe that G¢(z,y) = [[%, G (xi,y:), where
G{i(zi,yi) > 0. According to [St, Lemma 2.2] there exists a function K(¢,z,y) =

H?:l K;(t,z;,y;) with the following properties:
(1) G‘tll(ml’yl) _<_exp( (al+1)/2) (t xl’y’L) l = 17 7da
(ii) for each ¢ > 0 and z; > 0, K;(t,2;,y;) as a function of y; is increasing on

[0, zl] and decreasing on [z;,00);
(i) [o° Ki(t, zi, y:)yi* dy; < C independently of z; and ¢ > 0.

Thus by Lemma 1.3.7,
(1.24) 9%(t,z)| < Ce~tlel+d2pef(z), zeRY,



1.3. LAGUERRE FUNCTION EXPANSIONS; SYSTEM {£¢} 19

and hence (a) and (b) follow. (c) and (d) are justified by standard arguments with
the aid of (a), (b) and Lemma 1.3.3.

The semigroup property is easily verified to hold for any ¢{; hence by (b) and
Lemma 1.3.3 it holds for all f € LP(wdng,). Strong continuity follows by standard
reasoning, similarly to (c). d

PROPOSITION 1.3.8. Let 1 < p,q < o0, w € Ay, p € A7 and f € LP(wdna).
Then

ITE fll La(pdna) < CONS N Lr(wdna)»
where C(t), t > 0, is a continuous and decreasing function of t that vanishes at

nfinaty.
PROOF. Using Lemmas 1.3.1 and 1.3.2 we write

”TtafHLq(pdna) < Ze—t(n+(d+|al /2) Z | |”£a”Lq (pdne)
|k|=n

o
< ¢ (Z e-t(n+(d+|al)/2)(2n+ || +1)25dnd) ||fHLp(wd,]Q).

n=0
O

COROLLARY 1.3.9. Let1 < p < oo andw € Ay. The family {T{ }10 is a strongly
continuous semigroup of operators on LP(wdn,) (note that the continuity at 0% is
not postulated here).

We now pass to Poisson integrals. Let 1 < p < oo and w € A7. Given f €
LP(wdn,) we define its Poisson integral by

Ze-—t\/n—f— (|e|+d)/2 Z ga ga ) £> 0.
|k|=n

The above series converges (see (1.21)). Using (1.10) we obtain an integral form of

Fe(t, x):

fotz) = Z\/% [Tt e R e S g [ a0 wm@
n=0 |k|=n B
_ /Rd\/zﬁ/ ( (lk|+|a'2+d>ez(m)£g(y))3—%6“% dsf(imeld)
keNd
= [, Pe@a fwmald),

where ; -
Peew) = = [ G5l p)s/2e 14 ds

We also have the subordination formula
t o0
(1.25) ftz) = W/ ga(s,x)3_3/26“t2/(4s) ds, t>0.
m™Jo

Interchanging the order of integration and summation above is justified by (1.13)
and Lemma 1.3.2.
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PROPOSITION 1.3.10. Let 1 < p < 00, w € Ay and f € LP(wdn,). The Poisson
integral f*(t,z) of f is a C* function on Ry x RL. Moreover, it satisfies

9%\ Lo
<Lz + ﬁ) f (t,:L‘) =0.

PROOF. Apply the arguments from the proof of Proposition 1.3.5. O

THEOREM 1.3.11. Assume that 1 < p < oo, w € (Ap)* and f € LP(wdnq). Let
fe(t,z) be the Poisson integral of f. Then

(a) supyg | f2(t,2)| < CMPf(x), = €RY;

(b) [17%(t, )l Lp(wdna) < Cexp (= ty/(la] + d)/2) £ ]| Lo(wdna);

(©) If*@ ) = flle(wang — 0, ¢t —0%;

(d) f*(t,z) — f(z) ae., t—07.
Moreover, the family {Pf}i>0, PP f(z) = f*(t,x), is a strongly continuous and
uniformly bounded semigroup of operators on L”(Ri,wdna).

PROOF. Using the subordination formula (1.25) and (1.24) we get

m b
£ < CMIfa) [ ooyt gy

= Ce tVel+d/2pa (s,

This shows (a) and (b). The rest of the proof is similar to the proof of Theorem
1.3.6. O

PROPOSITION 1.3.12. Let 1 < p,qg < 00, w € Af, p € A7 and f € LP(wdna).
Then

1P fll La(pdne) < CON Sl Lr(wdne)s
C(t), t > 0, being a continuous and decreasing function of t that vanishes at infinity.

PROOF. Argue as in the proof of Proposition 1.3.8. O

COROLLARY 1.3.13. Let 1 < p < oo and w € Aj. The family {P{'}i>0 is a
strongly continuous semigroup of operators on LP(RL, wdn,).

REMARK 1.3.14. A large part of the results of this section are valid for the space
L°°(]Ri). More precisely, Lemmas 1.3.1 and 1.3.2 and Propositions 1.3.5 and 1.3.10
remain valid if we replace L?(wdn,) by L*°. Moreover, Theorems 1.3.6 and 1.3.11,
except (¢) and (d), also remain valid with L* replacing LP(wdn,). Concerning (c)
and (d), we have [|g®(t,*) — flloo = 0 and || f*(¢,-) — flloc — 0, t = 07, but only for
f € Co(RY).

REMARK 1.3.15. If 1 < p < oo and f € LP(R%,dn,) (the case w = 1) then
(b) of Theorem 1.3.6 holds with the coefficient C'exp (—t(|a| + d)/2) replaced by
(cosh(t/2))_(|°‘|+‘i) (cf. computations in [St]) and Theorem 1.3.11 (b) holds with
Cexp ( — t\/(la| +d)/2) dropped. This means, in particular, that {7};50 and
{P#}4>0 are semigroups of contractions on LP(R%,dn,), 1 < p < oo. Note also
that the above together with Lemma 1.3.3 implies L? convergence (part (c) in both
theorems) for f € LP(dn,), 1 < p < oo, which for p = 1 could not be concluded
earlier.
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REMARK 1.3.16. In dimension one we have M& = M®* (here M“ denotes the
Hardy-Littlewood maximal function in Ry with respect to the measure 7,). Conse-
quently, Theorems 1.3.6 (d) and 1.3.11 (d) hold with p = 1 admitted.

1.4. Laguerre function expansions; system {¢{}

Let k = (ki,...,kq) € N® and o = (ay,...,aq) € (—1,00)% be multi-indices.
The Laguerre function ¢ on Ri is defined as

o (@) = phl(21) ... it (2a), = (21,...,24) ERY,

where ¢} are the one-dimensional Laguerre functions given by
1

; 20(ki+1) \? o o\ ait1/2 o2/ :
(P: (zi) = (m) in (.’Ez)x? e %/ ; z; >0, 1=1,...,d.

Note that only for o > —1/2, @ = 1,...,d, do the functions ¢} belong to all
LP-spaces on Ri, 1 < p < oo. Therefore we assume throughout this section that
a € [-1/2,00)4.

Each ¢f is an eigenfunction of the differential operator

o 1
L=A—|z|? = — (a2 -2
o=y 2 (- 7).
=1 1
the corresponding eigenvalue being —(4|k| + 2|a| + 2d). The operator —L is posi-
tive and symmetric in L?(R%,dz). Furthermore, the system {¢f : k € N} is an

orthonormal basis in L*(R%, dz).
The following estimate of ¢ is essential for our considerations:

d
(1.26) log(z)] < c[] ¥pi(z:), = e€RL,
=1

where
\yai(x-):{ 1, 0 < z; < 4(2k; + o5 + 1);
ki \ exp(—yz;), z; > 4(2ki +o;+1).

Here ¢ and ~y are independent of k& and z. Similarly to (1.13), the above estimate fol-
lows by Muckenhoupt’s generalization of the estimates proved by Askey and Wainger.

In this section we denote by 4, = A,(R%,dz), 1 < p < oo, the class of 4,
weights on Ri with respect to the Lebesgue measure dz.

Let 1 <p < oo and w € A,. The lemmas below are analogues of Lemmas 1.3.1-
1.3.3. Their proofs are almost the same as for the system {{}, the only essential
difference being the estimate for Laguerre functions (1.26).

LEMMA 1.4.1. There ezists a constant ¢ independent of k € N® such that
IR llew) < c(2lk] + [a] + d)?.
Moreover, the Fourier-Laguerre coefficients (¢ff, f) = fR‘i i (z) f(z)dz exist for f €
LP(w) and they satisfy

(e, I < O] + ol + )| fll o),
with a constant C independent of k € N¢.
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LEMMA 1.4.2. The subspace spanned by {¢% : k € N} is dense in LP(w) and in
Co(RL) with || - ||oo morm.
COROLLARY 1.4.3. Let f € LP(w). If {¢¢, f) =0 for all k € N% then f =0.

Assume that 1 < p < coc andw € Ap. Given f € LP(w) we define its heat-diffusion
integral by

oo
g(t, ) = Y e tUnt2elt2) N " (o8, R (z), t>0.
n=0 |k|=n

The above series converges by (1.26) and Lemma 1.4.1. Similarly to the case of the
system {£2} we obtain an integral form of g (¢, z):

i) = [ (et T i w)et)) o) dy
+ “n=0

|k|=n
= / G2 (e, )£ (y) dy.
R

The kernel G¢(z,y) may computed by using the formula [Le, (4.17.6)] to be
(1.27)

d
: - 1 TiY;i
G%(z,y) = (sinh 2t) 4 exp (—5 coth(2t) (|z|* + |y|2)) H V&Y Lo, (sinh?(JZt)) )
i=1

Note that G&(z,y) is positive for (¢,z,y) € Ry x RE x RZ.

PROPOSITION 1.4.4. Let 1 <p < oo, w € Ap and f € LP(w). The heat-diffusion
integral g®(t,x) of f is a C°° function on Ry X Ri. Moreover, it satisfies

(10 2) st =0

PRrROOF. The conclusion follows by the reasoning from the proof of Proposition
1.3.5 provided we have a proper estimate of Gﬂcpg at our disposal. Since (cf. [Le,
(4.18.6)])

0 +e; 205 +
ile) = 2Bl o) + (T = ) eh(a), >0
the estimate (1.26) gives what is needed:
%‘P%(l') <c (6 +€_1) V |kl7 z € [6’ 6—1]d7
j

for any € € (0, 1); similarly for higher order derivatives. O

Denote by M, the (centered) Hardy-Littlewood maximal function in R%, i.e.
1
Mif@) =swp o [ 1@y, s e R,
1Ql Jg
where the supremum is taken over all sets of the form @ = @ ﬂRi, and @ are cubes

(with sides parallel to the coordinate axes) in R? centered at z.

THEOREM 1.4.5. Assume that 1 < p < oo, w € A, and f € LP(w). Let g*(t,z)
be the heat-diffusion integral of f. Then
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(a) |g*(t,2)| < CM4 f(z), = €RY;
(b) ”ga( a')HLP(w) 5 C”f”LP(w);
(c) llg®(t,) = fllzowy — 0, t—07;

(d) ¢%(t,z) — f(z) a.e., t—0T.
Moreover, the family {T{} >0, TP f(z) = g%(t, x), is a strongly continuous and uni-
formly bounded semigroup of operators on LP(w).

