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Parametric identification procedure based  
on the Walsh wavelet packet approach for  
estimation of signal function derivatives 

M. NAPIÓRKOWSKA-AŁYKOW, W. GLABISZ 
Wrocław University of Technlogy, Wybrzeże Wyspiańskiego 27, 50-370 Wrocław 

The identification of mathematical models which can represent discrete dynamic systems is a problem 
of considerable importance in applied mechanics. The algorithm is tested on single degree of freedom 
system, which is described by linear and nonlinear differential equations with constant and variable coef-
ficients. 

Keywords: wavelet analysis, parametric identification, Walsh packet basis 

1. Introduction 

The identification of real system parameters is a major problem in mechanics. In 
parametric identification, the derivatives of the system signal measured (e.g. dis-
placement, acceleration) are particularly difficult to determine accurately, all the more 
because the signal is randomly disturbed. The problem also arises in the case of inac-
curate measurements and mathematical models with higher-order derivatives [1]. The 
determination of signal function derivatives is much more difficult in a numerical 
analysis than in a situation where, for instance, accelerations have been measured and 
velocities and deflections are to be determined by integration, using the identification 
procedure [2]. In integration, the determination of integration constants poses a prob-
lem. 

The aim of the paper was to generalize the results presented in Glabisz’s paper [3], 
with regard to the use of the Walsh wavelet packet analysis for determining signal 
function derivatives. Glabisz’s results represent a special case of the general algorithm 
which is presented here. The algorithm is based on wavelet packet analysis and allows 
one to generate derivatives of an indicated order, which are used to identify the pa-
rameters of the mathematical models adopted that describe the system investigated. 

Below, wavelet packet analysis (with the Haar filter employed) is briefly intro-
duced. In section 3, derivative order determination procedures and the required multi-
pliers are given. Section 4 discusses parametric identification procedures. In section 5, 
numerical examples based on the proposed identification method are provided. The 
paper ends with a recapitulation and conclusions. 
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2. Short introduction to the Walsh wavelet packet analysis 

In the literature, one can find numerous applications of the wavelet transforma-
tion, mainly to mathematical problems [4–7]. The foundations of wavelet analysis can 
be found, among others, in [8, 9, 10]. A detailed review of the papers on the wavelet 
transformation is presented in [11]. 

In the discrete wavelet transform (DWT), the signal f investigated is presented as 
its decomposition into a smooth signal part (using the scaling function kj ,0

φ ) ex-

pressed by the coefficients ∫==
R

kjjkj
j

k dtttfff )()(, ,, 000
0 φφ  and a part comprising 

signal function details (using the wavelet function kj ,1−ψ ), expressed by the coeffi-

cients ∫ −−−
− ==

R
kjjkj

j
k dtttffd )()(, ,11,1

1 ψψ , where j represents the successive reso-

lution levels [8, 12]: 

∑∑∑
∞

=

+=
jl k

lk
l
kjk

k

j
k tdtftf )()()( ψφ .                               (1) 

Equation (1) shows that the function  can be decomposed into a smooth part 
 and the part representing local fluctuations. In wavelet analysis, the 

smooth part of the signal function is decomposed into a smooth part and a details part, 
while the details part from the higher level is left unchanged [8, 9, 10, 12]. As opposed 
to the wavelet transformation, in wavelet packet analysis the details part is also sub-
jected to decomposition into a smooth part and a details part. In classic wavelet analy-
sis, the space V can be decomposed into orthogonal subspaces in which base functions 
are defined by the following equations [8, 9]: 

)(tf
)(tf j )(td j

∑ ∑ −==
k k

kkk kththt ,)2(2)()( 1 φφφ                                  (2) 

where  are the low-pass filter coefficients, kh

,)2(2)( ∑ −=
k

k ktgt φψ                                                   (3) 

where  are the wavelet expansion coefficients referred to as high-pass filter coeffi-
cients [8, 9, 10, 12]. In wavelet packet analysis, a similar division can be applied to the 
details space W. 

kg

In a general case, for  one can define the following functions [13, 14]: ,,1 ,0 K=n
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,)2(2)(2 ∑ −=
k

nkn ktwhtw                                           (4) 

∑ −=+
k

nkn ktwgtw )2(2)(12                                           (5) 

which form the sequences of base functions in the space . The different combina-
tions of functions (4) and (5) and the functions created through scaling and translating 
them form a set of orthonormal bases 

jV

{ })(twn  which may be used to describe the space 
elements . Such a collection of base functions is called a library of packet bases and 

functions  are referred to as a wavelet packet. An exemplary 

scheme of the space  decomposition by wavelet packet analysis for a space with 
base 

jV

)2(2 2/
,, ktww j

n
j

kjn −=

3V
{ })(,, tw kjn  denoted as  is shown in Figure 1. jnw ,

w0,3

w0,2 w1,2

w0,1 w1,1 w2,1 w3,1

w0,0 w1,0 w2,0 W3,0 w4,0 w5,0 w6,0 w7,0

Fig. 1. Scheme of the space  decomposition by wavelet analysis 3V

In this paper, wavelet packets generated from the Haar filters for which h0 = h1 = g0 
= –g0 = 1/ 2  are used. For example, the Haar wavelet base H (one of the potential 
packet bases) has the following discrete representation (at j = 3) [1]: 
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The function  shown in the packet analysis algorithm chart (Figure 1) forms 
the first row of the Haar packet base H. The second row of the matrix H corresponds 
to the base function  in the chart. Two base functions of the packet base  form 
the third row and the fourth row. Rows 5, 6, 7 and 8 of the matrix H represent four 
base functions of the packet base 2,1 . The Haar filter-based wavelet bas )(t  
are called the Walsh bases. Figure 2 shows the Walsh base functions in the space  
whose decomposition is illustrated in Figure 1 [1, 13, 14]. 
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Fig. 2. The Walsh wavelet base functions 



 
 
 

Parametric identification procedure based on the Walsh wavelet packet approach 
 

9 

Alternatively, the space  can be reproduced on the basis of different combina-
tions of the Walsh base functions. Examples of decomposition of the space  for 

 are shown in Figure 3 [1]. 

3V

3V
4=n

a) b) 

0=n

1=n

2=n

3=n

4=n

3V 3V

 
c) d) 

0=n

1=n

2=n

3=n

4=n

3V 3V

 

Fig. 3. Examples of decompositions of the space  in base of the Walsh functions for  3V 4=n

3. Procedures for estimating signal derivatives 

Signal function derivatives can be determined using different algorithms, e.g. 
polynomial data interpolation. Wavelet packet analysis based on the Haar filter turns 
out to be an effective tool for determining signal function derivatives [15]. Using the 
low- and high-pass Haar filters one can calculate weighted sum )2)(( ba +  and 
weighted difference )2)(( ba − of the consecutive pairs of numbers a and b ob-
tained while measuring the signal function investigated. The Walsh wavelet packet 
analysis consists in repeated filtering of the input signal function. The Walsh wavelet 
packet analysis algorithm may provide the smoothed form of the input signal and its 
derivatives, provided that one knows the multipliers  which make it possible to 
scale the sequences of numbers (obtained at the successive stages of packet analysis) 
used for identification. 

)(nC p

Glabisz in [3] proposed an algorithm for reproducing signal function derivatives on 
the basis of the first (from the left) blocks of signal expansion coefficients (Figure 4), 
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which is a special case of the algorithm presented here. The multiplier  on the 
basis of which the filtered form of the signal function is determined is written as [3]: 

)(0 nC

.
2

1)(0
n

nC ⎟
⎠

⎞
⎜
⎝

⎛
=                                                    (7) 

If p≤ n, the multipliers Cp(n) for the p-th derivative are obtained from an analysis 
of the sequences of the successive stages of signal function filtration. The multipliers  
Cp(n) depend on, among other things, the filtration stage n, the Haar filter coefficients, 
the size N of the set representing the input signal function, the signal function 
sampling rate  = t/N and the order p of the signal function derivative sought [1, 3]. ∆

Generalizing the results reported in Glabisz’s paper [3], one can reproduce the 
signal function derivatives from the other blocks of signal expansion coefficients at 
the n-th level of signal filtration. Figure 4 shows the Walsh wavelet packet analysis 
flow chart with digitally marked blocks which may be the basis for determining the 
derivatives of the signal analysed. The digit assigned to each block represents the 
order of the derivative reproducible from the data contained in the block. The filtered 
input signal form is assigned the digit 0. 

signal n = 0 

0 1 n = 1 

0 1 1 2 n = 2 

0 1 1 2 1 2 2 3 n = 3 

0 1 1 2 1 2 2 3 1 2 2 3 2 3 3 4 n = 4 

Fig. 4. Flow chart of packet analysis algorithm 

The elements of the sequences of numbers (blocks) from which derivatives can be 
reproduced are generated by applying various (for each block) differential schemes to 
the input signal. It is immediately noticeable in Figure 4 that, for example, the first 
signal function derivative can be reproduced from the 2nd, 3rd and 5th block of coef-
ficients at the n = 3 level of filtration. 

The first signal function derivative ( p = 1) can be obtained by multiplying the 
blocks of the n-th stage of packet analysis, which occur in positions  
(m = 1,2,…,n), by the multiplier identified by tracking the filtration sequences and 
given by the following relation [1]: 

12 1 +−m

.,,2,1,)2(24
2

1)1()( 111 nm∆nC nm
n

K=⋅⎟
⎠

⎞
⎜
⎝

⎛
−= −−                               (8) 
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The differential schemes for calculating a derivative of a specified order ( p) at the 
chosen n-th stage of wavelet packet analysis differ significantly from each other as  
a result of the order in which the input signal is filtered by the low- and high-pass 
filters. Relation (8) formulates the multiplier for the first derivative whose place of 
occurrence at the n-th stage of packet analysis is defined by the number . 12 1 +−m

Similar formulas can be worked out for high-order derivatives, but they are signifi-
cantly much more complex than the ones applicable exclusively to the first (counting 
from the left block of coefficients at the n-th stage of the analysis) derivatives of the 
successive orders at the n-th stage of analysis. Therefore the formulas are not pre-
sented here, but a simple algorithm for determining them was derived from their 
analysis. 

In the flow chart shown in Figure 4, one can notice a recurrence formula which al-
lows one to determine the order of the derivative reproducible from any block coeffi-
cients occurring at the chosen stage of wavelet packet analysis. The flow chart of a re-
currence procedure which generates the information sought at the n-th stage of analy-
sis, on the basis of the information available at the preceding stage (n–1), is shown in 
Figure 5. At the n-th stage of analysis the orders of reproducible derivatives are de-
termined on the basis of the information block from the (n–1)-th stage due to a simple 
transformation consisting in increasing the order of the derivatives by 1 [1]. 
 

n = 10 1

n = 20 1 1 2

+1

n = 332212110

+1

n = 40 1 1 2 1 2 2 3 1 2 2 3 2 3 3 4

signal n = 0

+1

 

Fig. 5. Flow chart of recurrence procedure for determining reproducible derivative 
order on the basis of blocks from any stage of packet analysis 

If one examines the formulas (not quoted here because of their complex form) for 
the multipliers needed for reproducing the second- and the higher-order derivatives, 
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one can devise a simple practical recurrence scheme for generating them. Figure  
6 shows a recurrence scheme for generating multipliers at any stage of packet analysis 
with the Haar filter. The scheme together with the chart shown in Figure 5 allows one 
to reproduce a derivative of a chosen order on the basis of the block that defines its 
order (Figure 5) and using an appropriate multiplier (Figure 6). The recurrence 
schemes are applicable to a whole class of signal derivatives. One special case from 
this class was considered in [3]. 

The multipliers sought are obtained by filtering the signal function with the low-
pass filter. They allow one to reproduce the input signal representation – level n = 1, 
the left block of coefficients in Figure 6. The multiplier values for reproducing the 
first signal function derivative (the second, from the left, block of coefficients for level 
n = 1) are calculated by multiplying the left block of coefficients at this stage of filtra-
tion by –2/  (Figure 6). ∆

The next level multipliers are obtained by multiplying the first level multipliers by 
1/ 2  and by 1/ 22  (the two first, from the left, blocks of coefficients). The next sec-
ond filtration level multipliers are derived by multiplying the multipliers obtained 
from the first two coefficient blocks by –2 /   (the third and the fourth blocks of 
coefficients beginning from the left). 

∆

signal

1

2
1
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∆
−

∗
2

∆
−
2

1
2
1

∆
−1

2
1
∆

22
1

∆

−

24
1

∆

−

22
1

224
1
∆ ∆

−

2
1

222
1
∆ 22

1
∆ 322

1
∆

4
1

∆
−

16
1

∆
−
8

1
232

1
∆ ∆

−
4

1
216

1
∆ 28

1
∆ 332

1
∆
−

∆
−
2

1
28

1
∆ 24

1
∆ 316

1
∆
−

22
1
∆ 38

1
∆
−

34
1
∆
−

416
1
∆

∆
−
⋅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ 2
2

1
1

⎭
⎬
⎫

⎩
⎨
⎧

∗
22

1,
2

1

∆
−

∗
1

∆
−

∗
2

⎭
⎬
⎫

⎩
⎨
⎧

∗
24

1,
22

1,
22

1,
2

1

∆
−

∗
2

⎭
⎬
⎫

⎩
⎨
⎧

∗
24

1,
22

1,
22

1,
2

1

∆
−

∗
2

1

∆
−

∗
1

∆
−

∗
2

n = 0

n = 1

n = 2

n = 3

n = 4

 

Fig. 6. Recurrence schemes for determining multipliers needed for reproducing derivatives 
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For example, if multipliers for the third signal derivative are to be formulated, it 
becomes apparent from Figure 5 that this derivative can be reproduced from the eighth 
block of numbers at n = 3 (beginning from the left) and from the 8th, 12th, 14th and 
15th blocks (beginning from the left) at n = 4. The recurrence scheme shown in Figure 
6 allows one to calculate the appropriate multipliers which in the case considered 
assume the values: 

322
1
∆

−  (for the block at 3=n ) and 332
1
∆

− , 316
1
∆

− , 38
1
∆

− , 
∆4

1
−  (for 

respectively the 8th, 12th, 14th and 15th blocks at n = 4). 
The recurrence schemes for determining derivative orders and multiplier values can 

be easily verified by carrying out a Walsh-base packet analysis of the discrete repre-
sentations of smooth functions whose derivatives are known. 

4. Parametric identification procedure 

The parametric identification procedure consists in determining the parameters of 
the adopted mathematical models having the form of equations or systems of linear or 
nonlinear differential equations. If such assumptions are accepted, the determination 
of the measured signal function derivatives poses a problem. The order of the deriva-
tives depends on the order of the differential equation adopted to describe the problem. 

The feasibility of the use of the Walsh-base wavelet analysis for identifying simple 
models of dynamical systems was tested for several cases. The analysis was carried 
out for linear and nonlinear systems described by the second-order equations with 
constant and variable coefficients and also for differential equations of the order 4. 
The identification was based on known sequences of numbers obtained by constant-
frequency sampling of known system response  and known excitation , 
which are represented by the set of discrete values  and  respectively. The 
algorithm proposed is capable of determining higher-order derivatives. The latter were 
used in the identification of the parameters sought. The least squares method was em-
ployed for the identification while the minimum of the functional H was sought in the 
form: 

)(tq )(tf
)(tqi ),(tfi

∑

∑

−++++=

−++=

i
ii

n
iiii

i
ii

n
ii

tftqetqdtqctqbtqaedcbaH

tftqctqbtqacbaH

.)()()(
.

)(
..

)(
...

)(
....

),,,,(

,)()()()(),,(

2

2
&&&

              (9) 

The quantities a, b, c, d, e are the parameters sought. 
In the cases tested, the effect of the different blocks of coefficients proportional to 

a chosen derivative (at a given packet analysis stage n) on the accuracy of the results 
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was investigated. The recurrence algorithms presented here were tested on, among 
others, the cases identical to those reported in [3] whereby the generalization pre-
sented could be evaluated. 

5. Numerical examples 

The algorithm proposed was tested for a case of 1-DOF system vibrations. Let us 
assume that a mathematical description of a linear system is sought in the form: 

)()()()( tftcqtqbtqa =++ &&&                                         (10) 

and for a nonlinear system as 

)()()()( 3 tftcqtqbtqa =++ &&& ,                                                         (11) 

where a, b and c are the parameters sought. The results of the identification of Equa-
tion (10) for a = 2, b = 0.1, c = 5 and Equation (11) for a = 1, b = 0.1, c = 1 and 

, depending on signal packet analysis stage n which is a source of equinu-
merous sets (with the size l)  describing ,  and  in a discrete way, are 
shown in Tables 1 and 2, where the parameter values estimated and their relative er-
rors are compared with the accurate values. The results presented in the tables were 
obtained for sets with the size 

)cos(11 tf =
)(tq )(tq& )(tq&&

16384=N  at different system response and excitation 
sampling rates over the time 10,0∈t . 

Each table includes: 
• relative errors iλ  (in per cent) for each of the parameters calculated from 
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where  stands for the response of a system with the parameters identified. One 
should note that relative errors 

iq~

iλ  can be determined only in test problems with 
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known accurate values of the parameters sought. The errors δ  given by relation (12) 
can be the basis for evaluating the results of the identification procedure for systems 
whose parameters are not known beforehand. The analysis was carried out for differ-
ent successive (beginning from the left) packet transformation blocks being the source 
for the reproduction of the first derivative. The analysis whose results are given in 
Tables 1 and 2 was performed assuming that the second derivative is reproduced from 
the first (from the left) block of the n-th stage of analysis, whose elements are 
proportional to the second derivative. 

According to the tables, when the different data blocks (beginning from the left) 
are used to reproduce the first derivative at the specified n-th level of packet analysis, 
the error δ  has a comparable value [1]. If the errors for the next levels n of wavelet 
packet analysis are compared, one can notice that the error gradually increases as a re-
sult of the segmentally constant approximation of the system response and its deriva-
tives over ever longer time intervals. At higher packet analysis levels the signal func-
tion and its derivatives are reproduced from sequences of fewer numbers whereby the 
identification procedure runs faster, but the solution error increases. If one examines 
the results obtained (Tables 1 and 2), it will become apparent that the model parame-
ters can be determined with a relative error below 1% based on such a small number 
as 4×8 = 32, 24 of which are signal packet expansion coefficients and the other 8 are 
excitation measurement results. The percentage error of the coefficients determined 
will be below 0.1% if 128 numbers are used for the identification. The size of the error 
is not affected by the choice of the block from which the first signal derivative is de-
termined.  