PROOF. Let W (z) = (4r)~%? exp(—|z|?/4) be the Gauss-Weierstrass kernel in
R? and let W () = e"9W (-/¢) be its e-dilation. We claim that there exists a constant
C depending only on « such that

(1.28) G (z,y) < Cm)** Wy 2(y — 7).
To prove this we need the following estimate (see [Mul, p.238]) for I3, g > —1/2:
(1.29) ¢ 12(s) < Ig(s) < cE(s), s >0,
with ¢ depending only on 8 and the function = defined by
E(s)={ 861/2 s 0<s<1,
s e’ 1<s<oo.

Let v = (sinh 2¢)~!. Then we have (see 1.27)

d
G§(z,y) = Huexp (— u? 4 1(z? + y?)/2) VEiYilo, (Uziy:)
=1

d
= H ‘rgl (l‘ia yz)7
i=1

and therefore to justify (1.28) it is sufficient to obtain the following bounds

Tgi (xiu yz) < cai\/ﬂexp (_u(yz - $1)2/2) ) 1= 17 o ad'
If uz;y; <1 then using (1.29) we get (recall that o; > —1/2)

TS (2i4) < cauH (o) 2 exp (—Vu2 +1(a? +19)/2)

< caVu(uziys) 2 exp (—u(a? +7)/2)
< cavVuexp (—u(zi —y:)%/2).
If uz;y; > 1 then, again by (1.29), we have
T (zi) < carv/uexp (—VZ +1(aF +y?)/2 + uziy )
< co;Vuexp (—u(mf +yZ - 2z:y;)/2)
= coVuexp (—u(z; —vi)?/2).
The claim is proved. Let f be an extension of f to R such that f(:v) =0forz ¢ R,
By (1.28) we have [g%(t,z)| < ¢|f| * Winn(2t)/2(z) and hence (a) and (b) follow by
the R versions of Lemma 1.2.2 and Remark 1.2.3. This together with Lemma 1.4.2
justifies (c) and (d) in a standard manner.
The semigroup property is immediately verified for any ¢f, hence by (b) and

Lemma, 1.4.2 it holds for all f € LP(w). Strong continuity follows by standard argu-
ments, with the aid of (b) and Lemma 1.4.2. O
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PROPOSITION 1.4.6. Let 1 <p,q < o0, w € Ap, p € Ay and f € LP(w). Then
1T fllagey < CONfllLr(w)s

where C(t), t > 0, is a continuous and decreasing function of t that vanishes at
infinity.

PROOF. Apply Lemma 1.4.1 (see the proof of Proposition 1.3.8). O

Let us pass to Poisson integrals. Assume that 1 < p < oo and w € A,. Given
f € LP(w) we define its Poisson integral by

o0
fo(tz) =) e VIRl N (on flo(x), t>0.
n=0 |k|=n
The above series converges by (1.26) and Lemma 1.4.1. An integral form of f*(¢, z)

as well as the corresponding subordination formula are obtained by (1.10). Applying
arguments from the proof of Proposition 1.4.4 we get

PROPOSITION 1.4.7. Let 1 < p < 00, w € Ay and f € LP(w). The Poisson
integral f*(t,x) of f is a C*° function on Ry x Ri. Moreowver, it satisfies

Y\ o

The main result on Poisson integrals reads as follows.

THEOREM 1.4.8. Assume that 1 < p < oo, w € Ap and f € LP(w). Let f(t,z)
be the Poisson integral of f. Then

(a) |f*(t,2)| < CM.f(z), z€RY;

(b) 1F*E ) < CllfllLp(w);

(© If*®:-) = fllswy — 0, t— 0%

(d) fe(t,z) — f(z) a.e., t—07.
Moreover, the family {Pf}i>o0. PP f(z) = f%(t,z), is a strongly continuous and
uniformly bounded semigroup of operators on LP(w).

PROOF. Items (a) and (b) follow by Theorem 1.4.5 and the subordination for-
mula (see the proof of Theorem 1.2.12). The rest is justified as in the case of the
heat-diffusion integrals. a

PROPOSITION 1.4.9. Let 1 <p,q <00, w € Ay, p € Ay and f € LP(w). Then

IPE fllLagey < CONfllLew),
where C(t), t > 0, is a continuous and decreasing function of t that vanishes at
infinity.

PROOF. Arguments are analogous to those from the proof of Proposition 1.3.8.
O

REMARK 1.4.10. A large part of the results of this section are valid for the
space L°°(]R‘_1F). More precisely, Lemma 1.4.1, Proposition 1.4.4 and Proposition 1.4.7
remain valid, if we replace LP(w) by L. Further, Theorem 1.4.5 and Theorem 1.4.8,
except (c) and (d), also remain valid with L*® replacing LP(w). Concerning (c) and
(d), we have ||g*(t,-) — flloo — 0 and [|f*(¢,-) — fllec = 0, ¢ — 0T, but only for
f € Co(RY).
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REMARK 1.4.11. Let M, be the strong maximal function in Ri and denote by
A} the strong Ap class of weights in R?. Using [St, Lemma 4.2] and Lemma 1.3.7

one may obtain
l9%(8,2)| < Ce™®1*MN/2M, f(z), @ eRY,

with the notation |a@A1/2| = le min (o;,1/2). Thus, when 1 < p < oo and

w € Aj, the constants C' in Theorem 1.4.5 (b) and Theorem 1.4.8 (b) may be

replaced by Cexp(—2t|a A 1/2|) and Cexp(—t\/2max {|a A 1/2|,0}), respectively.
If |a A 1/2] > 0O this gives the exponential decrease in ¢ at infinity.

REMARK 1.4.12. If 1 <p < o0 and f € LP(R%) (the case w = 1) then Theorem
1.4.5 (b) holds with C replaced by Cexp(—2t(|a| + d)) (cf. estimates in [St]) and
Theorem 1.4.8 (b) holds with Cexp(—t1/2(|a| + d)) instead of C.

1.5. Connection between Hermite and Laguerre function expansions

In this section we briefly show how some results for Hermite semigroups may be
transferred to the Laguerre setting. We will exploit the ideas used by Dinger [Di]
and developed later in [GIT], for Hermite and Laguerre polynomial systems (see
also Chapter 3). The lemmas we shall use are straightforward modifications of those
in [GIT] and therefore we provide no proofs here.

The key fact underlying the idea of transference is that if o has a special, half-
integer form, then the one-dimensional Laguerre functions £ can be expressed in a
suitable way by means of multi-dimensional Hermite functions. The following lemma
makes this precise.

LEMMA 1.5.1. Let £ be the one-dimensional Laguerre function of type o with
a=mn/2—1, n € N\{0}, and let z € R". Then we have the expansion

Gz = ) arhar(e), 7r=(r,...,ra) EN™

Ir|=k
Now, let n = (n1,... ,n4) € N¢ be a multi-index and define z* = (zi,... ,zi“) €
R™, =1,...,d. We define the quadratic transformation ¢: R"l — R? by
(1.30) ozl ... 2% = (|:c1|2,... ,lxd|2) .

LEMMA 1.5.2. Let a = (ai,... ,aq) with a; = n;/2—1 and n € (N\{0})%. Given
a weight w in Ri and a measurable function f, the following holds:

cn |, fw(y)y*dy = fod(z)wo ¢(x) d,

Rin|
provided one of the integrals is absolutely convergent.

Recall that 7, (dz) = z%dz.

LEMMA 1.5.3. Let a,n and w be as in Lemma 1.5.2, p € [1,00), and let f
be a fized function in Lp(Ri,wdna). Suppose that T,T are operators defined on
LP(RY, wdn,) and LP(RI™, w o ¢) respectively, satisfying (Tf)(¢(z)) = T(f o ¢)(z)
for z € R, If N

”Tf”LP(]R|"]’wo¢) S C”f”LP(R|n|,wo¢)
then also
“Tf”LP(Ri,wdna) < C”f“Lp(Ri,wdna)
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with the same constant C. Moreover, in the case p = 1 an analogous statement is
true for weighted weak type inequalities.

Let {7} and { P/} be the heat-diffusion and Poisson semigroups associated with
the Laguerre system {¢¢}. Denote by {7}/} and {P/’} the corresponding semigroups
for the system of Hermite functions {hy} (see [Th3] for basic facts concerning this
system).

LEMMA 1.5.4. Assume that @ and n are as in Lemma 1.5.2. Then for any f €
lin{€y : k € N%} we have

(T f) o ¢ = t/2(f ), (Pff)eg= t/\/—(f ° ¢).
Let Ay = A,(RE, dny) be the class of weights from Section 1.3. For o and n as

in Lemma 1.5.2 we define

A% = {we AT :wod € 4,(RM)}.
The above class is considerably large. In fact, the following inclusion holds:
(1.31) (A%)* C A2, 1<p<oco.

We shall sketch a proof of this fact for p > 1 (the same reasoning applies if p = 1).

Let Q@ c R be a cube with sides parallel to the coordinate axes. We have
Q = Q1 x---XQg, where each Q; is a cube in R™. Denote by S; the smallest rectangle
in polar coordinates in R™ that contains @);. Note that |S;| and |Q;| are comparable
with a constant independent of @Q;. Thus so are |Q| and |S|, S = S; x---xS4. Given
a weight function w in R? we get

(1.32) ]Q]/w0¢> ) dz < CISI w o ¢(z) dx:c%/gwoqﬁ(x) dz

Here S = .§1 X oo X Sd, with Si being the radialization of S; in R™. The last equality
in (1.32) holds since w o ¢ is poly-radial on R™ x --- x R"@. Now, making proper
change of variables and integrating in polar coordinates on each R™ we obtain

1

1
— [ wo¢(z) dr = c———=— w o (dy).
5 /5P = @) /m) T

Treating similarly (w o ¢) ?/? we conclude that

['Q’/ R ] [l@i/(Wfﬁ( )7 dm]”/”'

1 1 ’ p/p
Cl——— w o d T -p'/p % d ’
i [na(¢(5)>/¢<5> e y)] [naw(s» et e y)]

with ¢ independent of Q. Since ¢(§) is a rectangle in R?, this clearly shows that
wo ¢ € Ay(RM) if only w € (Ap)*. Hence (1.31) follows.

As a corollary of the above lemmas, Lemma 1.3.3 and the results for Hermite
semigroups [StTo, Theorems 2.6 and 2.8], we obtain

THEOREM 1.5.5. Let a = (o1,...,0q) with a; = n;/2 — 1 and n; € N\{0}.
Assume that w € A. Then the mazimal operators

T/ f =sup|T{*f| and F/f=sup|P]f]|
t>0 >0
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defined on LP(wdn,) are bounded if 1 < p < oo, and weakly bounded if p = 1.
Moreover, the semigroups {TP*} and {P?} are uniformly bounded on LP(wdn,), 1 <
p < 00.

As a consequence of Theorem 1.5.5 and Lemma 1.3.3 we get

COROLLARY 1.5.6. Let 1 < p < 00 and f € LP(wdn,). Under the assumptions
of Theorem 1.5.5, we have

T2f — f and P*f— f, t— 0T,
the convergence being both in LP(wdn,) and almost everywhere.

REMARK 1.5.7. When the multi-index « is half-integer, Theorem 1.5.5 extends
Theorems 1.3.6 and 1.3.11. This generalization is particularly significant in the case
p = 1, since weak boundedness of 7T} and P} seems to be a new result even in the
unweighted setting (w =1) if d > 1.

REMARK 1.5.8. Still another transference may be carried out from the special
Hermite setting to the one-dimensional Laguerre setting based on the system {i :
k € N}, a@ > —1. The functions vy are defined by

T(k+1) \Y* _ [r? e —afzpa [T
a _ « = - « o
vE(r) = (QQF(k +a+ 1)) Li\ g Jexp(—7" 7% \g ) >0

and they constitute an orthonormal basis in L2(R., r2¢+1dr). If f(z) = f(r), r = |2|,
is a radial function on C™, then its special Hermite expansion reduces to the Laguerre
expansion of f with respect to the system {1~} (see [Th4] for details). Using the
results of Section 1.2 and the fact that if w € Ap(Ry, 72" 1dr) then w(]|-|) € 4,(C"),
which is justified similarly to (1.31), we obtain for {¢Z"1} conclusions analogous to
those from Theorem 1.5.5.

REMARK 1.5.9. To treat the system {1} also in higher dimensions and for
all half-integer multi-indices oz one may use the transference from Hermite function
expansions, but with the quadratic transformation (1.30) replaced by ¢(z!,... ,z%) =
(|z!],...,|z%). In particular an analogue of Theorem 1.5.5 follows.

REMARK 1.5.10. Similar analysis to those from Sections 1.3 and 1.4 may be
conducted for another Laguerre system { £ : k € N9}, defined by

Z&(z) = £8(z)z*?, zeRI.

The system {-#2} is an orthonormal basis in L?>(R%,dz) and was investigated in
one-dimensional, unweighted case by Stempak [St].



CHAPTER 2

Riesz transforms for polynomial Laguerre expansions

2.1. Introduction

The aim of this chapter is to study the Riesz transform R® = (Rf,...,RY)
naturally associated with multi-dimensional Laguerre polynomial expansions of type
. Our main result is contained in Theorem 2.5.1: we prove that if a € [—1/2, 00)?
then R7, j =1,... ,d, are bounded operators in L? with appropriate measure for
1 < p < c0. Moreover, the corresponding LP constants are independent of the di-
mension d and the type multi-index .. As a consequence we obtain boundedness and
convergence results for the corresponding conjugate Poisson integrals, see Corollary
2.5.3 below.

Our methods are analytic and based on the Littlewood-Paley-Stein theory con-
tained in the monograph [S1]. We construct appropriate square functions that relate
a function and its Riesz transform, and then prove that these square functions are
bounded in P, 1 < p < oo. Noteworthy, the same scheme was exploited by Gutiérrez
[Gu], who considered Riesz transforms associated with the multi-dimensional Her-
mite semigroup. Nevertheless, the case of Laguerre semigroup is more involved.

Riesz transforms and conjugate Poisson integrals for the Laguerre semigroup were
first studied by Muckenhoupt [Mu3]. However, he worked in the one-dimensional
setting and methods he used seem to be inapplicable in higher dimensions. Recently
a g-function and Riesz transforms associated with the multi-dimensional Laguerre
semigroup were studied by Gutiérrez, Incognito and Torrea, [GIT]. The technique
of "transference” exploited there allowed to obtain LP,;1 < p < oo, boundedness
results only for a discrete set of half-integer multi-indices «. Here we remove this
restriction and consider all intermediate multi-indices . The case when o; < —1/2
for some 7 = 1,... ,d seems to require more subtle analysis and the corresponding
Riesz transforms are not considered.

The chapter is organized as follows. Section 2.2 contains basic facts about La-
guerre semigroups and related objects. In Section 2.3 we introduce and briefly study
a family of modified Laguerre semigroups. These are of great importance in Section
2.4, where we define suitable square functions and prove necessary LP inequalities.
Main results of this section are contained in Theorems 2.4.1 and 2.4.2. Finally,
in Section 2.5 we conclude the results concerning Riesz transforms and conjugate
Poisson integrals.

2.2. Laguerre semigroups and related objects

Consider the measure j, in RY given by dua(z) = [, zi%e % dz. The Laguerre
differential operator
d
LY = — Z I::Uiagi + (ai +1- :Ei)azi
i=1

28
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is positive and symmetric in LQ(IR‘_iH dpa). Moreover, £* has a closure which is self-
adjoint in L?(R%, duq) and which also will be denoted by £*. Each Laguerre polyno-
mial Lf is an eigenfunction of £L* with the corresponding eigenvalue |k|. Furthermore,
the system {L : k € N?} constitutes an orthogonal basis in L?(R%, dua). Thus we
have an orthogonal decomposition

LA(RY, dpta) @%m

where H,, = lin{L§ : |k| = n}.
The semigroup generated by £® is called Laguerre semigroup and will be denoted
by Tf. Given f € L?(R%,dpu,), it has the expansion

= a(f)Lg,

keNd
where, with the notation (f, L)du, = fRd Y)dpa(y),
(ki +1)
ax(f) = (f; Lg)tiua/HL/%”%?(d#a (fs L )dpa H m
2

hence
Tef =) ar(f)e ILE,
keNd

both series being convergent in L?(R%,dpu,). However, the definition of T2 f for
felrLr (R‘i,dua), 1 < p < oo, by means of its Fourier-Laguerre expansion would
be unsatisfactory, since the corresponding series may diverge for p < 2, see [Mul].
Therefore it is appropriate to use an integral definition, which turns out to be usable
for all p € [1,00]. We define

@) T = [ GHenSW) dual)  f € DR dua)

where
G¥(z,y) Z etk L2(z (y)/”Lg“%z(d#a).
keNd
The kernel G*(z, y) may be computed explicitly by means of the Hille-Hardy formula
[Le, 4.17.6]. The result is

d

Gy = [Ta-w e (- 2n(o+w)) vams L, (Y222 ),

j=1
where u = e~ and I, denotes the modified Bessel function of the first kind and order
v, cf. [Le]. Noteworthy, G¥(z,y) is smooth and strictly positive for (t,z,y) € Ri‘”l.
By using the estimate (1.29) for I, it is easily seen that the integral in (2.1) is
absolutely convergent. It is well-known that {T}*} is a symmetric diffusion semigroup
(in fact {7} is a transition semigroup for the Laguerre diffusion process, which
already received an attention due to some applications in financial mathematics). In

particular 77*1 = 1 and

NTE fll e (dpa) < IFllLp(dpa)s 1<p<oo.
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The corresponding Poisson semigroup { P/} is defined by means of the subordi-
nation principle as the weighted average of T}*:

1 o0 e—u
Por@) == [ SETa i@ du e DPRY, duo).
Note, that for f € L?(R%, dua) we have
Frf =Y ar(f)e ™ Lg.

keNd

By a general theory (see [S1, p.73]) it follows that the maximal operator (P®)* f(z) =
sup;so | Pf f(z)| satisfies

(2:2) 1P Fl oy < Co I ooy f € LP(R, dp).

Let us emphasize that the constant C), depends neither on the dimension d nor on
the type multi-index a. The important consequence of (2.2) is

lilgl+ Pl f(z) = f(z) a.e. fe L”(Ri,d,ua), 1<p< oo,
t—

the fact which will be used later without further mention.
We define the i-th partial derivative associated with £ by

(5i = \/-T_iaziv
see [GIT]. The formal adjoint of 6; in L?(R%,du,) is given by
8 = —/T (f% n %)
13

and we have .
L =" 676
i=1

The last equality may be written in a compact form
L* = div, grad,,,

where grad, = (01,...,04) and diva F = S°%, 6% f; for a vector-valued function

1=1"1
F(y) = (fi(y),---, fa(y))-
The Riesz-Laguerre transform R* = (R{,...,RJ) is then formally defined by

(cf. [GIT])
(2.3) R* = grad, (£*) "/ 1I,,
where ITy denotes the orthogonal projection onto the orthogonal complement ’HOL of
the eigenspace corresponding to the Laguerre eigenvalue 0. Note, that (2.3) makes
sense for Laguerre polynomials (hence for all polynomials) and by (2.4) we have
RPLE = —|k|TPVmLyte, |k >0,

and R}L$ = 0 if |k| = 0. This follows by the differentiation rule [Le, (4.18.6)]
(2.4) O Lf(2) = —Lgtd(e), i=1,...,d,
e; denoting the i-th coordinate versor in R%. Here and later on we use the convention
that Lp7oi =0 if k; — 1 <0.

A crucial observation which should be made here is that R{*L{ is not a Laguerre
polynomial of the same type a (to make it worse, it is not a polynomial at all),
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which is a consequence of "bad” action of the Laguerre derivatives ¢; on Lf;. This
effect is absent in the Hermite setting and makes the present analysis more complex,
including working with d auxiliary orthogonal systems and considering supplemen-
tary semigroups, which are not simply ”translations” of P (as it was in the Hermite
case, see [Gu)).

2.3. Modified Laguerre semigroups

Now, we introduce additional semigroups {f’ta "}, i=1,...,d, which are gener-
ated by ”slight” modifications of the operator (£%)'/2. As we shall see, they play an
essential role in the study of Riesz transforms and conjugacy for Laguerre expansions.
To proceed, we first define the operators

M =607+ 076 = L+
j#i
Observe that each M is symmetric, and positive since for sufficiently regular func-

tions f
(MEF, Papa = | (G712 + 3(65)? ) e
= [ (S0

ai+1/2+a:i

L =1,...,d.
2:1:2_ ) ? ) )

We set (formally)
P = e tM)? i=1,...,d

To make this definition more explicit we will need the following

LEMMA 2.3.1. Giveni=1,...,d the functions \/_La’Le’( ) are eigenfunctions
of M®, with the corresponding ezgenvalues |k|. Moreover, the system {\/Z;L} " (z) :

ke Nd} forms an orthogonal basis in L*(R%, du,).
PROOF. The first part follows by a direct computation and using the identity
LOFELETS = (|k| — 1)Lt 3.
The second part is a consequence of the fact that the system {L{7* : k € N%} is an
orthogonal basis in L?(R%, dua-te;)- O
By the above lemma, given ¢ =1,... ,d, any f € LQ(R;{, dpie) has the expansion

F=Y_ a(HvmLet®,
keNd
hence
(2.5) ﬁta,if — Z a}'c( e~ tUkI+1)Y \/—L‘He‘
keNd

Unfortunately, such definition is not appropriate for general f € L—”(R‘i,dua), 1<
p < oo, the reason for that being similar as in the case of T}*. Therefore we will use
an integral representation. Let f € LP(R%, du,) and define

(2.6) f}“’if(ﬂv)=/ Gz, ) fWdpaly),  i=1,....d,
Rt
where

Gri(z,y) = Y e UMD mLete (@) Lete (u)/IVaLe (3 e g

keNd
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= e tTw Z e—tlleg+ei(l.)Lg+ei(y)/lng+ei”%Q(dﬂaﬂi)
keNd
= e 'VawiGy ¢ (z,y).
Similarly as in (2.1), the integral in (2.6) is absolutely convergent and for f €
L%(R4, dpo) we have

(2.7) fwtaﬂ'f — Z a’]i‘:(f)e_t([kl+1)\/—$_iLz+ei.
keNd
Now, using the subordination formula, we set

P (x T‘“ f(z) du, i=1,...,d.