The 1-DOF system described by Equations (10) and (11) was also tested for ran-
domly disturbed system response signal functions. The possible random disturbances 
in the signal function measured  were generated using the uniform distribution 
and drawing numbers from a range of 

)(tq
%3± , %5±  and %10±  of amplitude values 

, which were then added to . The results of identifying the parameters of models 
(10) and (11) at random disturbances of signal  of 

iq iq

iq %5±  and at undisturbed excita-
tion  for different second derivative reproduction sets are shown in Tables 3 and 
4, respectively. The results of the tests are extensively reported in [1]. 

)(tf

A comparison of the examples of results shows that the Walsh packet analysis 
filtration is sufficient for identifying model parameters. In this case l = 16 and l = 32 
respectively for the linear and nonlinear models. In contrast to the results of the 
analyses of the systems without random disturbances, the global solution error δ  
depends on the data block which is the basis for the reproduction of derivatives. It 
appears that at lower levels of wavelet packet analysis this error is smaller if the first 
blocks on the basis of which the highest derivative in the equation can be determined 
are used in the analysis [1]. 
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The causes of the dependence of the solution error δ  on the data blocks at the 
lower stages of packet analysis are the different sequences of low- and high-pass 
filters used. If a low-pass filter is used early in the systems with disturbance, this will 
result in the smoothing of the signal (partial filtering out of the introduced distur-
bance) and consequently, the effect of the ensuing high-pass filtering will have  
a smaller error. The computation of smooth signal derivatives yields better numerical 
results than those yielded by the low-pass filtering of the derivatives calculated from 
disturbed signals [1]. 

The algorithm proposed can also be applied to systems described by numerical 
models with slow variable parameters if segmentally constant approximation is suffi-
cient to identify them. If the division of the signal into equinumerous sets is adopted, 
the approach proposed can be used to identify the parameters on the basis of each of 
the sets. The identification in zero initial conditions and at the observation time t = 40 
sec was based on a sequence of N = 32768 excitation force and system response meas-
urements. The results of the identification of Equation (11) for 10/0.1 ta += , a = 1, 
b = 0.1, 10/0.5 tc −=  and  are shown in Figures 7–9, where the solid 
line and dots represent respectively the identification result and the accurate solution. 

)(cos11 tf =
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Fig. 7. Identification result for the parameter a of Equation (11) at 
a = 1.0 + t /10, b=0.1 and c = 5.0 – t /10 
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Fig. 8. Identification result for the parameter b of Equation (11) at  
a = 1.0 + t /10, b=0.1 and c = 5.0 – t /10 
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Fig. 9. Identification result for the parameter c of Equation (11) at 
a = 1.0 + t /10, b=0.1 and c = 5.0 – t /10 

The wavelet packet analysis-based algorithm capable of generating signal function 
derivatives was also applied to systems described by the differential equations of order 
4 used as examples: 

)()()()()()(
..........

tfteqtqdtqctqbtqa =++++ ,                                                                            (13) 

)()()()()()( 3
..........

tfteqtqdtqctqbtqa =++++                                                    (14) 

for the respective linear and nonlinear problems used as examples. The identification 
results for the system described by Equations (13) and (14) are shown in Tables 5 and 
6, respectively. The analyses were performed for a set of the size N = 16384. The 
same principle as that used for the analysis of the equations of order 2 was adopted to 
reproduce the other (not mentioned in the third columns of the tables) derivatives in 
the model. The results of the analysis used as an example for the randomly disturbed 
response signal function of system (13) and (14) are presented in [1]. The results for 
the cases with and without random disturbances fully confirm the conclusions 
formulated for similar problems for models with lower-level derivatives. 

It is often very difficult to determine the high derivatives of the signal measured. 
The reproduction of higher-order derivatives is usually avoided because of the poor 
results of parameter identification. The Walsh base packet analysis of the signal al-
lows one to effectively determine its high derivatives which, as shown in Tables 5 and 
6, make the identification of model parameters possible. In the case of models with 
high-order signal derivatives, special care must be taken when selecting packet analy-
sis stage n whose coefficients are the basis for the reproduction of the signal and its 
derivatives. In order to select this stage one must carry out an analysis of global solu-
tion error δ. 
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6. Concluding remarks 

Wavelet packet analysis was used for the parametric identification of discrete dy-
namical systems. An algorithm based on wavelet packet analysis, capable of generat-
ing signal derivatives, was developed. The algorithm allows one to reproduce signal 
derivatives on the basis of blocks of input signal expansion coefficients, obtained from 
a wavelet analysis with the Haar filter. The algorithm, using the least squares method, 
was tested on linear and nonlinear systems used as examples and described by the sec-
ond-order equations with constant and variable coefficients and on differential equa-
tions of order 4 used as examples. Undisturbed and randomly disturbed system re-
sponse signal functions were the basis for the analyses. 

From the original algorithms presented – based on the Haar filter wavelet packet 
analysis – for identifying the parameters of dynamical systems one can conclude that: 

• the Walsh wavelet packet analysis of dynamical system responses provides the 
basis for the efficient generation of the responses’ derivatives which combined with 
the least squares method allow one to build an effective algorithm for identifying the 
parameters of linear and nonlinear mathematical models of the systems; 

• the blocks of each of the Walsh wavelet packet analysis stages can be the basis 
for the effective reproduction of the filtered form of the signal function and its deriva-
tives; the place of their occurrence in the packet analysis diagram and the coefficients 
required for reproduction are given by simple recurrence schemes; 

• the appropriate – for the order of the differential equation of the mathematical 
model adopted – stage of packet analysis can provide the basis for reproducing de-
rivatives from different blocks of wavelet expansion coefficients, which in the case of 
undisturbed signal functions are equivalent, while in the case of disturbed signal func-
tions, the best results are obtained when the first blocks are used; 

• the wavelet packet analysis level adopted when reproducing the signal function 
and its derivatives is a compromise between the size of the sets and the signal filtra-
tion stage, which is particularly important when the analysis is based on the functions 
of randomly disturbed signals; 

• global solution error values can determine the choice of the stage of packet 
analysis whose result is to be used in the identification procedure and they provide  
a vital clue about how the suitability of mathematical models in nonlinear problems 
should be evaluated. 
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Falkowa analiza pakietowa Walsha w wyznaczaniu pochodnych sygnału 

W zagadnieniach identyfikacji parametrycznej bardzo ważne jest wyznaczanie pochodnych 
sygnału. Wyznaczenie pochodnych jest szczególnie trudne wtedy, gdy w wyniku przeprowa-
dzonych pomiarów dysponujemy często losowo zaburzonym i obarczonym błędem pomiarem, 
którym może być na przykład przemieszczenie punktu konstrukcji, a przyjęty model matema-
tyczny ma postać równania różniczkowego z wysokimi pochodnymi mierzonej wielkości. Ce-
lem niniejszego artykułu jest wykazanie skuteczności pakietowej analizy falkowej w poszuki-
waniu dobrych reprezentacji pochodnych analizowanego sygnału. Podstawą pakietowej analizy 
falkowej są funkcje Walsha oparte na filtrze Haara. Zaproponowany algorytm, który opiera się 
na pakietowej analizie falkowej, pozwala wygenerować pochodne wyższych rzędów. Po-
chodne te następnie wykorzystuje się w procesie identyfikacji parametrów modeli matema-
tycznych opisujących zadany układ. Do identyfikacji zastosowano procedurę najmniejszych 
kwadratów i wykorzystano ją do analizy wybranych modeli liniowych i nieliniowych, w któ-
rych występują pochodne do czwartego rzędu włącznie. Zaproponowany algorytm, poparty 
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przedstawionymi analizami, potwierdza skuteczność i efektywność pakietowej analizy falko-
wej w identyfikacji parametrów dyskretnych liniowych i nieliniowych układów dynamicznych. 
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Material tests of a bridge from 1796 over  
the Strzegomka River in Łażany, Lower Silesia 

Ł. Konat, G. Pękalski, J. Rabiega, U. Sachadel 
Wrocław University of Technology, Wybrzeże Wyspiańskiego 25, 50-370 Wrocław 

In 1928, Paul Katz (an employee of the Technische Hochschule Breslau) at the end of his paper “Die 
älteste eiserne Straßenbrücke des Europäischen Kontinents” [1] wrote: “If we have managed to provoke 
an interest of the mentioned institutions (Technische Hochschule Breslau, German Museum of Technol-
ogy in München, authorities of the city of Breslau) in preservation of the bridge in Laasan (Łażany), then 
our task has been fulfilled”. Publication [1] and much later papers [2–6], along with the present paper, 
stipulate similarly. Metallographic and strength tests made have shown that for construction of the bridge 
in Łażany unique material, structure and architectonic solutions had been applied. The parts of the bridge 
structure have been made of grey pearlitic cast iron fulfilling all present-day requirements. There are still 
scarce preserved original parts of the bridge, whose documentation is available. Possibly, this is the last 
chance to rebuild the object, for example, in the settings of a Wrocław park, thus maintaining it for pos-
terity. 

Keywords: bridge, cast iron, corrosion, structure, mechanical properties 

1. Introduction and short history of the bridge erection 

Our study deals with the fragments of the arch bridge raised from the Strzegomka 
River bed in Łażany (Laasan) near Strzegom in 1995. According to data from [4], the 
structure of the bridge was cast in ferrous alloy in the “Małapanew” steel mill in 
Ozimek, near Opole, in 1794.  Initially, it was a stone bridge. News on building “iron” 
bridges in England and North America affected the decision of the founder of the ob-
ject, Nicolas August W. von Burghauss (Count of Laasan and Peterwitz), to change 
the building material to more modern one, i.e. the cast iron. The count was simply in 
the vanguard of technological advance at the end of the eighteenth century. Hitherto, 
the commonly used materials were wood and stone and technical solutions of bridges 
made of these materials were based on experiences from past era. The use of cast iron 
was the novelty because the lack of experience and understanding of material proper-
ties forced designers to work intuitively, which frequently led to excessive use of ma-
terial. Count Burghauss acted in strict co-operation with his friend, Prince von Reden, 
who recommended modernisation of furnaces and foundry equipment in the Malapane 
steel mill in Ozimek. The English engineer Wiliamson [3] managed to do that in 1789. 
After the modernisation the Malapane steel mill was not inferior to steel mills in Eng-
land or Wales. That was confirmed by orders for making castings for bridges in Berlin 
(Kupferdamm – 1798), in Potsdam (Kavalierbrücke – 1801), in Park von Charlotten-
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burg – 1803, and in Park von Paretz – 1804. In such circumstances, the bridge in 
Łażany was erected. By making several small models and subjecting them to tests,  
a construction of the first trial archs began in August 1794, and in December that year, 
erection of the bridge itself. Transportation of arch parts of 8 m length and 2500 kg 
weight each as well as the remaining parts of total weight of 48000 kg was a great 
challenge at that time – they were transported by barges over the Odra River to Wro-
cław and then by wagons to Łażany. Cast iron structure of the bridge was ready in 
1795. Within 10 weeks 60 workers assembled the structure under the supervision of 
British engineer John Baildon, connecting the bridge parts by the simplest means such 
as bolts, clamps and wedges. The bridge had 12.5 m span (40 Fuss) and was 5.62 m 
wide (18 Fuss) (see Figures 1 and 2). 

 

Fig. 1. Schematic diagram of the Łażany bridge [1, 7] 

 

Fig. 2. Illustration of the Łażany bridge [7] 
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On July 30, 1796, the bridge was officially opened. It was only 15 years after the 
first iron bridge in the world had been built over the Severn River in Wales near Coal-
brookdale (see Figure 3). The Łażany bridge was smaller, more slender and flat (see 
Figures 4 and 5). On that occasion Count Nicolas August W. von Burghaus commis-
sioned striking of silver and copper commemorative medals, one of which has been 
preserved up to now and may be seen at the Medal Engraving Museum in Wrocław. 

  

Fig. 3. First in the world, still existing iron bridge 
over the Severn River in Wales [7] 

Fig. 4. Slender and flat structure of the Łażany 
bridge (compare to Figure 3) [7] 

In order to evaluate the load capacity, in 1928, Paul Katz [1] derived material in-
formation from the Metallurgy and Mining Office of Prussia (Preußichen Bergwerks – 
und Hütten – A.G.), from the Metallurgy Office in Gliwice (Hüttenamt Gleiwitz) as 
well as from the Małapanew factory (Werk Malapane).  

In 1995, fragments of the bridge were raised from the Strzegomka River bed. The 
road bridge in tests was quite accidentally damaged and later disassembled in the fif-
ties of the twentieth century. Fragments of the bridge, which have been staying in wa-
ter for almost 50 years, had been earlier in use for 149 years. The preserved part of the 
structure (the platform plate) has been subject to laboratory tests – some samples were 
taken for strength and metallographic tests. 

The plate showed scarce, as for 50 years of exposure to river water, macroscopic 
corrosive changes. It was covered with many layers of corrosive products, solidly 
bounded to metallic surface. Their thickness did not exceed 5% of the plate thickness. 
Corrosive changes of the material were tending toward evenly distributed corrosion, 
and only in the vicinity of a hole in which a newel post was seated, a pitting corrosion 
was observed (see Figure 6). 

In paper [4], it has been stated that the Strzegomka River bridge was made of grey 
cast iron. That indicates that in its structure there may appear: ferrite, pearlite, graphite 
and phosphide eutectic. Each of the above mentioned components shows different 
electrochemical potential (the lowest one for ferrite, the highest one for graphite). That 
is why between particular components of the iron the electrochemical corrosion cells 
could be created, which are conducive to development of the pitting and selective cor-
rosion. The macroscopic state of the plate corrosion did not indicate that. The question 
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about the type and range of corrosive changes was then a prompt for getting interested 
in that material. 

  
Fig. 5. Photograph of the bridge 

fragment taken in 1942 [7] 
Fig. 6. Macroscopic view of the platform plate surface. Total 

surface is covered with multilayer corrosion products 

Another reason for undertaking test works were the doubts concerning certain ex-
pressions in papers [4–6]. For example, the authors of [4] reported that the reason for 
lower than standard moduli for the cast iron subjected to tests (the Young modulus) 
could be a longer ageing time of material. According to test results of the structural 
aspects of materials degradation [e.g. 8 and 12] the “ageing processes” (rather struc-
tural degradation processes) in cast iron are not possible. Moreover, while an interdis-
ciplinary scientists team, which undertakes tests on steel fragments of Wrocław 
bridges [12–15], has been operating at the Wrocław University of Technology for 
some time now, then the material of which the first iron bridge at the European conti-
nent was made of should also become the object of its interest. 

From information contained in papers [4, 5] a conclusion can be drawn that frag-
ments of the bridge under tests have been made of cast iron of pearlitic matrix. How-
ever, according to the table in the book edited by Frideric Staub [9] industrial methods 
of such iron production have not been developed until 1920. Earlier then in 1870–
1890, the cast irons of ferritic and ferritic-pearlitic matrix with thick graphite and 
variable thickness graphite were produced. 

Undoubtedly, the structure and the properties of such materials were very different 
and depended on the technology applied. However, they were characterised by repeat-
able properties. The paper [10] presents an example of cast iron pipes used for con-
struction of great Versailles channel (for Versailles park fountain supply). For 330 
years the pipe has been in operation and the evaluation of its present state shows “no 
signs” of visible corrosive changes.  
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Also there exists earlier data concerning application of cast iron in Europe. In pa-
per [11], it has been said that L. Krug, the Augsburg builder, used the pipes of forged 
iron for distributing water in Nurnberg, in 1412. Several years later, because of corro-
sive destruction, they were replaced with wooden, lead and cast iron pipes. Of course, 
it is not known what structures the above-mentioned irons had. However, it is possible 
that for building the Łażany bridge the grey cast iron of pearlitic matrix was used for 
the first time in the world. 

2. Chemical analysis and strength test results  

The test results collected in Tables 1 and 2 constitute the initial data for further 
work. For example, they show differences in chemical analyses of the present and 
previous tests [4]. However, discrepancies are not large enough to indicate a change in 
the structure type of the cast iron tested. 

Table 1. Chemical analysis results 
Element 
contents 

[%] 

Analysis 
acc. to [4] 

Gravimetric 
analysis 

X-ray 
microprobe 

Average 
composition 

Contents in grey 
cast irons 

C 3.140 2.100 – 2.620 2.500–3.600 
Mn 0.560 0.610 1.000 0.720 0.400–1.400 
Si 2.400 1.480 1.460 1.780 0.300–3.500 
P 0.260 0.570 0.390 0.410 0.100–1.000 
S 0.030 0.040 – 0.035 max 0.12 
Cr – 0.100 – – – 
Ni – 0.050 – – – 

Table 2. Strength and hardness test results 

 Data acc. 
to [2] Own tests 

HBaver – 177 172 
Rcaver MPa 501–516 567 
UTS MPa 161 167 

Results for Rm and HB parameters presented in paper [4] and obtained in our own 
tests are very similar to each other (see Table 2). Figure 7 presents tension curves ob-
tained in the current tests.  

In publication [10] devoted to cast irons as well as in other contemporary elabora-
tions, a series of empirical relationships is presented which enables approximate de-
termination of other strength attributes of irons. They are based on the parameters Rm 
and HB and on chemical composition of irons. Using those relationships, the follow-
ing values have been calculated for the material tested: compressive strength (Rc), tor-
sional strength (Rt), shear strength (Rs) and bending strength (Rg). Based on the eutec-
tic saturation degree (Sc), hardness of the iron has been also calculated and compared 
with measurement results: 
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.
0.40S0.07Mn0.33P0.31Si4.26eut −−−−

== C
C
CS cc

c  

In order to calculate Sc, the results of gravimetric analysis from Table 1 have been 
adapted. The resultant eutectic saturation value Sc ranges from 0.60 to 0.93. At that 
value of Sc the best correlation with test results is obtained for relation [10]: 
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Fig. 7. Tension test curves for cast iron samples 

Roughly calculated values for strength moduli for the material tested are as fol-
lows: 

a) compressive strength  Rc (σdB) = 567–668 MPa,   
b) torsional strength   Rt (σtB) = 167–267 MPa,   
c) shear strength    Rs (σaB) = 200–233 MPa,   
d) bending strength   Rg (σbB) = 250–334 MPa.   
Measurement and calculation results presented above coincide with the recent data 

concerning the methods of determining basic properties of cast irons [16]. Considering 
real thickness of the platform plate (50 mm) and average chemical composition of the 
material (disregarding the contents of sulphur, phosphorus and manganese) an ap-
proximate tensile strength and hardness have been determined. The corresponding 
values were: UTS, 160–170 MPa and HB, 160–170. 
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Standards related to grey cast irons do not allow us to determine their impact re-
sistance (they do so for spheroid irons). Taking account of the fact that in other our 
papers the levels of impact resistance have been determined for steel at the tempera-
ture ranging from –40 °C to +20 °C, such tests have also been made. The impact re-
sistance of the iron tested was not changing (not decreasing) as a function of a tem-
perature drop, and the values obtained did not exceed 5 J/cm2. This could be compared 
to the St3SX grade steel, which after 55 year use showed the impact resistance equal 
to 3.6 J/cm2 at the temperature of –40 °C and steel used for construction of the Grun-
waldzki bridge whose impact resistance is 10 J/cm2 [8, 12 and 13]. 

Considering the chemical composition as well as obtained and calculated properties 
of cast iron, the material tested could be rated as grey iron of the ZL 150 grade ac-
cording to PN-92/H-83100 standard (Grey Cast Iron, Classification). Currently, the 
material of similar properties is treated by the PN-EN 1561:2000 standard.  It results 
from the standard that for such a material also fracture toughness is being evaluated, 
as it specifies the coefficient Kic (Kic = 32 MPa m ). Analysis of the strength data for 
the material indicates that the cast iron in tests fulfils all requirements imposed by the 
standard. For the cast iron type EN-GJL-150 the chemical composition is not being 
determined and therefore the chemical analysis results presented in Table 1 are com-
pared to data from [9]. 

3. Microscopic test results 

Figures 8 and 9 present the structure of the cast iron in the non-corroded regions. 
As can be seen from the microphotographs, graphite in the material subjected to tests 
has a form of flakes. According to the currently obligatory Standard PN-EN ISO 945 
it can be defined by the IA3 standard. The structure of matrix is composed of pearlite 
of the lamellar shape and of pseudo-two-component phosphide eutectic. The presence 
of a large quantity of phosphorous eutectic testifies to rational selection of the chemi-
cal composition of the iron in the face of slenderness, frequent shape change and pres-
ence of thermal centers in the complex casting. Such a mixture that solidifies at the fi-
nal stage of cast iron crystallization provides its flowing power and good filling of 
casting moulds. The lamellar and uniform dispersion of phase structure of pearlite tes-
tifies to slow iron cooling from the temperature of crystallization beginning to the am-
bient temperature. Such a status of the structure, close to the equilibrium one, provides 
the optimal mechanical properties and minimal level of internal stresses in the consid-
ered group of materials of such chemical composition. 

Microscopic observations of corrosion samples (Figures 10–12) have shown that 
microscopically identified corrosive changes of the cast iron tested involve up to 10% 
of the plate thickness. Macroscopically, the corrosion is close to uniform in character. 
However, microscopically the corrosion is selective in character and appears as a re-
sult of corrosive cell activity between cathodic graphite and pearlite constituting  
a matrix of the iron. In surface layers (Figures 8 and 9), the iron matrix has been to-
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tally dissolved in such a way that the plate material is composed of graphite precipita-
tions and corrosion products. Somewhat deeper (Figure 12) pearlite deposits have 
been preserved, being distributed between the net of graphite precipitations. Edges of 
those areas are shredded and irregular in shape because of the selective corrosion in 
the area of mixture (ferrite + cementite). Ferrite is anodic in relation to cementite and 
therefore it submits first of all to corrosive (anodic) dissolving. Structures of the iron 
tested, outside the corroded zone, which have been observed in the scanning micro-
scope are shown in Figures 13–17. Additionally, chemical microanalyses have been 
made with X-ray microprobe (Figures 18 and 19). 

 

Fig. 8. Flake form of graphite in cast iron.  
Non-etched microsection 

Fig. 9. Pearlitic matrix of cast iron (1) with  
precipitations of pseudo-two-component 

phosphide eutectic (2) and flake precipitations of 
graphite (3). Etched with 3% HNO3

 

  

Fig. 10. Area of corrosive changes near the sample 
surface. Average depth of corrosive changes 
approaches 3 mm. Non-etched microsection 

Fig. 11. Magnification of a picture shown in Figure 
10. In the zone marked with arrow, only graphite in 
setting of corrosion products appears. Non-etched 

microsection 
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Fig. 12. Graphite with adjacent areas of partly  
dissolved pearlite (white fields). Non-etched 

microsection 

Fig. 13. Microstructure area whose superficial  
distribution of alloy elements has been made  

(Figure 14):  – pearlitic matrix,  – pseudo- 
two-component phosphide eutectic,  – graphite. 

Etched with 3% HNO3

 
 

 

  

Fig. 14. Superficial distribution (mapping) of alloy elements in the cast iron tested: a) superficial  
distribution of iron (black area – graphite), b) superficial distribution of phosphorus (concentration  

of phosphorus in the phosphide eutectic area), c) superficial distribution of manganese,  
d) superficial distribution of silicon 
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Fig. 15. Flake precipitations of graphite in pearlitic 
matrix. Microdiscontinuities of structure are  
visible at the borders of graphite–eutectoid.  

Etched with 3% HNO3

Fig. 16. Graphite precipitation with longitudinal  
microcrack in pearlitic matrix of a lamellar  

structure and precipitation of phosphide eutectic. 
Etched with 3% HNO3

  

Fig. 17. Magnification of microstructure fragment 
marked in Figure 13 with frame:  pseudo-two-

component phosphide eutectic,  pearlite of flake 
structure – the iron matrix. The area shown does 

not involve graphite precipitations. Etched 
with 3% HNO3 

Fig. 18. Cast iron microstructure with a line along 
which chemical microanalysis has been conducted: 

1–5 – subsequent precipitations of graphite,  
S – phosphide eutectic area. Etched with 3% 

HNO3

 
Fig. 19. Change in the content of selected elements along the line marked in Figure 18:  

a) iron, b) phosphorus, c) manganese, d) silicon 
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Observations made with scanning microscope and X-ray microprobe have intro-
duced certain supplements compared to tests under light microscope (Figures 13–19). 
Presence of pseudo-two-component phosphide eutectic and pearlite of lamellar struc-
ture has been confirmed. Status of the matrix structure in the cast iron indicates its 
slow cooling. From here the changes in particular element content, which testify to 
relatively small segregation, are originating (Figure 19). The structures presented in 
Figures 13 and 16 and described later in this article are significant for fractures. Dis-
continuities can be seen at pearlite–graphite boundary, and microcracks – in the 
graphite itself. Along those microstructural “defects” a cracking process should run in 
the course of impact tests. 

While summarizing the microscopic test results it could be stated that the platform 
plates have been made of pre-eutectic grey cast iron with pearlitic matrix, flake graph-
ite and pseudo-two-component precipitations of phosphide eutectic. Graphite precipi-
tations have not differed significantly in size and thickness. No part of the material 
samples tested has shown the presence of free ferrite grains.  

4. Fractographic test results 

In order to obtain fractures, the samples for impact tests with “U” notch have been 
used. They have been fractured with the Charpy hammer. Macroscopic structure of the 
fractures (Figure 20) has shown diversification neither within the group of samples, 
nor as a function of a temperature change.  

All fractures were brittle in character (cast iron – low level of impact resistance). 
They mainly ran in the transcrystalline way, and only locally as intercrystalline. The 
presence of the intercrystalline fracture can be distinguished there by cracking zones, 
e.g. along the boundaries of phosphide eutectic precipitation (area 1 – Figure 21) and 
sometimes of graphite (Figures 22–26). 

 

Fig. 20. Macroscopic view of fractures in impact samples: 1 – test temperature +20 ºC,  
2 – test temperature 0 ºC, 3 – test temperature –20 ºC, 4 – test temperature –40 ºC 
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Fig. 21. Fracture of sample 4 (Figure 20):  
 fracture area in contact with phosphide eutectic, 

 graphite,  fracture area in metallic matrix 

Fig. 22. Energy spectrum of X-ray radiation from 
area  shown in Figure 21. High peak from  

phosphorus can be seen – a place after  
phosphide eutectic 

  

Fig. 23. Energy spectrum of X-ray radiation from 
area  shown in Figure 21. High peak from 

graphite can be seen 

Fig. 24. Energy spectrum of X-ray radiation from 
area  shown in Figure 21. Only peaks from  
elements present in the cast iron in quantities 

specified in Table 1 can be seen 

  

Fig. 25. Area  (Figure 21). Transcrystalline  
brittle fracture 

Fig. 26. Fracture area with graphite concentration 
(G). Intercrystalline fracture in the center 
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5. Summary 

The material tests conducted confirm and supplement the results reported in other 
works [4–6]. On their basis it can be stated that the platform plates of the bridge 
crossing the Strzegomka River in Łażany and built in 1796 were made of pre-eutectic 
grey cast iron. The iron has matrix composed exclusively of lamellar pearlite, fine and 
homogeneous graphite and pseudo-two-component phosphide eutectic. In the areas 
that are not suffering from corrosion, the material fulfills the requirements of the cur-
rent standard for grey cast iron of the EN-GJL-150 grade (previously the ZL 150 
grade). Considering the average chemical composition and content ranges of alloy ad-
ditions to those materials (Table 1) it can be concluded that it completely fulfils the 
presently determined requirements related to chemical composition [9]. 

The structure of the material in that slender and complicated in shape construction 
are well selected and perfectly made. The chemical composition and the structure of 
the material tested exclude the processes of the bridge structural degradation as  
a result of long-term use. They consist in precipitation of carbides and nitrides from 
solid solutions (ferrite), both inside grains and at their boundaries. In the cast iron 
tested, the solid solution (ferrite) appears only in pearlite, which constitutes the iron 
matrix. Structural degradation of material occurs and influences essential deterioration 
of its properties only in low-carbon unkilled steels (e.g. St3SX) [8, 12, 15]. Corrosive 
changes are also referred to as material degradation changes. The influence of corro-
sion on degradation of the material tested has to be considered as minimal. Corrosive 
changes described in the paper appeared as a result of long deposition of the plate in 
waters of the Strzegomka River. Such corrosive environment is many times as aggres-
sive as atmospheric hazard in which the bridge had normally been operated. 

Based on the description and interpretation of the corrosive tests we could conclude 
drawn that the corrosive factor (the ambient air) was negligibly small in the degrada-
tion of the Strzegomka bridge material. The theorem is more probable because, ac-
cording to paper [4], the bridge platform had been made of cast iron plates on which 
sand bed had been placed, covered with pitcher. That way hazards resulting from the 
ambient air influence were not direct. A reflection also results from observation of 
corrosive phenomena in Versailles iron pipeline mentioned previously. At external 
surfaces (certainly protected against corrosion) of the pipe there may be no “visible 
corrosive changes”. However, most probably, the internal piping surfaces (those in 
contact with water) are characterized by similar corrosive changes as those shown in 
Figures 10–12. 

Summing up the results of the tests and analyses conducted it can be stated that if 
there were no war damage to the Łażany bridge in 1945, and the following devastation 
(not degradation) of the object next year, it could still be in operation as “the first cast 
iron bridge on European continent”. Possibly, having restored many objects of tech-
nological culture of the past, it is worth undertaking the effort of reconstruction of the 
bridge from the same material and according to the same technology. However, the 
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initiative is not new. As early as in 1928 [1], an idea of transferring the bridge to Wro-
cław and setting it in the Szczytnicki Park (Scheitniger Park) emerged. The concept 
was raised again in [2] and local newspapers in 1942, with arguments that load capac-
ity of the Łażany bridge was too low for that time (mining and transportation of ar-
gilla). Technical certifications issued by Technische Hochschule Breslau in 1928 al-
lowed operating the bridge at maximum load of six tons, with safety factor 6 and “at 
low speed”. 

Recently, Bridge Department of the Technical University of Wrocław as well as 
authorities of Strzegom town have undertaken actions aimed at restoring the bridge, 
which if existed today, would be a class “0” monument and would be specified on the 
UNESCO World Heritage List. Possibly, in the structures of European Union the fi-
nancial barrier, which so far prevented the undertaking, could finally be lifted. 
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Badania materiałowe mostu na rzece Strzegomce wybudowanego  
w 1796 roku w Łażanach na Dolnym Śląsku  

Badano fragmenty pierwszego w Europie „mostu żelaznego”, który wybudowano w 1796 
roku. Most ten był już przedmiotem badań Katza (1928 rok, TH-Breslau) oraz Bliszczuka i Za-
biegi (1997 rok). Po II wojnie światowej konstrukcja mostu uległa uszkodzeniu, a jej części le-
żały w nurcie rzeki Strzegomki przez około 50 lat.  

Na tle krótkiej historii mostu i przeglądu materiałów wykorzystywanych do budowy prze-
praw mostowych przedstawiono rozbudowane, w porównaniu z danymi podanymi przez wy-
mienionych autorów, wyniki badań próbek pobranych z płyt pomostu. Badania te obejmowały 
obserwacje makroskopowe i analizy chemiczne (grawimetryczna i spektralna), pomiary twar-
dości, próby rozciągania i udarności, oszacowanie innych właściwości mechanicznych oraz 
badania metalograficzne metodami mikroskopii świetlnej i skaningowej. Na ich podstawie wy-
kazano, że most wykonano z przedeutektycznego żeliwa szarego o osnowie perlitycznej  
z drobnym grafitem płatkowym i pseudodwuskładnikowej eutektyce fosforowej. W obszarach 
nie objętych zmianami korozyjnymi materiał ten spełnia pod względem właściwości mecha-
nicznych, struktury i składu chemicznego wymagania, jakim musi obecnie odpowiadać żeliwo 
szare gatunku EN-GJL-150. Degradacja struktury materiału ogranicza się do zmian korozyj-
nych spowodowanych działaniem wody rzecznej na badane elementy mostu. Procesy koro-
zyjne były zatem pomijalnie małe w rzeczywistych warunkach eksploatacyjnych mostu. Ocena 
wyników badań pozwala jednoznacznie stwierdzić, że gdyby nie powojenne uszkodzenia, most 
ten mógłby być w dalszym ciągu użytkowany. Ze względu na historyczną wartość tego obiektu 
już w 1942 roku proponowano jego demontaż i przeniesienie go do Parku Szczytnickiego we 
Wrocławiu. W konkluzji proponuje się podjęcie obecnie tej inicjatywy i wykorzystanie nie-
licznych już oryginalnych fragmentów mostu do jego rekonstrukcji. 
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Coefficients of buckling length of chords for 
out-of-plane instability of small-bay trusses 
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The stability of chords in the case of out-of-plane buckling of small bay trusses has been analysed. 
Seven static schemes having different member stresses, topology and the way of support have been 
investigated. The computing model of a flat truss has been considered taking into account the virtual 
displacements and the spatial model of bar system as well. The comparative analysis of coefficients of 
buckling lengths has been made for chords in the case of out-of-plane buckling of the truss models 
considered. 

Keywords: one-way truss, out-of-plane buckling 

1. Introduction 

Designing one-way trusses according to [1], we can assume coefficients of 
buckling length of chords for out-of-plane instability as µy = 1.0. If the distance 
between the nodes of out-of-plane buckling mode contains few panels, this kind of 
estimation might be inadequately precise and in extreme cases leads to unnecessary 
material consumption or increases structural safety risk. This results from the model 
assumed in the analysis of stability of chords, according to [1], in which the single bar 
under constant axial compression force is isolated from the truss. This model ignores 
few significant conditions, i.e., real distribution of axial force, which may change 
itself gradually along the length of chords and also from the compression to tension, 
the method of connecting chords to web member, and the point of imposing the load 
relative to the axis of support of construction as well. 

The attempt of taking all the enumerated factors into account in the out-of-plane 
stability analysis of chords has been made in [2]. The stability of the one-bay chords 
of roof trusses with web members in “N” configuration has been analysed. In the span 
length, the upper and lower nodes of these structures have been supported in the per-
pendicular direction towards truss plane by sway bracing. The analytical model of  
a chord as the bar isolated from the truss, which is loaded with gradually changing 
axial force, and the spatial model of the bar buckling (lateral buckling of truss) have 
been considered. The stability of chords has been analysed parametrically by changing 
both the number of panels n = 2–9 and the way of loading (in the upper and lower 
nodes of chords). Additionally, the effect of both, the chords to verticals’ connection 
(fixed and hinged) and to supports connections (fixed and hinged in terms of torsion), 
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on the critical load have been studied as well. The consideration of the real distribu-
tion of axial force in the chord, the impact and stiffness of connection chords with bars 
and with support as well as the way of loading the structure allow considerably 
smaller values of µy (µy ranges from 0.9 to 0.4) than that proposed in [1]. However, 
for the small-bay trusses, in which the number of panels n is 2, µy ≅ 1.10, that is 10% 
more compared to [1]. The critical load for out-of-plane buckling obtained according 
to [1] leads to overestimation approaching 21%. 