\/’ / \/_ t2/(4u)

Note, that the above definition makes sense for f € LP(R%, du,), 1 < p < o0, and if
= 2 it coincides with (2.5). Observe also, that the operators P are positive and

symmetrlc by the correspondmg properties of Ga Z(CE y). To obtain the relevant L?

inequalities for Pz we prove the following.

LEMMA 2.3.2. Giveni=1,...,d the quantity
inf {\: GP'(z,y) < Ae™2G¢(z,y), z,y € RL, t > 0}

is the one-dimensional, finite function of «;, which is further denoted by A.
The function A(v) is nonincreasing for v € (—1,00), A(v) =1 for v > —1/2,
A(v) > 1 forv e (—1,-1/2) and A(v) — o0 as v — —17.

PROOF. By the explicit formula for G (z,y) we get
~ s 2. /uziy;\
G (my) = Oy (—1_—;]) e™? Gy (z,y),
where the function ©, is given by

Iu+1 (Z)
B,(z) = LG) z > 0.
Quotients of this type are of independent interest and have been studied by many
authors. In particular, it is known (see [IfSi]) that ©,(z) is a decreasing function of
v > —1 for every fixed z > 0. Hence

A(v) = sup©,(z)

z>0
is nonincreasing in the interval (—1, c0). Consequently, we have

A(v) < A(-1/2) = suptanh(z) =1, v>-1/2.
z>0

Thus we obtain A(v) =1 for v > —1/2, because (cf. [Le, 5.11.10])
I(z) = (2n2)"2e*[1 + O(1/2)], 2z — .
To treat A(v) in the range —1 < v < —1/2 we shall use the estimate
Bu(z) < 8,(2), z>0, v>-1,

where
z

ARy Sy~ e ey
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For this and other bounds for ©, see [Na] and references therein. A simple calculus
shows that

3/2
sup By (z) = L’
z>0 2(v+1)

hence A(v) > 1 for v € (—1,—1/2), and A(v) — oo as v — —17.
Let us note, that more precise description of the behavior of A is possible by
using another estimates for ©,(z), cf. [Na]. For example one can show that

Aw)=0((v+ 1)_1/2), v — —17.

-l1<v<-1/2,

COROLLARY 2.3.3. Giveni=1,...,d and a reasonable f we have
P f(z) < Maw)PRf(z), =z€RL, t>0.
Thus, {ﬁta’i} is a uniformly bounded semigroup of operators (contractions, if a €
[—1/2,00)%) in LP(RY, dua), 1 < p < co.
PROPOSITION 2.3.4. Let f € L*(R%,du,) and i € {1,...,d}. Then T¢f(z),
PET(x), ﬁa’zf(a:), P2 f(x) are C* functions on Ry x R%. Moreover,
@+ L) TPf(@) = 0 = B+ MNTf(2),  z€RY,
(82 — LX) PPf(z) = 0 = (82— MP) B f(z), =zeR%.

PrOOF. We consider only ffta’i f(z) since treatment of the remaining functions is
analogous. We will show that the series in (2.7) may be differentiated term by term.
Observe that by Schwarz’ inequality

6l (f)] < Iflz2@ue) N llE2(dua) H( ['(kj+1) )1/2
o ||\/_La+el”L2 (dpa) \/k + a; + k’ +OJ+1) ’

hence |al(f)| grows at most polynomially in |k|. Furthermore, for a fixed compact
set K C R% the quantity sup,c |Lete (z)] also has sub-polynomial growth in k|,
see [Mu3, p.405]. Therefore the series defining 7, f(z) may be differentiated in ¢
term by term. The result is

(28) T f(z) = ap(f)(=1)™(k| + 1)me D mLatei(q),

keNd

the right hand side being continuous since the series converges almost uniformly in
(t,z). Using (2.4) we see that also sup,e g |Ox; (vZiLy+% (z))| grows in |k| not faster
than polynomially and hence we may differentiate in z; term by term the series in
(2.8), the result being a continuous function since the convergence is again almost
uniform in (t,z). The same arguments apply to higher derivatives, so T f(z) is
smooth on R4 x Ri. The corresponding heat equation is easily verified by differen-

tiating term by term the series of T" f(z). O
REMARK 2.3.5. Noteworthy, Proposition 2.3.4 is true for f € Lp(Ri, dug), 1 <

p < oo, which is proved by an analysis of the integral representations of the semi-
groups.
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2.4. Littlewood-Paley type square functions

Denote V, = (9, grad,). We consider the following Littlewood-Paley-Stein type
square functions:

o)) = ([ i9aPe s a) v
nd
a 3@ = ([ daBe 0P a) Y et

For a vector-valued function F(z) = (fi(z),..., fa(z)) we define

3@ = (71 @), - Galfa)(@))-
The main results of this section read as follows.

THEOREM 2.4.1. Let 1 < p < 00, a € (=1,00)¢ and A be the function from
Lemma 2.3.2. There exists a constant c, such that

(2.9) l9() Mo ana) < e [A(min i) *[1 £l zodpa)
for all f € LP(RY, du,).
THEOREM 2.4.2. Let 1 < p < oo and a € [—1/2,00)%.
(a) Given 1 <i <d we have
& 1 eedue) < NGi(F) I ze(dpa) < €pllFll Lo (dua)

for all f € LP(R‘i,d,ua).
(b) Let G = #{c; : i = 1,...,d} be the number of distinct coordinates in the
multi-index o. Then

HIFlf?HLP(dua) = Cpg”@(F)lpllLP(dua)
for all F(z) = (fi(z),. .., fa(z)) such that |F|: € LP(RYL, du,).

2.4.1. Proof of Theorem 2.4.1.
For a reasonable function F' = F(t,z) define

LeF(t,x) = 82F(t,x) — L2F(t,z).
We will need several technical lemmas.
LEMMA 2.4.3. Let F = F(t,z) be a C? function mapping Ry x R into (0, 00)
such that ILF = 0. Then for any p > 1 we have
L*(FP) = p(p — 1)FP2|V . F 2.
PROOF. The result follows by a simple computation, see [GIT]. O

LEMMA 2.4.4. Let F: Ry x RE — R be a C? function such that L*F > 0 or
I fRitlLaF(t, z)| dpa(z)dt < co. Assume that

(a) sup{|F(t,z)| : t > 0,z € R4} < oo;

(b) sup{|V.F(t,z)|:t >0,z € R4} < oo;

(c) t|OF (t,z)| < c (1+|z|)o(t) for all t > 0, where the function g is continuous,
vanishes at 0 and oo, and satisfies [;° ¢t o(t) dt < oc.
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Then
/ /Rd t L*F(t,z) dpa(z)dt = / F(0,z) dua(z )—/Rd F(00, ) dpg(z).

-+

PRroOF. First observe that for each z € Rf_ the limit
F(oo,z) = lim F(¢,z)
t—o0

does exist. Indeed, by the condition (c) we may write

N-1 !
Jj+1 J
N—-1 N-1
T o(6))
|0y 9w|—<C(1+|z|ZN ) =C (1+|z|)Sn,
J=0 J=0
t+T r—l

with 0; € (t—f—l— t+ U +1)T) Since Sy — |, o(r) dr as N — oo, the
conclusion follows. Similar arguments show the existence of the limit
F(0,z) = lim F(t, x).
(0,2) = lim F(t,z)

Now, observe that

d
LF(t,¢) = 7F(t,z) + > ¢%z; "0y, [e_zf$?j+181jF(t,x)] .
=1
Let Dy = (e=T,T) x (7T, T)% Given j € {1,... ,d} we have

T
/e ez, Y Oy, [e_zj‘”?ﬁlasz(t’m)] dpia; (2;)

~T

= e_TT”‘J'HBIjF(t, ) - exp(—e_T)e_T("‘fH)BIjF(t, x)

Ij:T

.—e—T
Tj;=e

hence, by (b),

/D tezfz;aj Oz [e_mjm?jHasz(t, w)] dua(:v)dt' < cT? (e'TT"‘J'Jrl - e_("‘f+1)T) )
T

Therefore,

/ tZexJ:r Y0y [ “zjx?ﬁlasz(t, x)] dpe(z)dt — 0, T — cc.
Dr j=1
This, together with the monotone (or the dominated) convergence theorem, implies

/ / t LYF(t, 2) dua(z)dt = lim t0?F(t, z) dtdpa(z).
R4 Dr
On the other hand, integrating by parts we obtain

T t=T

/ W F(z) dt = F(e™,z) ~ F(T,z) + 0,F(2)],
T o
By (c) the absolute value of the last term is estimated by ¢ (1 + |z|)[o(e™T) + o(T)].
Since limy_,+ o(t) = lim;o0 0(t) = 0 and (1 + |- |) € L'(R%,du,), the proof is
finished with the aid of (a) and the dominated convergence theorem. O
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PROPOSITION 2.4.5. Lemma 2.4.4 may be applied to the function
F(t,z) = (P f(2))”,
where p > 1 and f is an arbitrary nonnegative function from C? (R‘i).

PRrROOF. By the subordination principle and Proposition 2.3.4 we get

0P f(z) = \/LE /0 %at (738 4y @)]
_1 o ut [ "

27 Jo \/ﬂ u 12/( 4“)f($)] as
Interchanging the order of differentiation and integration above is justified by the
dominated convergence theorem, using (see also the considerations below)

05, TP f(z) = e ' (0y; f) (z),
BT (@) = eI (2 1) (@),

These identities are easily verified for Laguerre polynomials, and for functions from
C?(R%) C L%(R4, dug) they are checked by term by term differentiation of the series
defining T} f, see the proof of Proposition 2.3.4. Thus

aPe(e) = o= [ Sorentie Zw] T (28,7) @) du

e t?/(4u) a+e;
2\/_/ \/_ JZ; o + )Ty (0, f) () du

1 o0

__ L [Tl /e Tote
27 Jo \/au Z% 2 /(du) (0z,f) (z) du

= I +1I, +Is.

Since T are contractions on L>®(R%) and f has bounded first and second order
derivatives we have

[tZ4] <ctzxj/ E_Zo P dy — cte t\/_ZxJ,

3=1
and similarly
d d
[tZo] + |tZ3] < cte™ tz aj+1)+cte” tZz]

Jj=1 j=1

Consequently,
[t0, P2 f(z)]| < c(1 + |z|)te ™.

Since f is bounded and P are contractions on L>°(R%) (which follows by the same
property for 7} and the subordination principle), the hypotheses (a) and (c) of
Lemma 2.4.4 are satisfied (with o(t) = te_t) Concerning (b), we have

|02, P2 f(2)] = TR G (00, 1) (@) du

e
\/_/ e /M) gy = cet.
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The fact that L*[(Pff(z))?] > 0 is justified with the aid of Proposition 2.3.4 and
Lemma 2.4.3 (an application of Lemma 2.4.3 is possible, because Pff is strictly
positive if f(zg) > 0 for some zo € R%, see the comment in the proof of Theorem
2.4.1 below). d

PROPOSITION 2.4.6. Let f € C2(R%) be nonnegative. There exists a constant ¢
(depending on f) such that

9(@) Scl+lal),  zeRS,
hence g(f) € LP(RY, duq) for all1 < p < .

PROOF. We apply the estimates on |0, Pf f(z)| and [9,; Pf* f()| obtained in the
proof of Proposition 2.4.5. O

PROPOSITION 2.4.7. Lemma 2.4.4 may be applied to the function
F(t,z) = (P f(2))*Pfh(z),
with arbitrary nonnegative f,h € C? (Ri).

PROOF. Items (a)-(c) are verified similarly as in the proof of Proposition 2.4.5.
It remains to show the integrability condition.
Given reasonable functions F,G: R4 X R‘i — R, one has

(2.10) LY(FG) = (L*F)G + (L*G)F + 2(V.F,V,G).
Therefore,

[Lo(PR £(2))2PRh(z)]] < Lo(PEF(@))? PRh(z) +2 |Va(PPf(2)?] [VaPRh(x)]
since L*(Ph(z)) = 0 by Proposition 2.3.4. Now, observe that

[ [ ey pon duateese [ [ n e o) duaa

and the last term is finite by Proposition 2.4.5. Further, by Schwarz’ inequality and
the fact that P f(z) is bounded we obtain

/ [, ¢ 1ValP2 f@)] 1VaPEh(@) duala)i < [, 9@ 90)(@) dsa(o),
RY Re

the last integral being finite by Proposition 2.4.6. O

PROOF OF THEOREM 2.4.1; THE CASE 1 <p < 2.
Apart from minor changes, the proof relies on a classical reasoning, see [S1]. Observe
first, that it is sufficient to prove (2.9) for all nonnegative f € C?(R%). Then the
theorem is justified by standard arguments, that is decomposition into positive and
negative parts, approximation of each part by an increasing sequence of nonnegative
smooth compactly supported functions, and an application of Fatou’s lemma.

Assume that f € C2(R%), f > 0 and f(zo) # O for some zg € RZ. Since the
kernel G%(z,y) is strictly positive we have T8 f(z) > 0, z € R% and hence, by the
subordination formula, P2 f(z) >0, z € R%. An application of Lemma 2.4.3 gives

w(H@P = /0 TV a(PR (@) dt
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1

= m/g t(Ptaf(x))Q——p La(Ptaf(:L’))p dt

1 )\ * — * a/ po
< e PRI [ @y

Thus, by Hoélder’s inequality, (2.2) and Proposition 2.4.5 we obtain

oo p/2
l9() Boauy S / +[(Pa)*f(w)]”“"’/2) (/0 tLa(Pﬁf(w))Pdt) dpia(z)
p/2
Al / LA dut)

sl [/ o il _/ (P2 ()P dua(z)]m

cp”fHI[),p(dua),

since L¥(P2 f(z))? > 0, see the proof of Proposition 2.4.5. The conclusion follows.
O

IA

IN

PROOF OF THEOREM 2.4.1; THE CASE 2 < p < 00.
We begin with some basic observations. Given a reasonable function f, by Schwarz’
inequality we have

(PPf(2))? < PA(f2)(2) PP1(z) = PA(fY)(2).
Similarly, by Corollary 2.3.3 we get
(B f(2))? < B(F2) (@) P1(z) < [Alea)])*PE(f?) ().
Assume that f € C}(RZ). Then
0P sf(z) = P (0P ) ().
Moreover, o
8 (PR f)(z) = PP (6 f)(=), 4=1,...,d,

which is directly verified for Laguerre polynomials, and for f € C} (R‘i) follows by
differentiating term by term the series of P f. Therefore

§;(PE.f) () = B (6;P2f)(z), 4§=1,...,d.

Let f,h be nonnegative functions from C?(R% ) and denote C(a) = [A(min; ;)] 2,
Using the above observations, symmetry of P* and Lemma 2.4.3 with p = 2 we write

/[ (N (@)Ph(z) dptalz / / HV P (2)2h(z) didpia(z)

L o @)+ 55t o s

J=1

) |
<o) /R/ [ m( B ;;er) (m)+j§1Pt‘72( 6,P3, f 2) (a:] ) dtdpia(z)

o) /0 " /]R |VaP (@) Pgyh(a) dua(z)dt
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/ /d L% [P2f(2)]? PAh(z) de(z)dt.
R
Now, by (2.10) and the identity L*(P?h(z)) = 0, the last double integral equals

/ /‘v (P (x))? PPh(z)| dyra(o)at
Rd
zﬁtégwwmeAWﬂm%@mww=m—ﬁ

In view of the estimates from the proof of Proposition 2.4.7 the integrals J; and 75
are absolutely convergent. By Proposition 2.4.7

7i < [ 10Ph(@) disa(s)
=Y
and, by Schwarz’ inequality,

| Tl < 4/Rd [(P*)* fl(z) g(f)(z) g(h)(z) dpa(z).

Thus,
[, 6(D@Pha) duaa) <
20(0) [ Fa)h(@) daa) +5€() [ [P (@) 9()(@) 9(A)(a) dta(c).

Assume that p > 4, (2/p) + (1/q) = 1 and ||A[|Le(4u,) < 1. By Holder’s inequality
(for three functions), (2.2) and Theorem 2.4.1 for ¢ < 2, we obtain

(905 W < € €(@) (171 (day + 190 o) 1| ) )
hence

190 oy < (@) (1712 aua) + 190 2o 1 2o ) -

This implies the desired estimate for p > 4. For 2 < p < 4 the result follows by
Marcinkiewicz’ interpolation theorem. O

2.4.2. Proof of Theorem 2.4.2.

To prove the upper bound in Theorem 2.4.2 (a) one could try to adopt the reasoning
used in the proof of Theorem 2.4.1, as was done by Gutiérrez [Gu] in the Hermite
setting. Indeed, such an adaptation is (at least partially) possible, but the corre-
sponding analysis is considerably more involved. Therefore we prefer to invoke a
general result, which immediately implies the desired inequalities.

Since for a € [~1/2,00)? the semigroups {P/"'}, i = 1,...,d, form positive
symmetric contraction semigroups (see Corollary 2.3.3), Theorem 2.4.2 (a) is a con-
sequence of the refinement of Stein’s general Littlewood-Paley theory [S1], which is
due to Coifman, Rochberg and Weiss [CRW], see also Meda [M, Theorem 2].

The case when o ¢ [—1/2,00)% seems to require more subtle treatment. Here
are some details. Fix i € {1,...,d}. Notice that the function z~'/? belongs to
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L?(Ry4, dpa;+1) for all a; € (—1,00). Hence it has the Fourier-Laguerre expansion
$—1/2 — ZaiLgﬁ-l.
keN
The coefficients a}, are computed to be (see [Le, Sec.4.24])
[(ai+3/2) (1/2)k
M(a; +2) (o4 + 2)19,

where (-)x is the Pochhammer symbol. Therefore 1 has the expansion

a; =

_ F(ai+3/2)z (1/2 \/_Laz+1
(

Ia; +2) i (it 2)k

the series being convergent in L%(R.,dpuq,) since (al,) € £2. It follows that

o +3/2) — (1/2)k |
T = al W
t [(a; +2) Z (ci +2)k Vil

Now, using suitable generating formula (see [SrMa, Ch.2, Sec.2.5]) we obtain

. Tl 9 . —t 1/2 1 ot
T"'1(z) = L(oi +3/2) 12 (——xe ) 1F1(§; o +2 — ),

INoi +2) 1—et 1—et
where 1 F} denotes the confluent hypergeometric function. It can be shown that
I(a; +3/2)

_ n(1/2; a; +2; —

Moi+2) s ¥ ll/2 a3 )

does not exceed 1 if o; > —1/2 and is greater than 1 if oy < —1/2. Thus f’ta’i are
not contractions on L®(R%) for ¢ sufficiently small. Since || - [|1p(gu) — I - lloo

as p —» oo, we see that 7" are not contractions on LP(R%, du,) for t sufficiently
small and p sufficiently large.

The above example shows, that a; = —1/2 is a ”critical” point for the contraction
properties of {fta’z} (noteworthy, the same critical point appears in the logarithmic
Sobolev inequality related to the Laguerre semigroup, see [Ko]). Nevertheless, it
may happen that contraction properties of {Igta’z} are preserved for a; < —1/2. This,
however, is by no means obvious and seems to require a distinct detailed analysis.
Let us also mention, that we were not able to treat the case c; < —1/2 by suitable
adaptation of the proof of Theorem 2.4.2. The reason for that is, roughly speaking,
that the difference

Mla——[:a _ ai+1/2+mi
2z;
is "negative” for small z; if o; < —1/2.

The proof of Theorem 2.4.2 (b) is a straightforward modification of the arguments
given in [Gu]. We present it with details for the sake of completeness. To the end
of this subsection we assume that « € [—1/2, 00)<.

Fixi € {1,...,d}. If f € L>(R%,dpu,) has the expansion f = 3", al(f)y/ZiLy %,

then
Pta 'bf Z -—t (|k|+1) 1/2 \/_-L(Jt-("&L
keNd
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and therefore

852 f = = 3 ah(f) (k] + Y2 D2 e
keNd

Using Parseval’s identity we get

[, (0B @) disala) = 3 a(D2(k1 -+ DD PRI g,

keNd

Hence, applying again Parseval’s identity,

g > Dot 2
[ mnerae = [ o] dwa
= Y (NP + DIVELE 1224 /Omte‘z‘mdt

keNd
1
= Z k(D IVGLE W) = 711220
keNd
This gives 2(|g; (f) |2 (dua) = Il fll22(dua) and by polarization we obtain
(2.11) / /Rd BtPa’f1 )] [atﬁta’if2($)] dpa(z)dt = (f1, f2)dpa

for all real-valued fi, fo € L2(R%, dua).
Let F(z) = (fi(z),...,fia(z)) be a vector-valued function in R%. For ¢ =
(€1 »€4) €RY, [€] = 1, we define

d
Fe(z) =Fo& =) &fi(x)

j=1

Assume that 1 < p < co and 1/p+1/p' = 1. Let h € L*(R%, duo) N LP (RY, dua) be
such that [|h|| . (4,,) < 1. By (2.11) we get

/R , F@ha) diiale) = / /R dtZ@ (0.5 ()] [0.B2h(0)] dpa(a)as

=1

_ 4/0 /Rd |V (t,2)

V(t,z) = [atﬁta”’ fil) atﬁt“ﬂ'h(z)]';

22 cos(&, V (¢, 7)) dpa(z)dt,

where

Denote by ¢ the surface measure on the unit sphere S4~1 = {¢ € R?: |¢| = 1}. Using
the above and Minkowski’s integral inequality we obtain

o0
HEs i lomsirany < 4 [, [ V€0 08 V(6.0 o501y tital)
+

= 4C(d,p) /Rd /Ooo t|V (t, z)| dtdpa(zx).
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Let aj,,...,a;, be all distinct values of coordinates in the multi-index a. Observe,
that the last expression may be estimated from above by

4C(d,p)]§; /R . /0 wt]atﬁt"”’fh(x)( (2:; [@Ista’ifi(z)r)1/2dtd,ua(:c),

which, by Holder’s inequality and Theorem 2.4.2 (a), is further bounded by

4C(d, p) 9i;(h)(z)|9(F) ()| dpa(z)

P ;/Rig g m

4C(d,p) Y (195 ()| 1o gy 1) 2
j=1

< 4cpC(d,p)n||l§(F)|22||Lp(d;m)'

IA

Lr(dpq)

For each & € RY, |¢| = 1, there exists a sequence {h%,} C L*(RY, dpa)NLP (RY, dua),
h&all 2o g,y < 1 such that
hm‘ Fe, hio)aua | = HFéuLp(dua)'
Thus, by Fatou’s lemma, we get
~ P
(2.12) /Ifl ”Fﬁlle (dpa) da(f) < <4cpC(d,p)TL”|g(F)|g2HLp(dua)) :
Now, observe that

|Fe(2)[P = |F ()] | cos(é, V(5 2)) |7,

and therefore
/K Vel 40(©) = P IFIe
This, in view of (2.12), completes the proof.