The coefficient of the buckling length of chords µy ≅ 1.10 has been obtained for the 
spatial model of the bar buckling (lateral buckling of truss), while for an analytical 
model of the  bar isolated from the truss, loaded with varying axial force, µy ≅ 0.94. In 
the structures analysed, the bars were connected with chords in a hinged way. This pa-
per deals with an attempt at explaining the differences in µy and with the identification 
of factors influencing the critical load of chord of small-bay trusses. As hypothetical 
essential factors, having the impact on critical load of chord of small-bay trusses, the 
influence of web members of the truss on its unsupported, indirect node and displace-
ment of this node perpendicular to plane of structure were assumed. Moreover, it was 
assumed that the topology of bars and their axial stresses (compression or tension) 
might be essential in this case. That is why the trusses in which the topology of bars 
was changed, the ratio of their depth (h) to the length of panel (a) and the way of sup-
port were analysed. 

The analytical solutions presented in this paper exemplify universal conception of 
load capacity estimation of flat trusses’ chords for out-of-plane instability. It consists 
in the analysis of imperfect models, in which the virtual displacements of ∆1 and ∆2 
nodes are taken into consideration. 

2. The description of the problem analysed 

The subject of this paper is the analysis of out-of-plane buckling of chords in 
small-bay trusses. The analytical model of a flat truss including the virtual lateral out-
of-plane displacements and also the spatial model of the bar buckling (lateral buckling 
of truss) have been considered. The aim of research dealing with the model of a one-
way truss was to consider in the stability analysis of chord its real distribution of axial 
force as well as the effect of web members. The analysis of the model of lateral buck-
ling of the truss allowed us to consider, apart from its real axial stress and the other 
bars’ impact, the geometrical parameters of structure, the point of imposing the load 
and also the way of connecting chords with the other bars as well as with the support. 
Moreover, it allowed us to verify the assumptions accepted in the stability analysis of 
the one-way model. 

Seven single-span trusses K-1–K-7, whose static schemes are shown in Table 1, 
have been studied. The concentrated forces are applied to the upper nodes. In the span 
length, the upper and lower nodes are supported by sway bracing (marked: with “•” in 
Table 1). The bars of trusses are made of steel square tubes. Continuous chords are 
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hinge connected with verticals and diagonals. The trusses being analysed have differ-
ent bar topology and the position of support axes for upper (K-1, K-2) and lower (K-
3–K-7) nodes. Out-of-plane chord stability has been analysed parametrically by 
changing the truss depth h to the length of panel a ratio. 

The out-of-plane critical loads of chords Ncr,y (measured as the maximal value of 
their axial force) for the flat truss model have been obtained analytically, while for lat-
eral buckling of truss model – numerically by FEM. On the basis of results the coeffi-
cients of out-of-plane buckling length of chords have been calculated from the fol-
lowing formula 

 
ycr

y
y N

EJ
a ,2
π

=µ ,                                                                                                         (1) 

where: Ncr,y – the out-of-plane critical load of chords measured as the maximal value 
of axial force in this member; EJy – the flexural stiffness in the plane of buckling of 
the chord. 

3. The out-of-plane stability analysis of one-way truss chord 
    in the presence of virtual displacements 

The method used in out-of-plane stability analysis of chords of small-bay trusses is 
a modification of critical load estimation procedure of spatial buckling of two cross 
braces of “X” joint shown in [3]. This method is based on the energy criterion of sta-
bility. 

The trusses analysed have been split into single unconnected bars: chords, diago-
nals and verticals. At the ends all of them were subjected to axial forces, whose values 
were taken from structural analysis of truss loaded in nodes with the force P = 1. Then 
a general deflection in an individual form was assumed for each bar, which satisfies 
all the boundary conditions, both geometric and static. Based on the displacements and 
taking advantage of the elementary theory of structures, the increase of energy in 
bending system (∆U ) was defined. Then the work of nodal force (∆T) on the dis-
placements in the direction of center line as the effect of buckling of bars was deter-
mined. The value of buckling load for a structure was obtained from the comparison 
of the increase of energy in the bending system ∆U and the work ∆T. As a result of 
calculations based on the energy equilibrium, buckling load of chord Ncr,y is deter-
mined as a function of parameters of the static scheme of truss K-i. From Equation (1) 
the values of coefficients of buckling length of chords out-of-plane µy were defined. 

In the one-way computational model of trusses for upper and lower chords (which 
are not supported in the direction being perpendicular to the principal plane of girder), 
the virtual lateral displacements ∆1 and ∆2 were adopted. The chords in the case of out-
of-plane instability undergo those displacements. On their basis the functions of de-
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flections of the trusses’ center line of bars xi(z1) have been assumed. In the static 
schemes of structures, the local axes z1i have been assumed to overlap the direction of 
longitudinal axis of each of the members; however, the direction of the local axes x1i is 
the same as the direction of the global axis x (Figure 1). 

 

Fig. 1. The scheme of the computational model of the stability for the one-way truss K-1 
in the presence of virtual displacements ∆1 and ∆2

For the hinged connection of the web members with the continuous chords and the 
designations shown in Figure 1 two types of displacements of bars have been studied: 
sinusoid half-wave in the following form 

a
zzx i

i

2
πsin)( 1

1 ∆=                (2) 

and linear functions. 
The sinusoid describes the deformation of the upper chord for the trusses K-1 and 

K-2 and the deformation of the upper and lower chords for the cases K-3–K-7. The 
displacement of axes of the remaining bars has been assumed in the form of linear 
functions with the directional coefficients which are characteristic of the group of bars 
under examination. 

The presented method of the analysis of stability of the upper chord out-of-plane 
buckling of small-bay trusses was discussed based on the example of K-1 truss with 
the static scheme of the computational model shown in Figure 1. This truss web com-
prises compression verticals and diagonals under tension. The axial force in the upper 
chord of the truss changes gradually: from N1

PG=–1.5 Pa/h at the supporting zone to 
N2

PG= –2.0 Pa/h for the median part. In this one-way structure, the virtual displace-
ments of the upper truss node ∆1 and the lower truss node ∆2 were accepted in the 
analysis assuming the same directions but different senses. On the basis of the form of 



 
 
 

Coefficients of buckling length of chords for out-of-plane instability of trusses 
 

47 

the spatial instability accepted in this way, the functions of displacements for axial 
truss members were selected: for the upper chord in accordance with (2), and linear 
functions for the remaining members. 

The increment of the bending energy ∆U in the chords of the truss analysed has 
been determined using the following formula 
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where: Ji – the out-of-plane moment of inertia (PG – for the upper chord, PD – for the 
lower chord, K1 – for the diagonals, S – for the vertical member of the truss, 
respectively), E – Young’s modulus, xi(z1) – the assumed functions of deformations 
for the axes of the truss members.  

Owing to the linear character of the accepted functions of the truss web and the 
lower chords as well, only the bending of the upper chord of trusses affects the calcu-
lated increase of the structure energy ∆U. The increment of the truss energy with the 
K-1 scheme is 
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To determine the force that is exerted on the displacements of the bar end con-
nected with the deformations of the structure (on the basis of the structural stability 
analysis) the value of the internal forces in the truss chords N i has been defined. The 
work of the nodal load has been calculated from 
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where xi(z1) is the same as in Equation (3), N i stands for the value of the axial forces 
in chords. 

For the considered scheme of the truss K-1 we obtain 
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The critical load of the truss K-1 due to out-of-plane instability condition of the 
truss chord has been determined by comparing (4) and (6) 
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The coefficient of buckling length of the upper chord out of the plane µ y (1) was 
defined on the basis of its critical force Ncr,y, under which the truss buckles (7). The 
calculated coefficient of buckling length of the chord is 
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The result obtained is the function of the variable k. The function µ y reaches its extre-
mum at k = 1, which means that the minimum value of the critical force occurs in the 
chord when the displacement ∆2 is equal to ∆1, but has an opposite sign. In the stabil-
ity analysis of the truss chord K-1, the deficiency of the displacement of the lower 
truss node ∆2 (k = 0) is the most advantageous. The maximum critical loads of the 
structure Pcr and the corresponding coefficients of the analysed structure µy are shown 
in the form 
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In the stability analysis of chords according to the method presented, the displace-
ments ∆1 and ∆2 were hypothetically assumed to be the closest to the actual ones. The 
acceptance of these values, especially the ratios between them, has an essential influ-
ence on the estimation of µy. 
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Table 1. Coefficients of buckling length of chords for out-of-plane instability for the trusses µ y
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The analogical procedure has been used for the trusses K-2–K-7. The values of the 
coefficients of out-of-plane buckling length of chords of these structures µ y together 
with their most disadvantageous values are presented in the column 4 of Table 1 (in 
the formulas, the following assumption have been made: α = JPD /JPG – the ratio of the 
moment of inertia of the lower chord to the moment of inertia of the upper chord; for 
the trusses K-5–K-7 the parameter k is k = ∆2 /∆1). 

4. The out-of-plane buckling analysis due to spatial instability of the truss 

The flat trusses K-1–K-7 (Table 1) have been exposed to the same numerical stud-
ies as those of spatial structures. Their continuous chords are hinged to the truss web, 
both in the plane yz and the plane xy (Figure 1). The overall buckling of trusses has 
been analysed in the parametric form, changing the h/a ratio. The FEM calculations of 
the structures’ stability were based on the SOFiSTiK system [4]. 

The trusses analysed undergo the overall instability in the same mode as in the case 
of the lateral buckling of beams. The out-of-plane buckling of the compressed chord 
has a direct effect on the buckling mode. The chosen results of the calculations of the 
coefficient of the buckling length of the chord µ y (K-1–K-7) are presented in Table 2 
(lines 1–7). For comparison purposes, in line 8 (Table 2) the coefficients µ y obtained 
by using the method discussed in the point 3 are given, while the value recommended 
in [1] is shown in line 9 and the values of the estimation for the computational model 
of the isolated member [2] are shown in line 10. 

Table 2. Coefficients of buckling length of chords for out-of-plane instability of the structure µ y

Coefficients of buckling length of chord µ yNo. 
a
h  

K-1 K-2 K-3 K-4 K-5 K-6 K-7 
1 0.50 1.053 1.099 0.925 0.995 0.807 0.761 0.758 
2 0.75 1.079 1.111 0.954 1.018 0.821 0.780 0.778 
3 1.00 1.096 1.116 0.973 1.031 0.829 0.791 0.790 
4 1.25 1.107 1.119 0.985 1.040 0.834 0.799 0.798 
5 1.50 1.116 1.121 0.995 1.048 0.839 0.805 0.804 
6 1.75 1.123 1.123 1.003 1.054 0.843 0.809 0.809 
7 2.00 1.128 1.126 1.010 1.060 0.846 0.813 0.812 
8 e.c. of s. 1.175 1.185 1.038 1.127 0.878 0.838 0.838 
9 [1] 1.0 
10 [2] 0.936 1.0 0.936 1.0 0.727 0.727 0.727 

5. Final remarks and conclusions 

In the case of small-bay trusses (for instance: cantilever beam, space grid), ignoring 
the reaction of the web members of the truss in the out-of-plane stability analysis of 
the structure accepting µ y = 1.0 [1] can lead to the overestimation of their critical load 
Ncr,y. The analysis presented showed that the lateral displacement of the unsupported 
node causes an increase of buckling length coefficient (µ y > 1.0). In this intermediate 
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node of the chord, we have a virtual reaction of vertical and diagonal members, which 
is perpendicular to the principal plane of the truss and the axis of the chord. This 
causes additional stress of the compressed chord (the reduction of load-capacity) and 
buckling under the load being smaller than that in the case of the compressed truss 
member in which there is no reaction of the verticals and diagonals of the truss (mod-
els according to [1] in contrast with isolated chord according to [2]). 

In the work, the structures of the perfect geometry of chords’ axes hinged to the 
truss web were analysed. It is necessary to notice that the real constructions with ini-
tial deflections of the axis of the chords ∆0 additionally decrease their load capacity. 
The reducing reaction of the verticals and diagonals has then more disadvantageous 
influence because it is responsible for the displacement ∆0 (according to [5] the per-
missible flexure of the axis of the chord is ∆0 = max [L/500; 6 mm], where L is the 
length of the chord). Simultaneously connections of the chords with the verticals and 
diagonals of the structures are not perfectly hinged and they have a certain rigidity that 
increases the critical out-of-plane load capacity of the chords analysed. 

Coefficients of the buckling length of the chords studied µ y > 1.0 were found in the 
trusses K-1–K-4. The maximum values µ y occur in the structures K-2 and K-4 (where 
the chord is compressed by the constant force along its length, N1

P G/N2
P G = 1.0) as 

well as in K-1. If the energy method is used, the obtained values of µ y are higher than 
those given in [1] by 18.5% (for K-2) and 12.7% (for K-4). The difference in estima-
tion of the critical load of the chord Ncr,y in comparison to [1] is about 29% for K-2 
and about 21% for K-4. In the structures K-1 and K-3, the ratio of the forces in the 
chord is N1

P G /N2
P G = 1.5/2.0. For such loading of the chord µ y ≅ 0.94 [2] when the re-

action of the verticals and diagonals is neglected; on the contrary, when the reaction is 
considered (point 3) µ y ≅ 1.175 (for K-1) and µ y ≅ 1.038 (for K-3). In comparison to 
the load capacity of the chord Ncr,y, according to [1] the difference approaches 28% 
(for K-1) and 7% (for K-3). 

For trusses K-5–K-7, using the energy method, µ y ≅ 0.88 (K-5) and µ y ≅ 0.84 (K-6 
and K-7) were obtained. In this case, the values µ y < 1.0 are affected by the force dis-
tribution in the compressed chords (zero-force N1

PG
 at the supporting zone of the 

chord) and truss web as well as by topology of the verticals and diagonals. If only the 
actual distribution of the longitudinal force in the chord is considered, then µ y ≅ 0.73 
[2]. Owing to the reaction of the verticals and diagonals (according to the estimation 
in point 3) the increase of the value µ y of about 21% (for K-5) and about 15% (for K-6 
and K-7) in comparison with µ y ≅ 0.73 was observed [2]. 

The stability analysis of the trusses using FEM allows more accurate defining the 
critical load for a chord than the estimation applied in point 3. Moreover, it allows 
considering among others: the characteristics of the truss nodes (fixed, hinged, flexi-
ble), the way of loading (in the upper or lower chord), the support (fixed and hinged in 
terms of torsion) as well as the characteristics of the geometry of the structure (h/a ra-
tio). The values of µ y obtained by means of FEM confirm the disadvantageous effects 
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of verticals and diagonals on the chords’ resistance in the case of out-of-plane buck-
ling. The differences in µ y in comparison to that obtained in [1] range from 5 to 13% 
(for K-1), from 10 to 13% (for K-2) and to 6% (for K-4). Whereas, µ y for K-5–K-7 is 
more advantageous than that proposed in [1]. It has to be mentioned that FEM allows 
us to observe the effect of the system geometry h/a on the quantity µ y, which is ig-
nored in the energy method. 
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Współczynniki długości wyboczeniowej pasów  
z płaszczyzny ustroju „krótkich” kratownic 

Analizowano stateczność pasów podczas wyboczenia z płaszczyzny ustroju „krótkich” 
kratownic. Badano 7 schematów statycznych kratownic, które różniły się wytężeniem prętów, 
topologią i sposobem podparcia. Rozpatrzono model obliczeniowy kratownicy płaskiej, 
uwzględniając jej przemieszczenia przygotowane oraz model przestrzennego ustroju pręto-
wego. Wykonano analizy porównawcze współczynników długości wyboczeniowych pasów  
z płaszczyzny kratownic badanych modeli. 
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Tests of arch bridge made from corrugated steel plates  
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The way in which a new road bridge made from Super Cor corrugated steel plates was tested during 
the three stages of its construction is described and the test results are presented. In construction stage I, 
the bridge was loaded with backfill and in stages II and III, with two ballasting vehicles. The box bridge 
spans the Bystrzyca Dusznicka River in Polanica Zdrój (Poland). The span’s effective length is 12.27 m 
and its vertical inside diameter is 3.85 m. The steel span is founded on two reinforced concrete strip foun-
dations. The average values of the displacements and strains (normal stresses) measured in selected points 
and on selected elements of the steel shell structure were much smaller than the ones computed for the 
same load. The conclusions drawn from this research can be helpful in determining the interaction be-
tween the steel shell and the backfill. Since this type of steel-soil structures are increasingly widely used 
in Poland and in the world, the conclusions can be extended to a whole class of similar bridge designs.  

Keywords: backfilling, corrugated plate, field static tests, road bridge, steel shell, backfill layer  

1. Introduction  

Flexible box, arch, circular, elliptical, arch-circular or pear-shaped structures made 
from Super Cor, Multiplate, Turvosider, Voest (Alpina) and Vario-Sec corrugated steel 
plates [1, 2, 3] and founded on reinforced concrete continuous footings or on a sand or 
concrete mat laid on the ground [4] are highly suitable as small and medium-sized 
bridges (particularly road bridges) in situations when the latter are to be built in a rela-
tively short time. 

The results of the first in Poland static load tests of the road bridge made from 
Multiplate corrugated steel plates which spans the Plawna Stream in Stary Waliszów 
carried out after about four years of its service are reported in [5]. 

In this paper, the tests carried out during the three stages of construction of a sin-
gle-span road bridge over the Bystrzyca Dusznicka River at the 1+470 km of the Po-
lanica–Szczytna Zdrój district road 45117 in Polanica Zdrój are described. The bridge 
has a flexible superstructure made from SC-54B Super Cor corrugated steel plates 
which interacts with the surrounding backfill. High-tensile bolts joined the plates to-
gether. The bridge is founded on reinforced concrete strip foundations in the ground. 
The test results presented were verified by computations [6]. 

The various types of corrugated plates differ in, among others, the corrugation 
depth, pitch and width and in their thickness. For example, the plate thickness of Mul-
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tiplate and Super Cor is 3.10 mm and 7.10 mm, respectively.  
The aim of the tests was to check the performance of the new bridge structure un-

der different loads during the three stages of its construction to verify the assumptions 
made in the static analysis and computations and in the test load design [6–8] and to 
determine the bridge’s actual load capacity and the soil consolidation effect reducing 
the impact on its steel shell structure. During the three main bridge construction 
stages, i.e. soil compaction (stage I), bridge structure without deck (stage II) and com-
pleted bridge (stage III), deflections (vertical displacements) and strains were meas-
ured in selected points and cross sections in the steel shell in the longitudinal and 
transverse directions. 

Those were the control and acceptance measurements required by the relevant 
bridge construction regulations [9–11]. Their aim was also to check whether the 
bridge span and strip footings (supports) had been solidly built and to provide the 
basis for a decision on putting in the bridge into service under a class B load (400 kN) 
in accordance with PN-85/S-10030 and for any post-construction and service recom-
mendations. Mainly the actual stiffness of the corrugated plates in the single-span 
structure was estimated and the so-called mating (in carrying loads) width of the deck 
plate and the transverse distribution of load among the particular ribs of the corrugated 
plate were determined. The measurements were performed in three cross sections 
along the span length under loads symmetrical and asymmetrical relative to the span’s 
longitudinal axis (three static load schemes I, II and III). 

Considering the fact that the bridge is located on an important road in the Kłodzko 
Valley tourist area (and therefore heavily loaded) and that few steel-soil bridges with 
this kind of (prototype) span design and quite large effective spans are built in Poland 
or Europe (in 2001 it was the first and the longest bridge of this type in Europe), the 
initial routine range of acceptance tests on a bridge under a static load was extended 
by including, among others, tests under a backfill load, a dynamic load and a service 
load [6–8, 12, 13]. 

The conclusions drawn from the tests and the detailed displacement and strain 
analyses can be most helpful in bridge engineering practice [14], particularly in in-
spections and acceptance tests of steel-soil road and railway bridges made from corru-
gated or flat plates [1–8, 12–19]. It should be noted here that neither a universal com-
putation method which would allow one to detail this kind of shell structures in a sim-
ple way [17–19] nor proper acceptance requirements have been developed so far. 
Hence this research may significantly contribute to the drawing up of such regulations. 

2. Description of bridge  

A previous bridge was damaged by the great flood in July 1997 – one of the 
bridgeheads was washed out and a part of the span slid into the river. Subsequently  
a detour (for cars only) was set up. In 2001, plans were made to rebuild the bridge using 
a flexible shell structure made from Super Cor steel zinc coated corrugated plates. 
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In the longitudinal section, the road bridge tested constitutes a restrained static sin-
gle-span structure of the box culvert type – according to Atlantic Industries Limited 
(Canada) [6], having an effective span l t equal to 12.270 m (Figure 1). In the cross 
section, the load-carrying structure is made from 140 × 380 mm steel corrugated plates 
of 7.10 mm thickness. The SB 8.8 class high tensile bolts M20 joined the plates to-
gether along the span width and length, using a twisting moment of 350–400 Nm [4, 
18]. The steel shell structure of span was supported by means of steel uneven-armed 
channel sections, on two reinforced concrete strip foundations made from B30 grade 
concrete, placed between Larssen plate pile walls and braced (stiffened) at the top. On 
its circumference the bridge was finished with 0.40×0.45×0.95 m reinforced concrete 
collars to increase the span transverse rigidity and to secure the embankment slopes 
and the slope cut-offs, faced with natural stone bonded with cement-lime mortar, on 
the two sides at 1:1.5. 

Structural steel of the strength corresponding to that of Polish steel St3M (the yield 
point of the steel used to manufacture Super Cor corrugated plates is in the range of 
275–380 MPa [6, 8]) was used for the shell structure. 

The steel corrugated plates on both sides were coated with 85 µm thick layer of 
zinc. In addition, a 200 µm thick coating of epoxy paint was applied to the outer parts 
of the inlet and outlet up to a height of 1.50 m. 

The shell structure was reinforced with additional corrugated plates spaced at every 
380 mm in three places, i.e. in the crown and in the haunches (at the strip foundations) 
on the soil side on both sides of the bridge, to endow the superstructure with greater 
longitudinal and lateral stiffness since the computations and analyses made by the 
manufacturer (Atlantic Industries Limited) indicated that the largest bending moments 
and axial forces, and so the largest normal stresses, occurred in the above-mentioned 
cross sections. The load-bearing structure of span was designed as a flexible shell con-
sisting of steel corrugated plates filled up with 0.20–0.30 m thick course of permeable 
soil with 10–32 mm grading, compacted to ID = 0.95 (on the Proctor scale) for the soil 
being in direct contact with the steel shell and to ID = 0.98 for the other backfill 
whereby a pavement could be laid on a broken stone subgrade. The soil which sur-
rounds the shell carries a large share (about 70%) of the load through the so-called 
arching while the rest of the load is carried by the shell structure [4]. The overall 
height of the Super Cor plate corrugation is h = 140 mm. The structure width is 
bt = 13.60 m at the top and bb = 20.60 m at the bottom and its clear height is ho = 3.85 
m. In plan, the bridge is situated at a skew of α = 60° relative to the river current. This 
had to be considered when positioning the test load on the bridge (Figure 1d). 

The bridge has two culverts made from φ = 1000 mm Pecor pipes to carry and dis-
charge the increased flow of water during spring thaws or freshets, which constitute 
the main points of water thrust during a disaster (then the backfill around and above 
the shell is allowed to be destroyed to prevent damage to the steel shell). The shell was 
secured in the strip foundations by means of a 0.50 m high reinforced concrete flange 
(Figure 1). The bridge had two sidewalks, each 1.50 m wide, on both sides of the 
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roadway and typical SP-06 barriers. Two gabions, directing the flow of water through 
the bridge to protect the supports (the strip foundations) and the embankment cones 
against washing, were provided at the bridge entrance and exit [6]. 
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Fig. 1. Road bridge in Polanica Zdrój made from Super Cor steel plates: a) longitudinal section,  
b) tailwater side view, c) cross section and d) top view on load schemes 
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The span structure of the bridge was assembled in as few as 9 days by only seven 
workers and one low-capacity lift. All the work was supervised by the investor and the 
steel structure supplier [6]. 

3. Range of the tests carried out on the bridge 

The strains and displacements of the steel shell were measured twice during back-
filling and compaction (stage I) for selected soil (sand and broken stone) layers as 
shown in Figure 2. Two trucks (a Jelcz Steyer and Kamaz 5511) were used for the trial 
static and dynamic loading of the finished bridge (stage III) and for the measurements 
performed during its construction, i.e. when the bridge was still without its base road 
foundation (stage II), to produce effort in selected places and elements of the shell 
structure. The total weight of the two trucks amounted to over 500 kN. Each time the 
vehicles with possibly the heaviest axle loads were so positioned in the lateral and 
longitudinal directions of span as to produce maximum deflections and strains in the 
tested sections of the span. The vehicles were arranged symmetrically and asymmetri-
cally in the span cross section to distribute the effort among the particular ribs of the 
corrugated plates. Also the ratio of test load effects to design load effects (i.e. for class 
B load in accordance with PN-85/S-10030) was determined. The ratio of test-load 
span bending moments to bending moments produced by moving service loads was 
70–75%. This magnitude of the load was considered to be reliable in the light of the 
relevant Polish bridge standards [10, 11]. 

 

Fig. 2. Headwater side view of assembled steel shell structure before backfilling (test stage I) 
 
During the tests not only the types of the vehicles but also their axle loads were 

changed from the ones originally assumed in the test load scheme [6, 7 and 8]. The 
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reason was that the vehicles’ load was found to exceed their maximum authorized 
overload. The weighed front and rear axle loads together considerably exceeded the  
total weight of truck (including the load). Therefore the load surpluses were 
distributed proportionally to the vehicles’ catalogue load capacities. The axle loads of 
the trucks used in test stages II and III are given in Table 1. The weighed axle loads 
and the loads calculated (using relevant catalogues) from the distribution of load 
capacity per axles are shown in the top and bottom rows, respectively. Since during 
the tests the rear axles (with larger loads) were positioned in the critical sections of 
span, the actual weighed axle loads were used in the computations to ensure a proper 
margin of safety for the structure. Because of so large differences between the weights 
of the delivered trucks and the test load program weights the expected static quantities 
(normal stress and displacement) had to be recalculated [6]. But the overloaded 
vehicles could be used to produce much stronger dynamic effects [12]. 

Table 1. Ballasting trucks’ axle and wheel loads [kN] in test stages II and III 

Axle loads Wheel loads Test 
stages 

Mark  
of truck 

Truck 
number 

Total 
weight Rear Front Rear Front 

Jelcz Styer 
(DKLL 997) 1 284.00 

235 = 2×117.50 
207 = 2×103.50 

49.00 
77.00 

58.75 
51.75 

22.50 
37.00 

II 
Kamaz 5511 
(WYB 3750) 

2 233.00 
192 = 2×96.00 
169 = 2×84.50 

41.00 
64.00 

48.00 
42.25 

20.00 
32.00 

Jelcz Styer 
(DKLL 997) 1 279.00 

234 = 2×117.00 
205 = 2×102.50 

45.00 
74.00 

58.50 
51.25 

22.50 
37.00 

III 
Kamaz 5511 
(WYB 3750) 

2 221.00 
181 = 2×90.50 
159 = 2×79.50 

40.00 
62.00 

45.25 
39.75 

20.00 
31.00 

 
The tests during stages II and III were to be carried out in the full range of static 

loads and they were to include measurements of displacements and strains (indirectly 
normal stresses) at selected points in several sections of the structure. Since in this 
kind of structure possible settlement of the strip foundations had already taken place 
and considering the fact that bedrock was beneath and no deviations or irregularities in 
the foundations’ behaviour or work had been observed prior to the bridge tests, strip 
foundation settlement was not continuously recorded. Instead it was checked by means 
of a precision surveyor’s level. 

As originally planned, three load schemes (Figures 3–5), i.e. an asymmetrical load 
scheme (scheme I: both trucks positioned at one curb on the tailwater side) and two 
symmetrical load schemes (scheme II: the two trucks positioned in such a way that 
their longitudinal axes coincided with the longitudinal axis of the bridge and their 
rears touched at half of the effective span of bridge (in the crown) and scheme III: the 
trucks positioned on both sides of the longitudinal axis of bridge so that their rear ax-
les were situated at half the bridge’s effective span). The finished bridge put into ser-
vice is shown in Figure 6. 
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Fig. 3. Top view of bridge during tests under load 
scheme II in test stage II 

Fig. 4. View of bridge during tests under load 
scheme III in test stage II 

 

Fig. 5. View of bridge during tests under load 
scheme III in test stage III 

 

Fig. 6. Headwater side view of steel road bridge 
made from Super Cor corrugated plates located in 

Polanica Zdrój 

Two measuring systems were used to measure strains and vertical (deflections) and 
horizontal displacements. Each system consisted of three basic components: meas-
urements, control measurements and recording of results. 

For each scheme of loading the bridge superstructure the following quantities were 
to be measured: 

• strains (indirectly normal stresses) during the assembly of the steel shell (during 
the compaction of the soil layers) – stage I, 

• horizontal and vertical (deflections) displacements in the particular span sections 
(in the middle and at the end of the crown reinforcement of shell and in the bridge 
haunch) in two test stages: without bridge road foundation – stage II and after bridge 
completion (the test loading proper) – stage III, 
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• strains in the selected sections of the corrugated plates (in the crown, at the end 
of the shell reinforcement and in the shell haunch) in two test stages: without bridge 
road foundation – stage II and after bridge completion – stage III, 

• strip foundation settlement during the tests, 
• the effect of dynamic interactions on the displacement (deflection) of the corru-

gated plates and on the strains in the selected points and cross sections of the bridge 
span, 

• pressures in the ground. 
Strains (indirectly normal stresses) were measured by electric resistance wire strain 

gauges which were stuck on at fixed points (the surface had been prepared by its 
grinding and cleaning with acetone or spirit). Appropriately aged (for better stability) 
RL 20/120 gauges (made by Tenmex in Łódź, Poland) were used. Their measurement 
base was 20 mm, the resistance R = 120.6 Ω ± 0.2 Ω and the constant k = 2.15 ± 0.5%. 

Seven dial gauges were used to measure the vertical displacements (deflections) of 
the load-carrying structure in stage II and eight induction gauges WT50S with a read-
ing accuracy of 1×10–5 m, connected by cables to a Hottinger UPM-60 bridge and to  
a six-channel instrumentation amplifier KWS673.A7 from which the output voltage 
signal was directed simultaneously to the input of the multipoint UPM-60 measuring de-
vice and to the inputs of an eight-channel fast recorder 330-P/8, were used in stage III.  

Two Glöetzl hydraulic sensors (earth pressure cells), placed in the ground at  
a depth of 1.00 m from the road surface in the middle of the roadway and at its edge 
on the headwater side at a distance of about 0.50 m from the steel shell, were used to 
measure pressure in the ground. 

Prior to the tests the measuring circuits in the recording instruments had been cali-
brated for a fixed displacement value, e.g. 30 mm. The first indications (zero readings) 
had been obtained before the load was brought onto the span. After the ballasting load 
was brought onto the span further readings were taken from all the instruments at 
every 10 minutes for at least 30 minutes and after unloading until the readings stabi-
lized. If the difference between two consecutive readings was larger than 2%, the load 
had to remain on the span until the difference was below 2% [10, 11, 20, 21]. And 
similarly, readings were taken after unloading the span, i.e. at every 10 minutes for 20 
minutes. At least three such readings were taken. The differences between the last in-
dications of the dial (or induction) gauges and the electric resistance wire strain 
gauges after unloading and the initial readings represented the permanent deflections 
(strains) and the differences between the total deflections (strains) and the permanent 
ones constituted the elastic deflections (strains). 

The condition of the shell span structure and the bridge supports was checked be-
fore, during and after the test static and dynamic loading [10, 11]. The main measuring 
setup was located in one of the culverts to protect it from rain [6, 7, 8]. All the meas-
uring instruments and the auxiliary equipment were transported to the test site and 
stored in a delivery van. The whole setup was remotely controlled (direct manual con-
trol was also possible) from one measuring position.  
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4. Assessment of measurement accuracy 

Probable measuring error δε for strains in the steel shell structure for the worst 
measuring setup was calculated from the approximate formula: 

%84.3025.002.0015.0015.0 22222
4

2
3

2
2

2
1 ±=+++=+++= δδδδδ

ε
, (1) 

where: 
δ1 = 1.5% – a strain gauge error, 
δ2 = 1.5% – a channel selector compensating unit error, 
δ3 = 2.0% – an instrumentation amplifier error, 
δ4 = 2.5% – a steel elasticity modulus error. 
The probable measuring error for displacements in the selected sections of the steel 

corrugated-plate shell structure at the best setup of converters and measuring instru-
ments was calculated from the approximate formula: 

%87.201.002.001.0015.0 22222
8

2
7

2
6

2
5 ±=+++=+++= δδδδδ f , (2) 

where: 
δ5 = 1.5% – a displacement converter error, 
δ6 = 1.0% – a channel selector scale unit error, 
δ7 = 2.0% – an instrumentation amplifier (bridge) error, 
δ8 = 1.0% – a calibration error. 

5. Measurements of strains and vertical displacements  

5.1. General 

A peculiarity of flexible bridge structures made from steel corrugated plates is that 
the backfill around the shell participates in carrying the live load originating from the 
soil layers (stage I) and from the wheels of the vehicles crossing the bridge (stages II 
and III). If the surrounding soil is to fully mating with the steel shell in carrying a sub-
stantial part of the load, the layers of it should be properly laid down around the shell 
and skilfully and carefully (so that the allowable stress in the plate metal is not ex-
ceeded) compacted to a proper degree, e.g. in the case considered ID was respectively 
0.95 and 0.98 on the Proctor scale. Soil is usually compacted using mechanical com-
pactors whose action and the dead weight of the soil layers significantly affect the 
state of stress (strains) and the stability of the steel shell structure. If the permissible 
stresses in the shell are not to be exceeded they must be continuously monitored, e.g. 
through the measurement of strains. In order to get a comprehensive picture of the 
state of stress in the shell structure in the different stages of bridge construction, 
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strains and vertical displacements were measured during the assembly of the steel 
shell and during the compaction of the particular soil layers around it (stage I), after 
several road base layers and a 0.05 m thick asphaltic concrete layers were laid (stage 
II) and when the completed bridge was subjected to the test static load (stage III). The 
initial, maximum and final readings for all the measuring points used in the analysis 
are given in tables in [6]. 

The calculations results obtained differed considerably from the experimental ones 
due to the fact that it is extremely difficult to specify the interaction between the steel 
shell structure and the backfill [6] in the computing model.  

The influence lines of the transverse distribution of load among the individual cor-
rugated plates were used to calculate the expected values of the deflections f, the 
strains ε and the normal stresses σ.  

The determination of the extent to which the steel shell structure mating with the 
surrounding backfill in carrying loads and the proper modelling of the interface be-
tween the corrugated plate structure and the soil presented major difficulties in the 
analyses. Computations were performed for the actual positions and loads of the bal-
lasting vehicles’ axles. The ordinates of the influence lines under the axles were read 
directly from computer printouts to avoid needless and extremely laborious (and also 
less precise) interpolation of the ordinates. The Robot Millennium computer program 
was used to verify the computations for the same or similar assumptions and the val-
ues obtained were close to the ones computed by the Cosmos/M program [22, 23]. 

5.2. Results obtained in the test stage I 

• Strains. The diagrams of the maximum strains measured in three cross sections 
along the length of the steel shell, i.e. in the crown, at the end of the crown reinforce-
ment and in the haunch, during the compaction of soil around this structure are shown 
in Figure 7. The measurements were performed twice – for two different layers of 
compacted soil, i.e. for sand (layer 6) and broken stone (layer 12 from the natural 
ground). In all, 18 layers (alternately sand and broken stone) were used in backfilling. 

• Vertical displacements. Since it was impossible to erect scaffolding in the rapid 
current of the mountain river (the tests were conducted after heavy rains) neither verti-
cal nor horizontal displacements of the selected steel shell points during the compac-
tion of the selected soil layers could be recorded. Furthermore, the shell would deform 
quite considerably in all directions whereby proper recording of the actual displace-
ments was rather impracticable, all the more because the construction work was being 
carried out on this structure. 