2.5. Riesz-Laguerre transforms and conjugate Poisson integrals

Recall that the Riesz-Laguerre transform R = (R{,..., RS) is formally given
by '
R = grad,, (£%) /2y,

which makes sense for a dense subset of L?(R%, djo) of all polynomials, because for
Laguerre polynomials we have

RPLE = — |k PymLyts, k| >0,
and RPL§ = 0 if |k| = 0. Given a suitable function f we define its conjugate Poisson
integrals UM f, i=1,...,d, t >0, by
Utalf = ]Sta’iR?fa

Such definition extends that given by Muckenhoupt [Mu3] in the one-dimensional
setting and is well motivated by the following set of Cauchy-Riemann type equations:

(2.13) SUMF = &UME, 4,5=1,...,d,
(2.14) GPEF = =S, d=1,... 44,
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d
(2.15) Y GUMF = -8P2f.
Jj=1
Moreover,
(2.16) BT f = MPUZIF,  f=1yiu. 4

Some of the above equations, in one-dimensional version, may be found in [Mu3].
Verification of (2.13)-(2.16) when f is a (Laguerre) polynomial is straightforward.
Indeed, for i = 1,... ,d, we have (see Sections 2.2 and 2.3)

PeLy = et
MA(VELEEE) = |klVELEre,
PRVELEE) = M VRL,
UsiLe = _|k|—1/2e“"’°|l/2\/$—iL?f§f» k| > 0,

and Uta’iL? = 0 if |k| = 0. Now, identities (2.13) and (2.14) are easily verified with
the aid of (2.4). To get (2.15) observe that 61*(\/33_,Lgf2) = —k;L§, which follows by
(2.4) and the fact that Laguerre polynomials L} are eigenfunctions of £*. Checking
(2.16) makes no difficulties.

The main result of this chapter is the following.

THEOREM 2.5.1. Assume that 1 < p < oo and o € [—1/2,00). Let G = #{c; :
1=1,...,d} be the number of distinct coordinates in the multi-index . There ezists
a constant ¢, (depending neither on the dimension d nor on the type multi-indez o)
such that

IR f e ][Lp(dua) < G| fllLr(dua)
and
| R fll o (dua) < cpllfllze(dua)s i=1,...,d,
for all polynomaals f in Ri.

PROOF. In view of (2.14) we have

[6: P (RES), ... , 8PP RSS)] = [ - 61 P2, ... ,—04P2f],
hence
G(R1)(@)| o = [G1(RE ) (@), . ,Ga(RES) (@)]] o < 9(f) ().
Ergo the conclusion follows by Theorems 2.4.1 and 2.4.2. O

COROLLARY 2.5.2. Let o € [—1/2,00). The operators R and Uta’i, 3=1,:%. 5d;
t > 0, initially defined on a dense subset of LZ(IR‘_iH dia), extend uniquely to bounded
linear operators in LP(R%,du,), 1 < p < oo.

COROLLARY 2.5.3. Let1 <p < oo and o € [—-1/2,00). Then

(a) There exists a constant c, (independent of d and o) such that

1U fllodpe) < eollflliodua)y,  8=1,...,d,

for all f € LP(RY, dpa);
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(b) For all f € LP(RL,dus) andi € {1,... ,d}
UM f — RYf, t— 07,
the convergence being both in LP(R%, due) and almost everywhere;

(c) For eachi € {1,...,d} the family {U"}i>0 is strongly continuous and uni-
formly bounded in LP(RZ, duy).

PROOF. Item (a) is a consequence of Theorem 2.5.1, (2.2) and the fact that
sup [U™ f(z)| < (PY)*(R&f) (), z € RY.
>0
Statements (b) and (c) are justified by standard arguments with the aid of (a). O
REMARK 2.5.4. When p = 2 we have
|I|Raf|£2“L2(dua) = ||H0fl L2(dps)’
Indeed, if f € L?(R%, duq) has the expansion f =Y, ax(f)L$, then
Ref ==Y ap(f)|k|"?amLyre,

|k|>0

f € L2(Ri’d/1'a)a a € (-la oo)d'

and therefore by Parseval’s identity

d
2 . ;
L) = 2 2 PR IVELE I )

IR fle2|
i=1 |k|>0
d

= 3% wl) kL g
=1 |k|>0

= > LN oy = IS 172 (dur:
|k|>0

Analogous computations show that for each i € {1,... ,d} the operators {U™"}1~0

are contractions in L?(R%,du,), a € (—1,00)<.



CHAPTER 3

Higher order Riesz transforms for polynomial Laguerre
expansions

3.1. Introduction

In the present chapter we focus on higher order Riesz transforms and some related
operators for multi-dimensional polynomial Laguerre expansions. Such operators do
not appear in the existing literature, thus we start by giving suitable definitions.
The main results, boundedness in LP?; 1 < p < oo, of higher order Riesz-Laguerre
transforms (Theorem 3.5.1) and weak type 1-1 of Riesz-Laguerre transforms of order
2 (Theorem 3.5.2), are obtained by means of transference from Hermite polynomial
setting, after restricting to half-integer multi-indices o. The corresponding L? con-
stants depend neither on the dimension nor on the type multi-index c.

The method of transference was used by Dinger [Di] and other authors, and
recently has been developed by Gutiérrez et al., [GIT]. We provide a considerable
extension of this technique and show how to transfer higher order Riesz type op-
erators and certain differential operators. Although the corresponding formulas are
rather complex, we believe they shed some new light on an interplay between Her-
mite and Laguerre expansions. The crucial ingredient of our reasoning is technical
Lemma 3.4.3. This result is of independent interest and may be applied to derive
certain bilinear composition formulas for multi-dimensional Gould-Hopper polyno-
mials, hence also for multi-dimensional Hermite polynomials (see [GrNo]). Other
interesting applications of the results obtained in Chapter 3 have been recently given
in [GLLNU], in investigation of Sobolev spaces associated with polynomial Laguerre
expansions.

The organization of this chapter is the following. In Section 3.2 we furnish
relevant definitions and describe the transference setting. Section 3.3 contains two
examples which are given to provide a better insight in what follows later. These
are explicit computations of transference inequality for Riesz-Laguerre transforms of
order 2 and 3. In Section 3.4 we obtain a transference inequality for Riesz-Laguerre
transforms and related operators of arbitrary finite order . Finally, in Section 3.5 we
state and prove main results concerning LP boundedness and weak type 1-1 of the
aforementioned operators.

3.2. Definitions and transference setting

We shall use the notation of Chapter 2. Recall that « is the type multi-index,
L% is the Laguerre differential operator, p, is the associated measure in R‘i, and
IIy denotes the orthogonal projection onto the orthogonal complement Hg of the

eigenspace corresponding to the Laguerre eigenvalue 0. Further, 6;, i = 1,... ,d are
the Laguerre partial derivatives defined by d§; = \/Z;0y;.
Let m = (my,...,mq) € N? be a multi-index. Using the standard notation

§™ = 6" -+ 6" it is natural to define the Riesz-Laguerre transform of order M € N

45
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by

ROM = (R jmj=ns = (5m(£a)_M/2H0) :

|m|=M
This formal definition makes sense for all polynomials in R‘i and if M = 1 it coincides
with that given in Chapter 2. Another possible definition of higher order Riesz-
Laguerre transforms, which could be taken under consideration, is
(3.1) M = (K3 )mjaps = (a0 ™M)
|m|=M

with the notation m/2 = (m1/2,... ,mq/2). Nevertheless, more appropriate seems
to be the first one since it better fits to a general framework and is more suitable
from the transference point of view, whereas LP boundedness of the operators K
cannot be concluded by transference for all half-integer « (see Remark 3.4.9).

We will study LP mapping properties of R*M by exploiting analogous results for
Hermite polynomial expansions. The setting is as follows. To the end of this chapter
we assume, without further mention, that

a; = %—1, n; € N\{0}, i=1,...,d.
Consider the space RI™ | where the multi-index n = (ny, ... ,ng) is determined by a,
as above. Notice, that [n| > d. Let

LA=_A242.V

be the Ornstein-Uhlenbeck operator in RI* and by dy(z) = 7~ "/2 exp(—|z|?)dz
denote the associated Gaussian measure. For z € RI? we write z = (z!,... 2%,
where z° = (z},... , % ) is the "block” of R corresponding to ;. Thus x; denotes
the (ny + -+ -+ nij—1 + j)-th coordinate of z.

Let 9;; = az} . Hermite partial derivatives are defined by (cf. [GIT])

1

H = i & y — s .
ai,j—ﬁal,], 7’_17"',d7 J-'—].,...,TL.L,
so that we have
d n;
o> @) e =1,
i=1 j=1

where
(98)" = ot} + Vs,
is the formal adjoint of st in L2(R™,dy). To define higher order Riesz-Hermite

transforms we introduce multi multi-indices 7 = (1, ... ,74) € NI?|, where each
coordinate is also a multi-index: m; = (Mj1,... ,Mipn;) € N™. In the sequel multi
multi-indices and their coordinates will always be distinguished by tildes, and will
always refer to the Hermite setting. We denote || = ;|| = 3, ; ;5. According

to the standard notation, the meaning of (0%)™ and (9%)™ is the following:
(aH)ﬁu = (ai’[-{l)mi,l.._(agli)mi,ni’ i=1,...,d,
@) = () o)™

Similarly are defined the operators 9" and 9™.
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Let TI¥ be the orthogonal projection onto the orthogonal complement of the
eigenspace corresponding to the Hermite eigenvalue 0. Then the (normalized) Riesz-
Hermite transform of order M is given by

RH,I\/[ — (R',I:In)hhl___ﬂ/[ -

= [wem) (@)™ (L)~ (o™y™e(L) =M/ )|

(vem@Hm @)

[|=M"

~\ _ 174 m;l! /2 ~ 1 _ TTN ~ .
where ¥ () = [[i; ( o ) with 7! = [T72, (i)l i =1,...,d. Note, that the
normalizing factor ¥(72) may be estimated from above by /|m|!.

Riesz-Hermite transforms were studied with great intensity. The proof of LP,
1 < p < oo, boundedness valid for any order and any dimension was found by P.A.
Meyer, by probabilistic methods. Another proofs, in various cases, were given by
Gundy [G], Pisier [Pi], Urbina [Ur|, Gutierréz [Gu], and Gutierréz et al. [GST].
The corresponding weak type 1-1 was investigated by Fabes et al. [FGS], Forzani
and Scotto [FoSc], and in [GMST?2], see the survey [Sj2] for more details.