5.3. Results obtained in the test stage II 

• Strains. The variations of strains with time at selected points of the bridge shell 
structure for three load schemes recorded during construction stage II (without road-
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way layers) are given in paper [6]. The traces of maximum strains in the transverse di-
rection of span at the selected points of the structure for the three cross sections tested, 
i.e. respectively in the shell crown, at the end of the crown reinforcement and in the 
shell haunch for static load schemes I, II and III are shown in Figure 8. 
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• Vertical displacements. The variations of vertical displacements with time at the 
selected points of the shell structure are given in [6]. The traces of maximum vertical 
displacements in the transverse direction of span for load schemes I, II and III re-
corded during test stage II are shown in Figure 8a. 

• Pressures in ground. The pressures in the ground measured by earth pressure 
cells located very close to the steel shell were neglected in the analysis since the 
readings were not accurate enough and sometimes no readings were obtained – proba-
bly the cables connecting the gauges with the measuring apparatus were damaged by 
too fast compaction of individual backfill layers close to the earth pressure cells by the 
different contractors or through the use of soil of not always proper grading (e.g. large 
stones or boulders dredged from the river). 

5.4. Results obtained in the test stage III 

• Strains. The variations of strains with time at the particular points for the 
particular cross sections (elements) of shell are given in paper [6]. The traces of 
maximum strains in the transverse direction of span at the selected points of the shell 
for the two cross sections tested, i.e. in the crown and at the end of the crown rein-
forcement, for test static load scheme I, II and III (test stage III) are shown in Figure 9. 

• Vertical displacements. In order to carry out a comprehensive analysis of the 
test static load measurements, the traces of the vertical displacements with time of the 
points of steel shell in the particular cross sections along the bridge length were pre-
sented in detail in paper [6]. The traces of maximum displacements in the transverse 
direction of span for load schemes I, II and III were presented in Figure 9b. 

5.5. Standard conditions for evaluation of test results 

In order to obtain a passing grade for a bridge structure on the basis of the results 
of tests carried out at different stages of its construction and finally under the test load 
in accordance with the bridge code for typical steel bridges [9–11], the following con-
ditions must be fulfilled: 

a) the computed and measured displacements and strains of bridge shell are similar, 
b) the tests did not cause any damage to the structural components or their joints, 
c) the steel shell structure deformed elastically within the allowable displacement 

range under loads close to the standard loads and the displacements did not exceed the 
calculated ones, 

d) the permanent deflections (vertical displacements) of the load-carrying structure 
amounted to less than 25% of the elastic deflections. 

It should be noted here that guidelines or regulations for structures of this type do 
not yet exist in Poland whereby the contractors often have problems with the accep-
tance of such bridges by the bridge administration.  
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6. Analysis of test results 

6.1. Normal stresses measured in corrugated plates 

The strains measured in the three stages of testing the steel shell structure of bridge 
were used to compute the normal stresses shown in Tables 2 and 3. During static load 
test stages II and III also the vertical displacements (deflections) at the selected points 
and in the specified cross sections of the steel shell structure were measured (Table 4). 

• Test stage I. The largest normal stresses – about 240 MPa – in the steel shell 
structure during the compaction of soil layers (i.e. layers 6 (sand) and 12 (broken 
stone)) occurred in its crown (on the top edges of the corrugations). During the 
compaction of sand layer 6 the maximum stresses recorded in the crown in the same 
cross section amounted to 130 MPa and they were concentrated in the bottom edges of 
the corrugations. In the next cross section considered, i.e. at the end of the crown 
reinforcement, the largest normal concentrations – about 225 MPa – occurred in the 
corrugations’ top edges during the compaction of sand layer 6. During the compaction 
of broken stone layer 12 around the steel shell the largest stresses – about 185 MPa – 
occurred on the top edges of the structure reinforcement (the additional reinforcing 
corrugated plate). In the structure haunch (at the shell-strip foundation joint), the 
maximum strains were measured in the corrugations’ bottom edges during the 
compaction of broken stone layer 6 and the normal stresses computed on this basis 
amounted to about 200 MPa. During the compaction of sand layer 6 the largest strains, 
and so the largest normal stresses – 160 MPa, were recorded in the corrugations’ top 
edges (Figure 7). 

• Test stage II. The largest normal stresses in the steel shell structure were ob-
tained from the measurements of strains in the haunch, i.e. at the strip foundation, 
during construction stage II (cross section III–III) and they were as follows (Figure 
8b): 

a) load scheme I (two trucks positioned at the roadway curb) – 27 MPa on the 
corrugations’ top edges between the vehicles’ wheels, 

b) load scheme II (two trucks positioned in the middle of the effective span (in the 
longitudinal direction) and in the middle of the bridge roadway (facing a transverse di-
rection of the bridge) – nearly 37 MPa at the bottom edge of the corrugations towards 
the acute angle of the span skew, 

c) load scheme III (two trucks positioned parallel to each other at half of the effec-
tive span in such a way that the span longitudinal axis was between the two rear axles of 
vehicles taking into account the fact that the bridge is situated at a rather large skew in 
plan) – about 25 MPa on the corrugation bottom edges between the two trucks’ wheels. 

Slightly smaller strains (and thus normal stresses) were recorded in the cross sec-
tion situated at the level of the end of the shell crown (cross sections II–II) and they 
were as follows (Figure 8b): 
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a) load scheme I – 27 MPa in the corrugations’ top edges almost in the middle of 
the roadway width,  

b) load scheme II – nearly 35 MPa concentrated in the corrugations’ bottom edges 
between the vehicles’ wheels,  

c) load scheme III – about 12 MPa in the corrugations’ top edges under the vehi-
cles’ wheels. 

In the first cross section tested, i.e. in the crown of a steel shell structure (cross 
section I–I), the largest normal stresses computed on the basis of the strains measured 
were as follows (Figure 8a): 

a) load scheme I – 27 MPa in the corrugations’ top edges under ballasting trucks’ 
wheels,  

b) load scheme II – about 10 MPa both in the corrugations’ bottom and top edges 
under the trucks’ outside wheels,  

c) load scheme III – 20 MPa in the corrugations’ top edges directly under the 
trucks’ wheels. 

Table 2. Maximum normal stresses [MPa] in steel shell obtained from measurements in test stage I 
Analyzed cross section at span shell level 

Crown 
Reinforcement 

end 
Shell haunch Crown 

Reinforcement 
end 

Shell haunch 
Gauge 
number 

Sand (layer 6) Broken stone (layer 12) 

1 66 139 – 168 139 – 
2 111 86 – 109 68 – 
2’ – 43 – – 33 – 
3 92 – – 240 – – 
4 96 – – 238 – – 
5 84 220 146 61 185 200 
6 130 94 160 125 70 121 
6’ – 39 – – 37 – 
7 100 – – 61 – – 
8 64 – – 64 – – 
9 39 47 55 12 59 66 
10 47 14 135 41 4 144 
10’ – 12 – – 4 – 

’ – gauge located on top edge of reinforcing sheet. 

• Test stage III. The largest normal stresses in the steel shell structure, based on 
the strains measured during the test loading of the bridge (test stage III) with two 
trucks, occurred at the end of the crown reinforcement of shell (cross section II–II) 
and they were as follows (Figure 9b):  

a) load scheme I – about 20 MPa concentrated in the corrugations’ top edges in the 
middle of the roadway width,  

b) load scheme II – nearly 38 MPa in the corrugations’ top edges (on the reinforce-
ment) towards the span skew,  
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c) load scheme III – about 30 MPa localized in the corrugations’ bottom edges to-
wards the span skew.  

Table 3. Maximum normal stresses [MPa] in shell structure obtained 
 from measurements in test stages II and III 
 

Cross section of shell in test stage II Cross section of shell in test stage III 
Load 

schemes 
Gauge 
number Crown 

Reinforcement 
end  

Shell’s 
haunch 

Crown 
Reinforcement 

end 
Shell 

 haunch 
1   8   2 –   4   8 – 
2   6   4 –   4   4 – 

 2’ –   2 – –   4 – 
3   6 – – 12 – – 
4 12 – –   4 – – 
5 27 19 27 d 10 d  
6   6 16 19   2   4 d 

 6’ –   4 – – 16 – 
7 12 – – 14 – – 
8   8 – –   2 – – 
9   8   6 10 19   4 d  
10 12 27 19   6 19 d  

I 

 10’ – 14 – –   2 – 
1   2   2 –   6   8 – 
2   8   0 –   8   8 – 

 2’ –   2 – –   0 – 
3   2 – –   8 – – 
4   4 – – 29 – – 
5   2   4   6 d 35 d  
6   8   2 37   6 15 d  

 6’ –   4 – – 39 – 
7   2 – – 15 – – 
8   8 – – 16 – – 
9   8   0 31 10 10 d  
10   2 35 16   4 21 d  

II  

 10’ – 12 – –   6 – 
1   4   0 –   0   2 – 
2   2   0 –   2   0 – 

 2’ –   2 – –   2 – 
3   2 – –   2 – – 
4 10 – –   4 – – 
5 19   8 10   4 31 d  
6 10   8 16 16   0 d  

 6’ –   4 – – 16 – 
7 12 – –   6 – – 
8   6 – –   6 – – 
9 19 10 25 16   4 d 
10   6   2 12 12   2 d 

III 

 10’ – 12 – –   4 – 

d – damaged gauge, ’ – gauge located on top edge of reinforcing sheet. 
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For the crown of steel shell structure (cross section I–I) the following normal 
stresses were obtained (Figure 9a): 

a) load scheme I – about 20 MPa concentrated in the corrugations’ top edges in the 
middle of the roadway width,  

b) load scheme II – nearly 30 MPa in the corrugations’ top edges towards the span 
skew, 

c) load scheme III – about 17 MPa in both the top and bottom edges of the cor-
rugations towards the span skew. 

In cross section III–III, the strain gauges were damaged (probably while backfilling 
and compacting the soil around the steel shell) or their operation did not guarantee 
correct readings and so this cross section was passed over in the analysis. 

On the whole, the strains (normal stresses) at the selected points of the shell, simi-
larly as the deflections (vertical displacements) of the steel shell, would return to the 
original position during both test stage II and the test loading (test stage III). The re-
sults obtained were traced through the different stages of construction of the bridge 
shell structure. The behaviour of the shell structure in all the test stages did not raise 
any suspicions. Only the soil stabilization (distressing) was rather slow and after the 
unloading of the span the gauges took a rather long time to return to their original 
readings which might raise some suspicion, particularly in comparison with the be-
haviour of gauges in the case of conventional steel or concrete spans [6, 7, 8].  

Similar observations can be made if one analyses, on the basis of the diagrams of 
the strains ε and the vertical displacements f shown in Figures 7–9, the distributions of 
strain (normal stress) in several cross sections of the steel shell structure, their linear 
distributions in the cross sections of the corrugations, the interaction between the par-
ticular corrugated plates and the interaction between the steel shell and the surround-
ing backfill.  

A comparison of the results presented in the strain diagrams (Figures 7–9) shows 
that the maximal normal stress values obtained on the basis of the strain measurements 
for the same ballasting loads were the biggest at the crown (cross section I–I). There 
were no significant differences between the initial and final readings or the differences 
were so slight that they stayed within the extensometer reading accuracy limits of 
bridge [22]. 

6.2. Vertical displacements 

• General observations. An analysis of the displacement values measured in all 
the selected points and cross sections of the steel shell made from Super Cor corru-
gated plates showed the elastic character in every case for all the three static load 
schemes [22].  

The quite large differences between the initial and final readings (permanent dis-
placements) were not roughly identical in all the considered points and cross sections 
for the three load schemes and the steel load-bearing structure took much longer to 
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distress in comparison with conventional steel or concrete bridges. This may indicate 
that the differences were to some degree due to the stabilization of soil (backfill) lay-
ers, the possible settlement of the strip foundations and small reading errors of the 
measuring devices and to a large degree due to the permanent deformations of the 
load-carrying structure of shell interacting with the ground because corrugated plates 
joined together by high-tensile bolts (and so forming a flexible structure) should not 
show substantial permanent deformations. But considering the fact that the reinforced 
concrete strip foundations (supports) and the soil-shell system were quite new (not 
subjected to such a considerable load before) one could expect that they would settle 
somewhat when first time subjected to a relatively heavy service load (over 500 kN) 
close to the standard load, and probably adjustment between some of its structural 
members, particularly between the corrugated plates and between the shell structure 
and the backfill around it, took place.  

• Results obtained in test stage II. The largest vertical displacements of the shell 
structure (the corrugated-plate load-carrying structure of the bridge, Figure 8a and Ta-
ble 4) during test stage II were registered under load scheme III, i.e. for two trucks po-
sitioned parallel to each other in the middle of the effective span in such a way that the 
longitudinal axis of span was between the two rear axles of vehicles (it should also be 
noted that the bridge is situated at a rather large skew). The maximum displacements 
were 4.02×10–3 m and they occurred directly under the trucks’ wheels. Also under 
load scheme I, when the two trucks were positioned close to the curbs, the largest dis-
placements of load-carrying structure amounted to 3.41×10–3 m and they also occurred 
under the ballasting vehicles’ wheels. Under load scheme II, when the two trucks were 
positioned in the middle of the effective span (in the bridge longitudinal direction) and 
in the middle of the roadway (if one faces the road transverse direction), the deflec-
tions amounted to 3.06×10–3 m and they also were concentrated under the ballasting 
vehicles’ wheels. 

• Results obtained in test stage III. The largest vertical displacements of the shell 
structure (the corrugated-plate load-carrying structure) during test stage III were reg-
istered under load scheme II (Figure 9a and Table 4), i.e. when the two ballasting ve-
hicles were positioned in the middle of the effective span (in the longitudinal direc-
tion) and in the middle of the roadway (if one face the bridge transverse direction). 
They amounted to 2.50×10–3 m and were concentrated in the direction of the acute an-
gle of the spans skew. Under load scheme I the largest displacements of the load-car-
rying structure were 2.30×10–3 m and they occurred directly under the ballasting vehi-
cles’ wheels. Under load scheme III, i.e. when the two trucks were positioned in the 
middle of the effective span parallel to each other so that the span longitudinal axis 
was between the vehicles’ two rear axles (it should also be noted that the bridge in 
plan is situated at a large skew), the maximum displacements amounted to 2.41×10–3 
m and also occurred under the vehicles’ wheels. 
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Table 4. Maximum vertical displacements [10–3 m] in selected points of steel 
shell structure obtained from measurements in test stages II and III 
 

Load schemes 
I II III I II III 

Gauge 
number 

Test stage II Test stage III 
11 1.55 0.45 0.84 0.41 1.00 0.62 
12 2.51 0.79 1.53 0.70 1.75 0.95 
13 3.41 1.28 2.72 1.27 2.50 1.61 
14 3.41 2.62 4.02 2.30 2.31 2.06 
15 2.27 3.06 3.60 1.05 0.43 2.41 
16 0.77 1.89 3.12 1.16 0.61 2.37 
17 0.22 0.44 0.77 0.72 0.33 1.68 
18 – – – 0.69 0.46 0.81 

7. Conclusions 

As a result of measurements carried out on the road bridge in Polanica Zdrój (dur-
ing the construction of the shell and backfilling and under the main test static load) the 
vertical displacements (deflections) of the load-carrying structure and the strains (indi-
rectly the normal stresses) in the selected points and cross sections of the span were 
determined. Taking into account the practical experience gained from the tests con-
ducted using a static or dynamic load on other existing bridges made from Super Cor 
or Multiplate corrugated plates, e.g. in Szczytna Zdrój [7], in Gimån (Sweden) [1, 14, 
16], in Stary Waliszów [5], in Poznań-RubieŜ [4] and in Trzebaw [3], and on natural-
scale test stands [24, 25], the observations of the behaviour of the shell structure in 
this type of bridge during the tests and a comprehensive analysis of the measurement 
results, the following general and specific conclusions about the actual behaviour of 
the bridge can be drawn:  

1.  The performance of the bridge (the soil-shell system and the strip foundations) 
under the backfill load (stage I) and the static loads (stages II and III) did not give rise 
to reservations. The strain and displacement values obtained were very small and it 
was clear evidence of much greater stiffness of the span shell than the one assumed in 
the static analysis in which such a degree of interaction between the steel shell struc-
ture and the surrounding backfill was not foreseen (Tables 2, 3 and 4) [6, 22].  

2.  The measured deflections of the steel load-carrying structure made from corru-
gated plates joined together only by high-tensile bolts and the strains measured on the 
lower and top corrugations and on the additional reinforcing plates subjected to a load 
in the form of, among others, backfill during test stage I and the set of two trucks with 
a total weight of over 50 Mg during test stage II and III had practically elastic charac-
ter. The rather large differences between the initial and final readings (permanent dis-
placements and strains) were not roughly identical in all the cross sections under the 
three load schemes and the steel load-carrying structure took much longer to distress 
in comparison with conventional steel or concrete bridges. This may indicate that the 
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differences were rather due to small reading errors and errors of the measuring devices 
(changes in temperature and air humidity during the measurements) or due to the set-
tling of the strip foundations and only to a slight degree due to the permanent dis-
placements and strains of the load-carrying structure itself – most probably due to the 
uneven contact between the corrugated plates and the strip foundations since the cor-
rugated plates joined together by high-tensile bolts should not show substantial per-
manent displacements.  

3.  The differences can be attributed to good mating between the steel shell and the 
ground and the road surface and to the fact that rather stiff road structure contributes 
to the distribution of the large concentrated load over a much larger area extending 
beyond the perimeter of the shell structure and the measuring area covered with the 
gauges. As a result the strains originating directly from the vehicles’ wheels acting on 
the shell were reduced. In addition, the flexibility of the steel shell structure favoura-
bly affected the carrying of service loads and load arching manifested itself in the 
ground.  

4.  The permanent displacements (amounting to less than 2% of the total deflec-
tions) measured in the particular points and cross sections of the steel shell structure in 
the bridge tested differed from each other only slightly and they were not proportional 
to the elastic deflections. The line of transverse elastic deflections in the shell structure 
under the field loads obtained from the measurements had curvilinear character (bro-
ken curve).  

5.  The sharp bends in the deflection and strain diagrams in the cross section of the 
bridge (Figures 8 and 9) can be caused by bends at the high-tensile bolted joints be-
tween the corrugated plates or deformations of the steel shell under the ballasting 
trucks’ wheel loads located in the  central part of roadway where stiffening reinforced 
concrete collars were missing. They may also be due to the fact that the displacements 
(deflections) and strains of the corrugations were not measured across the entire width 
of the span cross section, but only at selected points of its cross section (the top and 
bottom of the corrugations) whereby the ordinates of the corrugations’ deflections 
cannot be directly connected in a curvilinear way. 

6.  The registered settlements of strip foundations (supports) were slight and they 
were rather due to inaccuracy of readings or instrumental errors or irregularities be-
tween the corrugated plates and the foundation. The settlements were found to be so 
slight and uncertain that their influence on the other deflection or deformation values 
was neglected, especially in view of the considerable load capacity reserves in the 
shell structure of the bridge. Since it was the first time that the strip foundations were 
to be subjected to such a heavy static load, one could naturally expect some settle-
ment, especially buckling of the plates at the joint with the foundation.  

7.  The position of the neutral axis in the cross sections of the load-carrying struc-
ture (corrugated plates) and the strain values prove that the steel structure interacts 
closely with the surrounding backfill and the pavement laid on the soil layers. This 
interaction was the main factor that affected the magnitude of the displacements and 
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strains obtained. The neutral axes of the cross sections of steel shell structure are situ-
ated slightly higher than it can be expected based on the strength computations [22].  

8.  The strains and vertical displacements measured tended to decline with succes-
sive measurements (test stages). Their highest values were obtained in test stage I un-
der the backfill load when the shell structure is highly sensitive to external loads, and 
the lowest values were recorded in stage III under a proper static test load. This is  
a clear evidence that consolidation and stabilization of the soil around the steel shell 
structure take place and that the multilayer roadway structure contributes to a signifi-
cant reduction in the shell effort – vertical displacements and strains (as a comparison 
of stages II and III shows).  

9.  During a close inspection of the bridge and its high-tensile bolted joints and dur-
ing supplementary and control measurements the bridge was found to be in good con-
dition, its performance under the large static (and dynamic) service load did not raise 
any suspicions and none of the structural elements suffered any damage. 

10.  To make complete the analysis of the state of strains, displacements and pres-
sures in the backfill around the steel shell structure, supplementary measurements, i.e. 
of pressure distributions in the ground near this structure, are to be carried out in the 
future. Maybe then it will become possible to determine the causes of the inaccuracies 
in pressure measurements during the principle tests in stages II and III. 

11.  Having passed the backfill load test, the shell was accepted for further 
construction work, static and dynamic testing and ultimately normal class B load ser-
vice [6, 10].  
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Badania mostu łukowego wykonanego ze stalowych blach falistych 

Przedstawiono sposób przetestowania nowego mostu drogowego wykonanego ze stalowych 
blach falistych typu Super Cor i zaprezentowano wyniki otrzymane trzech etapach budowy.  
W I etapie badań obciąŜenie stanowiła zasypka gruntowa, a w II i III etapie – dwa pojazdy 
balastujące. Badany most o podatnej konstrukcji „skrzynkowej” jest połoŜony nad rzeką By-
strzycą Dusznicką w Polanicy Zdroju. Rozpiętość teoretyczna przęsła nowego mostu wynosi 
12,270 m, a jego światło pionowe – 3,85 m. Przęsło stalowe jest posadowione na dwóch Ŝel-
betowych ławach fundamentowych. Maksymalne wartości pomierzonych przemieszczeń i od-
kształceń jednostkowych (napręŜeń normalnych) w wybranych punktach i przekrojach stalowej 
konstrukcji powłoki były stosunkowo małe i wywołane tym samym znanym obciąŜeniem. 
Wnioski z przeprowadzonych badań mogą być przydatne w określeniu współpracy powłoki 
stalowej z gruntem zasypowym. W Polsce i na świecie coraz częściej stosuje się tego typu kon-
strukcje stalowo-gruntowe do budowy małych i średnich mostów połoŜonych w ciągu linii 
drogowych i kolejowych, dlatego wnioski z badań przeprowadzonych w trzech etapach bu-
dowy, moŜna uogólnić na całą klasę podobnych rozwiązań konstrukcyjnych. 
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Modelling the surfaces of grinding wheels 
whose structure is zonally diversified 

K. NADOLNY, B. BAŁASZ
Technical University of Koszalin, ul. Racławicka 15-17, 75-620 Koszalin 

This paper presents modelling the surfaces of grinding wheels whose structure is zonally diversified. 
New grinding wheels were designed in order to conduct a single-pass internal grinding process. It is pos-
sible to obtain a final machining result in one pass of grinding tool due to the application of alundum 
grains in rough grinding zone and microcrystalline aluminium oxide SG grains in finish grinding zone.  
A characteristic of a single-pass axial internal cylindrical grinding is presented. The paper deals with 
grinding tools of zonally diversified structure and the method of modelling their active surfaces. The 
method presented enables us to model single abrasive grains of different kinds which can be used for de-
signing the model of active surface of grinding wheel. The model structure allows us to divide the tool 
active surface into the zones and to diversify the grain type, shape, size and arrangement in each zone. 
Additionally, this method makes it possible to modify the grinding wheel macrogeometry and to apply, 
for instance, a conic chamfer. 

Keywords: single-pass internal grinding, grinding wheels of zonally diversified structure, modelling of active surface 
of grinding wheels  

1. Introduction 

In modern metal industry, the shortening of a machining time along with main-
taining high quality of machined surface is an urgent necessity. In internal grinding, 
one of the ways to increase its efficiency is the one-pass process [5, 6]. Examination 
of that process, which consists in modification of the structure of grinding wheels and 
the shape of active surface, is conducted at Technical University of Koszalin. 

One of the new methods which assists in investigation of machining process modi-
fications is computer modelling. It allows us to reduce the costs of designing new 
tools due to multicriterion optimization and discarding an incorrect or not beneficial 
conception without experimental investigations. 

In the case under discussion, some significant modifications apply to the grinding 
wheel, therefore the possibility of precise modelling an active surface of new tools is 
very important. The model of zonally diversified structure of grinding wheels allows  
a division of active surface into zones, modifications of grain type, shape and size in 
each of zones, defining the porosity and macrogeometry of grinding wheel (conic 
chamfer). The model was developed on the basis of real grinding wheels in order to 
optimize their structure in such a way as to obtain the results and conditions of single-
pass axial internal cylindrical grinding. 
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2. Single-pass axial internal cylindrical grinding process 

Application of grinding wheel with conic chamfer to axial internal cylindrical 
grinding process enables us to achieve a final result of machining in one pass. In such 
a type of grinding wheel, rough grinding and finish grinding take place in two zones. 
In the first zone, a substantial reduction of material takes place (the angle χ of rough 
grinding is matched to include all machining allowance), in the second zone, a suffi-
ciently high quality of grinding surface is assured [3, 4] (Figure 1). 

 

ae – Working engagement 
ns – Grinding wheel rotational frequency 
nw – Workpiece rotational frequency 
vfa – Axial table feed speed 
vs – Grinding wheel peripheral speed 
vw – Workpiece peripheral speed 

Fig. 1. Scheme of single-pass internal cylindrical grinding process with zonally  
diversified structure of grinding wheel with conic chamfer 

In axial cylindrical internal grinding process with grinding wheel whose conic zone 
is fitted for rough grinding, the value of working engagement ae is not constant along 
the width of a grinding wheel. Variations in effective working engagement ae eff allow 
separation of four areas of variable load of grinding wheel (see Figure 2). In the first 
zone, an increase in load of grinding wheel occurs up to its constant value in the area 
II. 

In zone II, the load value can be determined by the rate of material removal per 
unit active width of grinding wheel defined as follows [5, 6]: 

Q'w eff = π ⋅ dw ⋅ nw ⋅ ae eff   [mm3/mm ⋅ s].        (1) 

In the zone III, a decrease in the load of grinding wheel analogous to its increase in 
the area I occurs. However, in this zone also finish grinding as well as removal of 
machining allowance take place. In the area IV, sparking out occurs, because theoreti-
cally the process of material removal does not take place. However, due to the fact 
that elastic strain has been caused by grinding forces between the workpiece and spin-
dle of grinding tool, also in this section decrement of machining material may occur 
[5]. 
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ae eff – Effective working 
engagement 

ae tot – Total working en-
gagement 

af – Feed engagement 
bs – Width of the 

grinding wheel 
ds – Grinding wheel 

diameter 
dw – Workpiece diame-

ter 
ns – Grinding wheel 

rotational fre-
quency 

nw – Workpiece rota-
tional frequency 

Q’weff – Effective material 
removal rate per 
unit active grind-
ing wheel width 

vfa – Axial table feed 
speed 

χ – Conic chamfer an-
gle 

 

Fig. 2. Variable load areas of zonally diversified structure of grinding wheel  
with conic chamfer in axial internal cylindrical grinding 

In the first three zones (rough grinding), we aim first of all to remove a specified 
layer of material from a workpiece. In the zone IV (finishing grinding and sparking 
out), our main aim is to generate very high quality of surface and to minimize round-
ness deviation by multiple grinding of workpiece surface [5]. 

3. Vitrified bonded (grinding) wheels of zonally diversified structure 

Grinding wheels with different grain types in the zones of rough and finish grind-
ing are subjected to modelling. Grinding tool of such type was designed at Technical 
University of Koszalin on the basis of glass-crystalline bond (Figure 3). 

An overall grinding wheel width bs equals 20 mm and its diameter ds is 35 mm.  
A rough grinding zone (bs1 = 14 mm) was built of alundum 99A grains of granularity 
60. In finish grinding zone (bs2 = 6 mm), we can find microcrystalline aluminium ox-
ide SG grains of granularity 80. In rough grinding zone, there is a conic chamfer 
whose angle and length were matched to include all working allowance. 

Experimental investigations with this type of grinding wheels showed the possibil-
ity of conducting single-pass internal grinding with working engagement of 0.15 mm. 
This parameter allow us to determine the conic chamfer angle χ = 1°. 
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Fig. 3. Zonally diversified structure of grinding wheel of alundum 99A  
and microcrystalline aluminium oxide SG grains 

Combining in one grinding wheel both alundum and SG grains enables intensive 
machine cutting by large monocrystals and simultaneously smoothing and sparking 
out the surface roughness by microcrystalline grains. 

4. Modelling of abrasive grains 

In the simulation method presented, we assume that in grinding process, the abra-
sive grains which protrude from the grinding wheel surface are of a special impor-
tance. The most important are their shapes and the sizes of protruding parts, because 
only those parts of grains are in contact with workpiece. 

The surfaces of grains are described by the function whose components determine 
the shape of grain fshape(x, y) and its microtopography fmtp(x, y). The elements of func-
tion are additive or multiplicative connecting (2): 

Zs(x, y) = fshape(x, y) + fmtp(x, y).                                                                                    (2) 

Numerical notation of the grain shape is a real number matrix Zs (3) whose dimen-
sions are defined by assumption concerning the size of a grain subjected to modelling: 
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where zij = fshape(xi, yj) + fmpt(xi, yj). 
Numerical notation of the grain surface topography enables modifications of grain 

shape during simulation process. Changes are generated by grain wear in grinding 
process and by grinding wheel honing process. 

The models of grain surface are added to elementary strip model [xs, ys] of grinding 
wheel surface (Figure 4). That strip is situated along the generating line of grinding 
wheel and its width has an influence on the modelling tool characteristic. Position of 
grain on grinding wheel surface is random. To assure a proper arrangement of grains 
on the grinding wheel surface, modelling takes into account the values of indexes that 
determine grain location lx, ly in accordance with the random numbers’ distribution 
that concerns the grains spacing on the surface of a real grinding wheel. 

 

Fig. 4. Scheme of grains’ location on base surface 

An example of surfaces’ ordinate diagram of abrasive grain model is presented in 
Figure 5. 

 

Fig. 5. Example of abrasive grain model 

The modelling method described enables us to create the models of abrasive grains 
of different kinds. This is possible due to a suitable choice of function which describes 
the grain shape and proper values of its coefficients. Stages of creating models of 
alundum and SG grains are presented in the Table. 
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Table. Stages of creating models of alundum and SG grains 
 Alundum SG 

Function of shape fshape (x, y) = ((x2 + y2) / wk + a|x +by|)  
– Max((x2 + y2)/ wk + a|x +by|) 

fshape (x, y) = ((|x| + |y|) / wk) – Max((|x| + |y|) 
/ wk)) 

 

  
   

+ function of 
microtopography fmtp(x, y) = random (real, {at; bt}) fmtp(x, y) = random(real, {at; bt}) 

 

  
   

+ function of 
grain location flocation (x, y) = random (integer, {0; lmax}) flocation (x, y) = random (integer, {0; lmax}) 

Grain model 

  

Real grain  

  

5. Modelling of active surface of grinding wheel 

The surface of grinding wheel is modelled by assembling basic cells with elemen-
tary strips of grinding tool surface wsc. In order to make a random manner of grains 
spacing on the whole surface of grinding wheel more efficient, each row of grains is 
additionally shift along next row by the random value pwsc (Figure 6).  

Model of grinding wheel surface is recorded in real number table, and its size is 
based on the grinding tool parameters. Model of grinding wheel topography includes 
not only abrasive grains, but also models of bond and pore structure. 
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Fig. 6. Arrangement of grains on grinding wheel surface 

The method described enables us to generate an active surface of grinding wheel 
with specified microgeometry for rough (Figure 7a) and finish grinding zones (Figure 
7b). 

 

a) b) 

Fig. 7. Modelling surface of rough (a) and finish (b) grinding zones 
of zonally diversified structure of grinding wheel 

Conic chamfer of grinding wheel is implemented in grinding simulation process by 
determining an angular orientation of adequate element of modelling surface. 

6. Conclusion 

In the design of new grinding wheels, simulated methods which allow verification 
of innovations without building real tools are of a special importance. Our method of 
modelling an active surface of grinding wheel enables numerous modifications to 
grinding tool structure (e.g. separating the zones of different kinds, shapes and sizes of 
abrasive grains). The method of modelling an active surface of zonally diversified 
structure of grinding wheel being designed to single-pass internal grinding has wide 
application. 
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Modelowanie powierzchni narzędzi ściernych o strefowo zróżnicowanej budowie 

Przedstawiono metodę modelowania powierzchni ściernic o strefowo zróżnicowanej budo-
wie. Nowe ściernice opracowano, aby prowadzić jednoprzejściowy proces szlifowania otwo-
rów. Zastosowanie ziaren elektrokorundu szlachetnego w strefie szlifowania zgrubnego oraz 
mikrokrystalicznego tlenku glinu SG w strefie szlifowania wykańczającego umożliwia uzyska-
nie ostatecznego rezultatu obróbkowego w jednym przejściu narzędzia. W pracy podano cha-
rakterystykę jednoprzejściowego osiowego szlifowania otworów i szczegółowo opisano narzę-
dzia ścierne o strefowo zróżnicowanej budowie, a także metodę modelowania czynnej po-
wierzchni ściernic tego typu. Zaprezentowana metoda umożliwia modelowanie pojedynczych 
ziaren ściernych różnych gatunków i tworzenie z nich modelu czynnej powierzchni. Struktura 
modelu pozwala podzielić czynną powierzchnię narzędzia na strefy i zróżnicować rodzaj, 
kształt, wielkość i rozmieszczenie ziaren w każdej z nich. Dodatkowo możliwa jest modyfika-
cja makrogeometrii ściernicy i zastosowanie np. nakroju stożkowego. 
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Load rate of the circumferential  
sector of soil-steel bridge structures 

CZESŁAW MACHELSKI, GRZEGORZ ANTONISZYN 
Wrocław University of Technology, Wybrzeże Wyspiańskiego 27, 50-370 Wrocław 

In order to calculate the parameters soil-steel structure, a special software based on a 2D model is 
used. The concentrated forces of a bridge roadway generated by vehicles are being related in this model 
to a selected sector based on Boussinesq’s theory. This theory, however, does not fully confirm the work 
effect (internal forces) of soil-steel structures as flexible structures cooperating with soil in carrying ex-
ternal loads. The effectiveness of this theory was estimated according to the 3D model built out of FEM 
elements. For this reason a comparison algorithm was constructed based on the influence function of in-
ternal forces for a selected strip of steel shell. The analysis showed the influence of general parameters of 
the bridge (width, span) on internal forces being neglected in developing the guidelines for such bridges. 
The parametric analysis given in this paper refers to a completed construction of a classical soil-steel 
bridge built in Szczytna. As variable characteristics of the object we assume: thickness of backfill, shell 
span, haunch radius, kind of steel corrugation as well as sheet thickness of the shell types applied. The 
analysis proved that some of them essentially influence the system of internal forces. The results of analy-
sis of geometric parameters of the steel shell indicate the possibility (theoretical) of such a modification 
of the structures that allows reduction in steel usage. 

Keywords: soil-steel bridges, moving loads, shell effort 

1. Introduction 

The soil-steel bridges are composed of the following main structural elements: an 
elastic shell of corrugated sheet, most often a steel one, soil backfill surrounding the 
shell and cooperating with it and road surface (Figure 1). Such structures are designed 
and made in a way that ensures an advantageous cooperation of a shell with two other 
elements considered in a bridge construction as non-structural ones [1]. 

For soil-steel structure calculations, there are used special computer programs 
based on a flat 2D model built out of FEM elements (Figure 2a). The model well 
represents the systems of internal forces generated as a result of constant loads (dead 
weight of bridge). In the case of live loads (generated by vehicles), concentrated forces 
from the roadway surface are reduced to the analyzed shell strip (model 2D) using 
Boussinesq’s theory. Such a procedure is also used in bridge designing [2]. The spatial 
3D model of a structure (Figure 2b) enables more reliable representation of internal 
forces in the shell from local loads. However, this model requires a big number of 
elements and increased cost of labour for discretisation of the object [3]. In such 
calculations, general FEM systems are normally used.  
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Fig. 1. Longitudinal section of the soil-steel bridge in Szczytna 

 

a) 

 

b) 

Fig. 2. Numerical models of the bridge: a) 2D model, b) 3D model 
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The 3D model used here has been made based on numerical testing of many mod-
els of the shell surrounded by soil and on the results of tests on real objects [4, 5]. In 
this paper, we considered two models (Figure 2), where [4]:  

• the corrugated sheet was simulated as beam elements, 
• the soil backfill was simulated as 2D or 3D isotropic continuum, 
• the road surface was simulated as surface or volumetric isotropic elements, 
• the interface was simulated by using 1D elastic elements. 