Recall that in Chapter 1 the quadratic transformation ¢: R/l —s R‘i establish-
ing a connection between Hermite and Laguerre function expansions was defined by
(see (1.30))

#(z',... 2% = (|2'f%,... , |=%).
The transformation ¢ relates also Hermite polynomial setting in R and Laguerre
polynomial setting in Ri, which allows to transfer certain results from Hermite to
Laguerre expansions. For instance, the following lemma shows a relation between
LT and L. The proof is an easy consequence of [GIT, Lemma 1.1].

LEMMA 3.2.1. Let f be a polynomial in Rﬁ_. Then, given & € R, we have
(L) I (f 0 ) = 2¢ [ (£)°hof] 0 6.
In particular, I (f o ¢) = (Ip f) o ¢.
In what follows we shall use the function ¢: NI*l — N¢ given by
Further, for a multi-index m € N¢, we define
A(m) = {m e N : o(m) = m}.
Observe that for M € N

{meNr:m|=M}= | Am),
|m|=M

the summands being mutually disjoint.

3.3. Riesz-Laguerre transforms of order 2 and 3; explicit computations

Before passing to the general case, it is convenient to go through some computa-
tions, which provide a better insight in further development and also exhibit places,
where difficulties appear.

We shall compute transference inequalities for Riesz-Laguerre transforms of or-
der 2 and 3. Note that for the 1-st order Riesz transforms, as well as for other
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objects considered in [GIT], Laguerre and Hermite counterparts are related through
equalities. This, however, is not the case of higher order Riesz operators.

3.3.1. Second order Riesz transforms; explicit computations.

PROPOSITION 3.3.1. Let f be a polynomial in Ri and fix a multi-index m, such
that |m| = 2. Then the following transference inequality holds:

| (B f10 8] < |(RE(S © ) e am,,

ProOOF. Without any loss of generality we will consider only two cases: m =
(1,1,0,...,0) and m = (2,0,...,0) (of course the first case makes sense only if
d > 1). Assume that f € Hj and denote §; = Oy, i=1,...,d.

CAsE 1. Let m = (1,1,0,...,0). Using Lemma 3.2.1 we obtain

ny N2

(B o D@ menem], = 2o D O3, (fo #)(@)”
J1=1j2=1

= 2703 (GO ([(£7)7f] 0 $(@)))?

n=1j2=1
ny N2

= 274> Y (21}, 242, [8185(£%) 71 f] o $(x))’

Jji=1j2=1
ni no

= S )23 (@) ([018:(£%)7 ] 0 $(2))

n=l1 J2=1
= o' P2 ([2182(£%)7 1] 0 §(2))°
= ([8162(£)7 f] 0 $(a)”
= ([Rm.flo¢(2))*.
CASE 2. Let m = (2,0,...,0). Again by Lemma 3.2.1 we get

|(BE( © 9@ menim], = O OIS 0 $)@)’
Ji=1

=274 Y (91501 ([(£) 7' 1] 0 $()))”

Ji=1
=274} (22120} [(81)%(L%)7 ] 0 ¢(2))”
131;?11
43 Z (2 [al(ﬁa)_lf] o¢(z) + 2xJ1-2x11 [(81)2(130‘)_1]‘] o ¢(a:))2
j=1
l=j

f: (zaf [(81)%(£*)~ +Z( [01(£%)71f] o ¢>(:c))2
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ny
+ 3 (@h)? [(00)(£%) 1] 0 () [01(£2) 2] o d(a)
=1

= (|2* 2 [(00)2(L2) 71 f] 0 6(2))” + 2! [(B1)2(£2) 7 £] 0 () [B1(£2) 7 f] o B(2)
2
. (% [81(£) 7] o¢(z)) + ML ([00(£%) 7 ] 0 ()

2

> (10 [0 ] 260 + 3 [0E7 1] 06(0)) = (BT} d(o))-
The last equality follows since

1
(61)% = y1(0n)* + 531.

3.3.2. Third order Riesz transforms; explicit computations.

PROPOSITION 3.3.2. Let f be a polynomial in Ri and fix a multi-index m such
that |m| = 3. Then

(3.2) | (B210 9] < |(RE( © ) e,
PROOF. Assume that f € ’HOL. Without any loss of generality we will consider

only three cases.

CAsE 1. If d > 3 and m = (1,1,1,0,... ,0) then (3.2) is verified exactly in the
same way as for m = (1,1,0,...,0). Thus the computation is omitted.

CASE 2. Assume that d > 2 and let m = (2,1,0,...,0). Using Lemma 3.2.1 we
write

(RE(f o 9) (x))me,um)(fz = 30 3 (ol ol B8, (L (S 0 p)(w)

J1,lhi=1j2=1
=26 i ZY_E (al,jlal,llaQst ([([,a)—3/2f] o¢(.’z:)))2
Ji1,li=1j2=1
— 94 i(;&)z i (81,]'131,11 ([52(£a)_3/2f] & ¢($)>)2'
J2=1 Jihi=1

Now we may estimate the internal sum in the same way as in the case m =
(2,0,...,0), see the proof of Proposition 3.3.1. Hence the last expression is fur-
ther bounded by

2
2 (161 (002006 2/21] 0 ) + 5 [r0a(67)221] o 612) )
= (R3]0 (@)

since

1
(61)202 = y1/12(01)%02 + =+/420102.
2
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0). Assume that F': RIM — ]Ri is sufficiently regu-

CAsE 3. Let m = (3,0,...,
lar. Then a straightforward computation gives

01,0101k [F o ¢(z)] =
23 |ziz}zk[(01)°F) o () + % (@3 x =k + Zi X =k} + ThX(i=1y) [(01)*F] ¢(37)] 7

where x (=} = 1 if | = k and x{;—¢} = 0 otherwise. Therefore denoting

T=[@)P ) ode) and T =[OV o gla),

and making use of Lemma 3.2.1 we obtain

|(REG o O menem],, = > (F0RIEEN (0 p)@)

j)ly =1
ni ni ni
= Z (:vjl-ar:}:c}cI)2 + (x o oL + 2p J)* + Z gz i L + 23T )?
Jsl,k=1 Jilk= ])17 =1
A ;é' i J#l=k
ni
Z zizi oL + o1 J) + Z (zjzi i + (25 + 2] + 25)T)?
7Lk=1 Ilk=1
j:k#l j=k=l
ni ni
=I2 Z .’L' mlirk 2 + Z 21-‘_7 )2 +‘72(Ii)2]
j,l,k=1 ] ’ 1

ni

+ > [2IT@E) )+ T )+ Y 22T ()2 (2h)? + T (a))?]
Jil,k=1 gl k=1
1=k i=k
+ Y 67%(x;)? =%zt |® + 627 |2'|* + (3n1 + 6) T ||

Jlk=1
j=k=l
> 12|zt [8 + 627z * + 972! = (Z)2'P + 3]2Y|7)*
2
- <'$1I3 (@) (L) 0 9(z) + Gt (GO /2o ¢(w))
= ([Rp.f]o ¢(2))%.

The last equality holds, because
(61)° = @)**(0)° + 5 \/_ (61)°

3.4. Higher order Riesz-Laguerre transforms; the general case

The main objective of this section is to prove the transference inequality for
Riesz-Laguerre transforms of arbitrary finite order, which is stated in Theorem 3.4.6
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below. We start by defining the coefficients

N!
_ oN-=-2k : _
Eng =2 T N=0,1,2,..., 0<k<N/2

Note, that the Hermite polynomials express explicitly by (cf. [Le, (4.17.2)])
Hy(z)= Y (-1)*EnipsV %, N=0,12,...,
0<k<N/2

hence Ey  is the absolute value of the coefficient standing at the (IV — 2k)-th power
in the N-th Hermite polynomial.

LEMMA 3.4.1. Given N € N and a sufficiently smooth function g: Ry — R we
have

(3.3) Mg = 2V [Vg] (*),
(3.4) Mg = Y Bwxy™ [0V 0P,
0<k<N/2
(3.5) No) = 27V Y Exk vV [0V ().
0<k<N/2

PROOF. The identity (3.3) is easily verified by induction. (3.4) follows by Fa4 di
Bruno’s formula for the N-th derivative of the composition of two functions:

N
Mao ) =M Fa)of) 2 Hk'(mf’)

keNV, |k|=i
k1+2ko+..+Nky=N

Finally, (3.5) is a consequence of the two previous identities. O

COROLLARY 3.4.2. Let F': ]Ri — R? be sufficiently regular. Given multi-indices
m € Nl and m € N%, we have

(@) [Fogl(z) = 2712 3 E_ ;o™ [geW-v®F) o g(a),
0<k<mn/2
prFloga) = 27 3T B (@)™ [07F] o g(2).
0<k<m/2
In particular, if f is a polynomial in Ri, then denoting F = (£%)~I™I/2T1yf and
using Lemma 3.2.1 we get
RE(fod)(z) = 27™W(m) 3 By a™ % 00 BF] o g(z),
0<k<m/2

R flodz) = 27 3 By @)™ [07FF] o g(a).

In the above corollary the following notation has been used:

dni

d
Eﬁlyif = H H EThi,j,iCi,j ’ Em,k = H Emi,ki,
i=1

i=1j=1
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d n; d
2™ =T II1@)™, (#(@)™ =TT =™,
i=1j=1 i=1
0<k<m = 0<ky;<mi; 1<i<d, 1<j<m
0<k<m 0<ki<m; 1<i<d,
where 0 denotes the multi-dimensional zero (0,...,0) € NV, the value of N being

dependent on the particular context. Such notation will be used in the sequel without
further comments or explanations.

The following technical lemma is crucial. It enables us to establish a relation be-
tween higher order Hermite derivatives in R/" and higher order Laguerre derivatives
in R% (see Proposition 3.4.10 below). Recall that the Pochhammer symbol (X); = 1
ifi=0and (A\)i=AXA+1)---(A+i—-1)fore=1,2,....

LEMMA 3.4.3. Let m € N¢ be a fized multi-index. Then, for an arbitrary set of
complex numbers {Bj}o<j<m/2 and all z € RI™, we have

| o 2
(36) > %( > Em,ic“’m_%ﬁw(k))

meA(m) 0<k<r/2
922lj - m/2—j—k ’
= Z T(—m)Qj((n - 1)/2)]'( Z En—jk[¢(2)] ’ ﬁk‘*‘j) ’
0<j<m/2 ' 0<k<m/2—j

where m! = my!---mg!, 1= (1,...,1) € N? and (\); = (A1)j, -+ (Aa)j, for X € R4
and a multi-indez j € N4,

PROOF. After expanding both sides, the identity (3.6) takes the form

m! f—2k—21
(3.7) Z il Z Eﬁz,chrh,fzﬁm ? Qﬂw(k)ﬁtp(l’) =

meA(m) 0<k<m/2
0<i<mn/2
22l.7l n — i — 97—
> —,( ; ),(—m)Qj > Em-2jkBm-2ld@)]™ By iBiss.
0<j<m/2 7’ # 0<k<m/2—j

0<i<m/2—j
It remains to show that the coefficients of Bx8;, 0 < k,l < m/2, coincide on both
sides. To do this, let us introduce the polynomials
2up Z ENkpk N= 2k UaPER,
0<k<N/2

which are a generalization of Hermite polynomials, because Hy(u) = gy (2u,—1).
Noteworthy, gy (u,p) are contained in certain general classes of polynomials consid-
ered by Brafman, Gould and Hopper, and others, see [SrMa| and references therein.