In the case of both models, a numerical discretisation of bridge models was carried 
out based on isotropic volume and area elements that allowed us to model the road 
surface whose material characteristics were as follows: E = 350 MPa and υ = 0.2. The 
soil backfill surrounding structural corrugated plates was also modelled based on iso-
tropic volume and area elements of the following material characteristics: 
E = 155 MPa and υ = 0.2 [11]. Geometrical characteristics of the corrugated plate of 
the SC 380·140·7 type, i.e. the plate depth t = 7 mm, the corrugation length 
a = 380 mm and the corrugation height f = 140 mm, are taken from the design guide-
lines laid down by the Corrugated Steel Pipe Institute & American Iron and Steel In-
stitute [15]. Material characteristics of steel plates of shell were as follows: E = 205 GPa 
and υ = 0.3 [4, 11]. 

The numerical analysis was carried out by using the COSMOS/M system. The ex-
amples of numerical analysis were based on geometric parameters of the bridge at 
Szczytna town as shown in Figure 1 [6, 7]. 

2. Load rate of 2D model 

2.1. Boussinesq’s model 

In classical design calculations [2], there is considered a flat 2D model of the con-
struction (a shaded outline in Figure 3). The moving loads from the roadway being 
laid in the plane xy are reduced to the line y = yo, which is a top edge of 2D model. The 
reduced load is obtained from the condition of a normal stress σz (the pressure onto the 
top surface of the shell) at the point A.  

In the case of the load q distributed uniformly by along the line parallel to the y-
axis, as in Figure 3, the pressure exerted onto the shell along the line passing through 
the point A is uniform as well: 

4

3

π
2

q
z s

Hp
=σ . (1) 

In the case of the concentrated load imposed at the point P(xp, yp), the pressure exerted 
onto the shell at the point A(xo, yo) equals:  
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Assuming that q is an equivalent load for the load P, we obtain its rate by comparing 
(1) with (2)  
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Fig. 3. Schema of reduced loads in 2D model 

The distance between the points A and P is equal to 

222 )()( opopP yyxxHs −+−+= , (4) 

and the distance between the load line q and the axis passing through the point A 

22 cHsq += . (5) 

In 2D model, we can assume that the analyzed sector of the bridge construction of 
the width a at the point C′ or C″ is loaded with the concentrated force 
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calculated on the basis of q, but of the result equivalent to the force P as in the light of 
the criterion adopted in (3) they are equivalent. The value Pa depends on the constant 
parameters (P, H, a) and the variables in which the position of the points P and A is 
taken into account. The function 
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adopted in (6) can be treated as the influence surface of the Pa caused by vertical force 
P(xp, yp) acting on the roadway surface and being related to the analyzed point 
A(xo, yo) of the shell strip. 

If the force acts over the analyzed point P(xo, yo), Equation (7) simplifies to the di-
mensionless parameter 

H
a

4
3

=µ . (8) 

2.2. Numerical model 

 The influence surface of internal force S (of the bending moment, of the axial 
force or of the normal stress) at the analyzed point A(xo, yo) of the shell obtained using 
3D model can be presented in the form of two profiles given in Figure 4: 

• longitudinal profile representing the force moving along the x-axis (yp = yo), 
• transverse profile representing the force moving along the y-axis (xp = xo). 

According to the definition of the influence surface, the internal force S induced by 
an optionally applied concentrated force P can be defined as follows: 

PyyxxyxS popooo ⋅= ),,,(),( η . (9) 

In a specific case, when the force P is applied directly over the point A(xo, yo), the 
following equation should be used: 

PyxyxS oooo ⋅= ),(),( η . (10) 

If 2D model is used, the internal force S(xn) generated by a concentrated load P is 
expressed by the following equation:  

apoo PxxxS ⋅= ),()( ξ , (11) 
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where Pa stands for the load that is caused by the concentrated force P(xp, yp) and that 
acts on the structure sector of the width a. In a specific case, when the force P is ap-
plied directly over the point A(xo, yo) being analyzed, we obtain:  

aoo PxxS ⋅= )()( ξ .             (12) 
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Fig. 4. Sections of influence surface and influence line of internal force S 

Comparing (10) with (12) we arrive at: 
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Taking account of the above, we can calculate the load Pa of the shell strip based 
on the influence function of an internal force  

PyxP
C

yxPa ⋅=⋅= ),(1),( numµη . (14) 
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The function µ(x, y) is the influence surface Pa related to the analyzed point A(xo, yo) 
of the shell strip and generated by vertical forces on the roadway surface P(xp, yp), 
compare Equation (7). 

Figure 5 shows some examples of transverse and longitudinal profiles of the influ-
ence surface of normal stress for the strip yo = 3B/4 and the point lying in the crown of 
the shell (xo = L/2). Geometrical parameters of this bridge were the same as these of 
the bridge in Szczytna [6, 7] (Figure 1), where the width B of the road crown was 
11.40 m. The diagrams also show how the soil backfill thickness H influences the 
value of the ordinates of the stress influence surface.  

 

 

Fig. 5. Transverse and longitudinal sections of the influence surface  
of normal stresses depending on the depth of the cover 

 
Based on the function η(x, y) we can see that along with an increase in the thick-

ness H the value of η decreases. This provides evidence of a diminishing influence of 
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local loads (concentrated) on the shell strain. If the cover is thick enough, the concen-
trated loads are evenly distributed along the entire width of the shell. An advantageous 
influence of an increased thickness of the cover is reduced by the stresses generated by 
the soil backfill dead weight. 

2.3. Comparative analysis 

Equations (7) and (14) enable the comparison of the models of soil-steel structures 
analyzed above. The values µnum obtained from 3D model and Equation (14) as well 
as the results obtained from (7) and denoted by µB can be compared as the physical 
sense of these values is the same. We obtained both values based on totally different 
assumptions.  

Figure 6 presents µ versus the soil backfill thickness H and the place where the 
concentrated force P was applied to the shell strip of the width a = 0.38 m (the length 
of the wave). The strip yo = 3B/4 and the point in the shell crown were analyzed. We 
assumed three places where the concentrated force was applied: over the point 
(yp = yo) being analyzed and two cases where the force was applied at the same dis-
tance from the point analyzed: 

8
Byyy po =−=∆ . (15) 

The values of forces Pa caused by the concentrated forces in the 2D model can be 
calculated based on the curves µ charts given in Figure 6. For example, at H = 1.25 m 
the loaded sector over the point A (the top curve) is subjected to the force 0.20P 
(Boussineq’s) and 0.07P (numerical result). In the case of the indirect load (the bottom 
curves), at yp = 5B/8 we obtain respectively 0.046P and 0.053P and at yp = 7B/8 we 
obtain 0.046P and 0.063P.  

The results given in Figure 6 indicate that the influence of the soil backfill thick-
ness on the load distribution in the soil-steel structure is considerably greater than can 
be expected based on force distribution itself in the soil medium according to Boussi-
nesq. We found especially big differences in the results for these structures when H 
reached a minimum value. However, a small thickness of the soil backfill seems to be 
advantageous because in such a case a space under the bridge is quite large [5]. The 
curves in Figure 6 prove that the sign of ∆y (Equation (15)) is also important. 

In Figure 7, there are given the transverse profiles of the influence surface of nor-
mal stresses in the shell crown for some selected shell strips. The lay-out of the ana-
lyzed strips at cross sections of the bridge is defined by the equation: 

30
215 iByo

+
=        for   i = 0, 1, 2,…, 7. (16) 
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Fig. 6. The values of the coefficients µ B and µ num depending on the depth of the cover H 

 
Fig. 7. Transverse cross sections of influence surface for selected strips of a shell 
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The lay-out of the curves presented in Figure 7 is such that extreme values of the 
ordinates are identical for the strips included in the following range: 

5
4

5
ByB

o << , (17) 

where B is the width of the bridge structure. The extreme strips are normally over-
loaded because the values η( y) for yo > 0.8B evidently increase. The embankments of 
bridge structures are paved so those parts of bridges are not exposed to concentrated 
loads caused by vehicle wheels. Considering the above we can conclude that circum-
ferential strips of a shell which are underneath a roadway are stressed in the same way.  

3. Influence lines of internal forces 

The influence of geometrical parameters on internal forces in a shell was analyzed 
by using 2D model. The soil backfill thickness of 90 cm and the road surface thickness 
of 35 cm (H = 1.25 m) were assumed to be constant. The changes of geometrical pa-
rameters were related to the bridge built at Szczytna town (Figure 1). Two cross sec-
tions of the bridge were thoroughly analyzed: in the middle of the shell span and in the 
middle of the haunch. In these sections, the highest normal stress was measured on the 
top and bottom edges of the corrugated sheet. In this paper, there were analyzed the 
changes of geometrical parameters in the range given in the Table. In two cases, we 
did not analyze regular changes of parameters and we took the values that complied 
with standards of a real object, i.e. L = 12.315 m and the radius Rn = 1.016 m. 

Table. Geometrical parameters of the bridge structure 
Variable parameter of shell Range of variability 

L span 8–20 m 
Rn haunch radius 0.5–3.0 m 

geometry of sheet corrugation MP 150·50, MP 200·55, 
SC 380·140, SC 400·150 

t sheet thickness 
SC 400·150 3–7 mm 

The method used for static analysis was based on comparing the influence lines 
(2D model) of internal forces (S) drawn for characteristic points of shell strip [10, 11]. 
This allows an objective comparison of the changes in the parameters analyzed and 
additionally calculation of internal forces caused by live loads (e.g. true vehicles or 
imaginary vehicles meeting standards) optionally set along the roadway. In order to 
arrive at the influence function of internal forces S, the kinematic inputs were used 
[11, 12]. 
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3.1. Shell span 

In order to maintain the proportion of radial changes of the shell curvature together 
with the span change Li, the model of the object was scaled as shown in the following 
equation: 

i

i
i L

Ls 2+
=  for   i = 2, 3,…, 6, (18) 

but for i = 1 we have s1 = 8.00/12.315 = 0.6469. 

 

 

Fig. 8. Influence line of normal stresses depending on the span of the shell 
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The results given in Figure 8 show that normal stresses in the crown of shell (xo = L/2) 
increase considerably due to increase in the shell span L. It should be stressed that this 
phenomenon is different from that observed during earlier numerical analyses of the 
soil-steel objects [10]. A different geometry of the object analyzed and a different kind 
of a shell sheet are responsible for above difference. Lower values of the ordinates of 
the influence lines of normal stresses for the shell haunch result from the model 
scaling. During scaling the radius of curvature of the haunch was increasing. This 
phenomenon is discussed in a detail in further part of this paper. 

  

 

Fig. 9. Influence line of normal stresses depending on the change of haunch radius 
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3.2. The radius of shell haunch 

The change of the radius of curvature Rn of haunch (Figure 9) affects the ordinates 
of influence lines of normal stress at the analyzed points of the shell in the crown and 
in the haunch in different way. The radius of curvature of shell haunch influences only 
slightly its effort in the middle of the span. The change in the shell geometry in the vi-
cinity of the point analyzed influences greatly the effort in this section which mani-
fests itself as a decrease influence lines’ ordinates of normal stress and as an increase 
in the haunch radius. This phenomenon is in agreement with the theory of a ring com-
pression [13, 14] and suggests that shell haunches of real structures have greater radius 
of curvature in order to reduce their effort. We can also conclude that in the analyzed 
points of the shell the bending moment affects most significantly the shell effort. This 
fact confirms the validity of using reinforcements in the form of additional corrugated 
sheets in these sections.  

 

 

Fig. 10. Influence line of normal stresses depending on the kind of sheet corrugation 
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3.3. Geometry of the shell sheet corrugation 

The influence of the geometry of the shell corrugation on its effort at a constant 
thickness of the sheet t = 7 mm is presented in Figure 10. The results obtained testify 
to the increase in the ordinate values of the influence lines with every change in the 
corrugation type of shell sheet whose height is considerable. This phenomenon is due 
to a substantial increase in the moment of inertia in respect of the cross-sectional area 
which in the case of the all analyzed kinds of sheets is similar (A ranges from 8.71 to 
9.64 mm²/m  causes that 

 

m [15]). The greater height of the wave of the corrugated sheet

 

 

Fig. 11. Influence line of normal stresses depending on  
the change in the thickness of the shell SC 400·150 
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the more external loads the shell must take. In Figure 10, we can see clearly two sepa-
rate groups of curves which allows us to divide the analyzed types of corrugation of 
the sheet into flexible (MP 150·50, MP 200·55) and stiff ones (SC 380·140 and 
SC 400·150). 

3.4. Thickness of the shell sheet 

The changes in the sheet thickness of the shells being considered earlier were ana-
lyzed. Due to very similar curves we present the results for the SC 400·150 shell only. 
Based on curves in Figure 10 we can conclude that in the shell made from a sheet of  
a smaller thickness, greater normal stresses are generated regardless of the kind of cor-
rugation and the cross section analyzed (crown or haunch). A 50% increase in the 
sheet thickness results in a 15% decrease in stresses only, thus in the soil-steel struc-
tures the sheets of a minimum thickness are considered to be the best because of eco-
nomical reasons. The above statement also leads to certain technological simplifica-
tions (rolling of thinner sheets). 

3.5. Summary of analysis 

In Figure 12, there are presented the changes in the pressure, defined by the µ(x, y) 
function (Equation (14)), exerted on the shell strip analyzed depending on such basic 
geometrical parameters of the bridge as: B, L, H. The curves µ(xo, yo) are plotted in the 
same figure with the central point where they assume the same values as those rep-
resenting the bridge in Szczytna (Figure 1). The results obtained (Figure 12) are also 
valid for the sizes of the bottom view of B and L which according to Boussinesq’s the-
ory are not contained in Equation (5). These results and also the thickness of the soil 
backfill H influence considerably the values of µ. 
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Fig. 12. Function µ(x, y) depending on basic shell parameters 
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4. Conclusions 

Special software based on a 2D model is used for calculations made in designs of 
soil-steel structures. The concentrated forces generated by vehicles which load road-
way of a bridge are brought, based on Boussinsq’s theory to a selected section (2D 
model). In this paper, the validity of a commonly applied Boussinesq’s theory was 
tested with respect to the FEM 3D and 2D models. For this reason, comparative algo-
rithm was constructed based on the influence function of internal forces in a selected 
strip of a steel shell. The analysis carried out shows that we deal with considerable dif-
ferences in the models, and especially in the objects with a minimum thickness of soil 
backfill. Also geometrical parameters of the object (width, span) are responsible for 
internal forces being neglected in designing guidelines for bridges. Taking account of 
the results this theory does not fully represent the work of soil-steel bridge systems 
(internal forces) as flexible structures cooperating with the soil in carrying external 
loads. 

The parametric analysis presented here was related to the classical bridge of soil-
steel structure built in the Szczytna town. The analysis results are given in the form of 
longitudinal profiles of the influence surface or influence lines of normal stresses i.e., 
in the form independent of the kind of load, because it is easier to process such a form. 
The following features: thickness of the cover, shell span, haunch radius, kind of the 
sheet corrugation and the sheet thickness in individual types of shells are considered to 
be the variables of the characteristics. Some of these features exert an essential influ-
ence on the system of internal forces. The results of the analysis of geometrical char-
acteristics of the steel shell show that there is (theoretical) possibility of modifying the 
objects which leads to effective designing of shells and simultaneously a lower con-
sumption of steel. They also show the directions of reasonable changes in shell forms 
of SUPER-COR type.  

Based on the results of tests and many numerical analyses of soil-steel structures 
[3, 4, 5, 6, 10, 11, 13, 16, 17] we can conclude that these objects do not belong to the 
same group. We should not extend the results of tests and calculations to all kinds of 
such objects either. This can be done in the case of certain classes or groups of such 
objects only. 
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Intensywność obciążenia wycinka obwodowego 
mostowej konstrukcji gruntowo-powłokowej 

Do obliczeń konstrukcji gruntowo-powłokowych wykorzystuje się specjalistyczne opro-
gramowanie oparte na modelu dwuwymiarowym (2D). Siły skupione pochodzące od pojaz-
dów, będące obciążeniem jezdni obiektu mostowego, są w tym modelu sprowadzane z zasto-
sowaniem teorii Boussinesqa do wydzielonego wycinka. Teoria Boussinesqa nie oddaje  
w pełni istoty pracy (siły wewnętrzne) mostowych układów gruntowo-powłokowych jako kon-
strukcji podatnych, współpracujących z gruntem w przenoszeniu obciążeń zewnętrznych.  
W pracy poddano ocenie skuteczność tej teorii w odniesieniu do modelu 3D utworzonego z ele-
mentów MES.  

W tym celu dla wybranego pasma powłoki stalowej opracowano algorytm porównawczy 
oparty na funkcjach wpływu sił wewnętrznych. W wyniku przeprowadzonej analizy wykazano 
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wpływ ogólnych parametrów geometrycznych obiektu (szerokość, rozpiętość) na siły we-
wnętrzne, które są pomijane w wytycznych projektowania tych mostów. Analizę parame-
tryczną podaną w pracy odniesiono do wybudowanego klasycznego mostu o konstrukcji grun-
towo-powłokowej. Jako zmienne charakterystyki obiektu przyjęto: grubość zasypki gruntowej, 
rozpiętość powłoki, promień naroża, rodzaj falowania blachy oraz grubość blachy stosowanych 
typów powłok. Wykazano, że część z nich wpływa w stopniu istotnym na układ sił wewnętrz-
nych. Wyniki analizy dotyczące charakterystyk geometrycznych stalowej powłoki wskazują, 
że można (teoretycznie) tak zmodyfikować te konstrukcje, aby zmniejszyć zużycie stali.  
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