Observe that N
1\ 7
2u,p) = | — Hy| —u), 0,
gn(2u, p) (\/]3> N <\/Z—7 ) p#

hence, in virtue of classical Mehler’s formula which holds also with imaginary ar-
guments (this seems to be well-known and may be proved by essentially the same
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reasoning as in the case of real arguments, see the proof in [Sj2]) we get
0 N
Z \/_z
S on(2u,P)gn(20,0) o = Z Hy (—u) Hy ( ) {oofpaz)
N=0 27N VP Vi) 2NN
1 ( 2(qu? + pv )+2zuv>
ex

V1 - pgz? 1 — pgz?

provided |z| < |pg|~'/2. In particular, for u = v we have

2N 1 (p+q)2° +22
, /(2 2u, = o)
(3-8) Z gn (2u, p)gn (2u q)zNN[ /1 — pgz2 N (u 1 — pgz? )

N=0
Next, consider the multi-dimensional polynomials

n;
grhz(Z«’ClaPz) = Hgﬁli,j (2$_115pl)7 pi € R, i=1,...,d
i=1
Using the generating formula (3.8) we obtain
| %
> gm: (22, pi) g, (227, ¢:)

.
Ml
i ENM 2lmilen,!

—n;/2 exp (|$1|2(pz + qz)z + 2zz)’
l_pz(h

the identity being valid if |z| < |pigi|~"/?, @ = 1,...,d. Thus, denoting z =
(21,---,24), p= (P1,---,Pd), ¢=(qi,-.. ,94), we have

= (1 - pigiz?)

p . 2P(m)
2:1 |gml (22", p1)gm, (22", q1) - - - Gy (229, pa) gy (22 »9d) S
meNIn

i
z! il

d
= H Z gm2 2573 yPi gm1(2$ aqz) =
i=1 1 eNM 2' |mz'

d
—n;/2 + qi)Z; +2Z
=T (0 - pigiz?) ™% exp (I i e @)z Z)
=1

1 _szz
L (n=1\ ;o G
= Pz > Hg/cz 2|z, pi) gk, (2], qz)2k i
jend & J keNd i=1
since
_o\—(N=-1)/2 _ _ il —
(1—u) _g((N D/2); 5 N=12..., Ju<l.

Now, comparing the coefficients of 2z we see that

m!
Z ;%‘l‘gﬁu (251;1,1)1 )gfru (21"1, Q1) © Gy (2$dapd)gﬁld (2$da Qd)
meA(m)

2|4
=3 ﬂ( m)a;((n—1)/2),p7¢ Hgm, 25 212", pi) gmi—25; (2]2°], @i),

_ g!
0<j<m/2 i=1



3.4. HIGHER ORDER RIESZ-LAGUERRE TRANSFORMS; THE GENERAL CASE 54

which after expansions yields

- k0T olE) i
Yoo D BBt ¢ =

meA(m) 0<k<m/2
0<i<m/2
22151 = m—2j—k—l k+j I+j
2. Srmei((-D)/2); 3 EmaeBnoald(@)] pea
0<j<m/2 J: 0<k<m/2—j

0<I<m/2—j
Since the above identity holds at least for all p, g € Ri, it follows that the coefficients
of pFqt, 0 < k,1 < m/2, are equal on both sides. This, in view of (3.7), finishes the
proof. O
REMARK 3.4.4. As an interesting application of the technique exploited in the

above proof one may derive bilinear composition formulas for Hermite and Gould-
Hopper polynomials, see [GrNo]. For example, it follows that

2%

>y %[Hm(x)]z’: 2 - (d;)j[HM—zj(lwm?’

|m|=M " 0<]<M/2

for all M € N and z € R%. This is the simplest formula of those discussed in [GrNo],
nevertheless it seems to be new.

LEMMA 3.4.5. Let f be a polynomial in Ri. For all m € N% and z € R we
have

(3.9) |(BE(f 0 $)@) seacm),
e |m| Z Emj((n—1)/2); ([5m—2jajF] 0¢(z)>2,

0<j<m/2

2

where F = (L*)~I™I/211yf.
Proor. By Corollary 3.4.2 and Lemma 3.4.3

|(RE( © @) e s,

2
—2|m| m! rh m— cp(k 2
=2 > ,,T;!( By ia™ % 9 ]°¢’( )>
meA(m) 0<k<in/2
ol 22l5] _
=2 ) > T(—m)f%j((” - 1)/2);
0<j<m/2
2

x ( > Bnaiplé(@)]™? Ik [0m i) o ¢(x)) ]

0<k<m/2—j
which by (3.5) is equal to the RHS in (3.9). O

THEOREM 3.4.6. Let f be a polynomial in Rd Then
[RES1o ¢ < |(RE(f © ) e aim),,

for any multi-indez m € N¢,
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PROOF. In view of Lemma 3.4.5 and the definition of R}, we have
3.10) |(RE(S o D@D neam|,, — (B30 9(2)?
27" 3 ((n- I)/2)J.Em,j( [6™m~%IF] o ¢(z))2 >0

0<j<m/2
J#0
for all z € R O
REMARK 3.4.7. If a = (-1/2,...,—1/2), which is equivalent to n = (1,...,1),

then a stronger result holds than that stated in Theorem 3.4.6, namely
[R.flo ¢ = Ry(fo9),

for all polynomials f in Ri and an arbitrary multi-index m € N%. Moreover, for any
half-integer «, the first order Riesz transforms satisfy

(B2 f] 06 = |(RE(f o $)meenlys  i=1r--esd.

The first of the above facts follows by Corollary 3.4.2. The other one is a direct
consequence of (3.10).

Let us also consider the operators
Knj= g™/2=igm—i(ce)=Iml/2, 0<j<m/2, meN,

which are closely related to the Riesz-Laguerre transform of order |m|, because R%,
is a linear combination of K, i 0 < j < m/2. These operators turned out to be im-
portant in studying Sobolev spaces associated with Laguerre polynomial expansions
(see [GLLNU]J). Note that K 5 coincides with K in (3.1).

THEOREM 3.4.8. Assume that min; a; > —1/2 and let f be a polynomial in Ri.
Then, for all multi-indices m,j € N® such that 0 < j < m/2

(3.11) | [K557] 8] < O (RE(S © ) et
with C independent of d and .

PROOF. Define the operators
(3'12) S’?n,j = m.77 Z Ep,_ 2j,k—j mka (-)S < /2a
Jj<k<m/2

where
_ _ajm| 923l _ 1/2

Bom, ) = (2 s (n - D), )

By the proof of Lemma 3.4.5 we have
2 N )
|(RE(F o Dneam,, = 2 [(Sshod]”
0<j<m/2
Thus B
(53,30 2 8] < | (RE( 0 ) seam ), 03 <m/2

When j = m/2 or j = m/2 — e;/2 then the sum in (3.12) has only one term and
(3.11) follows for K m/2" When j = m/2 —e; for m; > 2, the sum in (3.12) has two

terms, one of Wthh is Ky m/2 considered in the first step, so (3.11) holds also for
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the second term. Iterating this procedure we get (3.11) for all the operators 2o
The constant C is independent of n, because the Pochhammer symbol ((n — 1)/ 2)].
is monotone in j. O

REMARK 3.4.9. _The assumption about min; o; is essential. If a; = —1/2 for
some 4, then ((n — 1) /2)]. vanishes whenever j; > 0 and hence the conclusion does

not follow.

The result below may be regarded as a generalization of the formula (3.4), with
the square function on R replaced by the transference transformation ¢.

PROPOSITION 3.4.10. Given a sufficiently smooth function f in R‘i and a multi-
index m € N%, we have

m! . . 9 2217l -
> Do) = % [T(—m)zj((n—lw)j

meA(m) 0<j<m/2

2
x ( S> Emoaule(@)m/27i7k [gmih] o¢<x>> }

0<k<m/2—j
olml $° Em,j((n—I)/Q)j<[5m"2jajf]o¢(a;))2.
0<j<m/2

PROOF. These identities were already obtained implicitly and are a consequence
of Lemma 3.4.3, see also Lemma 3.4.5 and its proof. O

3.5. Conclusions; L boundedness and weak type 1-1

THEOREM 3.5.1. Let o = (v, ... ,aq) with a; = n;/2—1 and n; € N\{0}. Then,
given 1 < p < oo and M € N, we have

(3.13) H|R°"MflezHL S Cllfll o e dpa)»

P(R’i vd.u‘a)

for all polynomials f. Consequently, each R%, |m| = M, extends uniquely to a
bounded linear operator in L”(Ri, dpa). Moreover, the constant C is independent of
the dimension d and the type multi-indez .

PROOF OF THEOREM 3.5.1. By [GIT, Lemma 2.1] we have
(3.14) [, 90) dual) = Can [ 50 6@) dr(a).
Ri— Rinl

Hence, by Theorem 3.4.6 and P.A. Meyer’s result [Me] on the L?(d7y) boundedness
of higher order Riesz-Hermite transforms, for any polynomial f in Ri we obtain

L, RS duas) = Can [ R 1) 0 002 dr(a)

d
+

IA

Can [ [RTM(7 0 $)@)[5 (0

IN

Cpat Can [ 172 H@)P dr(o)
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- chljgdlf(prdﬂa(y)

+

Thus (3.13) is justified. O

Weak type 1-1 for Riesz-Laguerre transforms of order 1 was obtained for half-
integer o’s in [GIT], by the method of transference. Concerning the transforms of
order 2, we have

THEOREM 3.5.2. Let o be half-integer. Then the Riesz-Laguerre transforms R,
of order 2 extend uniquely to weakly bounded linear operators on Ll(Ri, ditg).

PROOF. Assume that |m| = 2. Let f be a polynomial in R‘fl_ and denote
i» = {yeRL:|RLf(y) > AL,
X, = {seR":|(RE(f 2 9)@) neapm
Note, that by Theorem 3.4.6

p>A}

1Y)‘ ° ¢ < 1X,\7
where 1y, and 1y, are the indicator functions of Y) and X, respectively. Hence,
using (3.14) and the weak type 1-1 results for the corresponding Riesz-Hermite
transforms [GMST2] we get

pa) = [ 1%,0) dualv)

RY

— Cun /R Ly 0 4(a) dr(a)

< Can [ 10 @00

(AN

C C
Cd,n;”f °odllriay = X”f“Ll(dﬂa)'
O

REMARK 3.5.3. Riesz-Hermite transforms, unlike classical Riesz operators, are
not of weak type 1-1 when the order is greater than 2, see [FoSc, GMST2]. Unfor-
tunately, this negative result cannot be transferred to the Laguerre setting. There
are two essential reasons for that: the lack of equality in Theorem 3.4.6 and the fact
that the quadratic mapping ¢ is not injective.

THEOREM 3.5.4. Let o be half-integer and assume that min; o > —1/2.

(a) Given p € (1,00), the operators K, ;, m € N4, 0 < j < m/2, extend uniquely
to bounded linear operators in Lp(R‘i, dug). The corresponding LP constants
depend neither on the dimension d nor on the type multi-indez c.

(b) If [m| < 2 then KJ, ;, 0 < j <m/2, extend uniquely to weakly bounded linear

operators on L'(RL, dpy ).

PROOF. Argue as in the proofs of Theorem 3.5.1 and 3.5.2, with the aid of
Theorem 3.4.8. O
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