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 LOSS RESERVING USING 
 GROWTH CURVE MODELING *  

Summary: In the non-life insurance, an important position in the insurance fund is total loss 
reserve (IBNR). The literature proposes a wide variety of stochastic methods for estimating 
the loss reserve, based largely on the chain-ladder technique [Mack 1993; Mack 1999; 
Wüthrich, Merz 2008]. This paper presents an approach based on the estimation of the 
growth curve for the cumulative value of losses paid in subsequent accident years. In the 
case study, the total reserve estimation procedure was carried out and as an input the paid 
loss triangle taken from [Zhang 2010] was investigated. The calculations were performed 
using the R [R Core Team 2012]. 

Keywords: loss reserving estimation, Cape Cod method, growth curve. 
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1. Introduction  

This article is a survey paper on the stochastic method for loss reserving (IBNR) 
used in non-life insurance and based on growth curve modeling. We consider the 
method for estimating IBNR (Incurred But Not Reported) reserves in non-life in-
surance based on growth curve modeling [Clark 2003] called by the author the 
Cape Cod method. Loss reserving is a crucial aspect of the solvency of insurance 
company. There is a wide variety of methods to estimate IBNR reserves proposed 
in literature, (see e.g. [Wüthrich, Merz 2008]), mostly using the chain-ladder tech-
nique. In this paper we investigate the method based on two-stage estimation of the 
expected amount of loss to emerge: the estimation of the ultimate loss by year and 
the estimation of the pattern of loss emergence through growth curve modeling, in 
which few restricted assumptions are adopted. Firstly, the method assumes that the 
actual incremental loss emergence follows an over-dispersed Poisson distribution 
and the coefficient of variance is constant. Secondly, as the pattern of loss to 
emerge, log-logistic and Weilbull growth curves are assumed.  

                                                      
* This research is supported by the grant of Polish National Science Centre (nr NN 111461540). 
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This paper consists of an introduction and  two main parts . In part 1 the Cape 

Cod method is presented. Part 2 includes case study in which the loss triangle taken 
from literature [Zhang 2010] is under consideration. For all calculations the R 
software is used [R Core Team 2012]. The last section presents conclusions. 

2. Cape Cod method in loss reserving 

In the Cape Cod method, cumulative loss amount is under consideration. Denote 
cumulative loss amount as Y . Consider a matrix nxnji ty )]([  of insurance claims 

which occurred in year i  (accident year) and reported after jt  months in  year j  

(development year). The elements )( ji ty  for 1+≤+ nji  are observed data 

while )( ji ty  for 1+>+ nji  represent the future unobserved data. Such a matrix 

is called a loss triangle and has a general form. 
 

i  1t  ... 1nt −  nt  

1 1 1( )y t  ... 1 1( )ny t −  1( )ny t  

2 2 1( )y t  ... 2 1( )ny t −   

⋮   ⋰    
n  1( )ny t     

Figure 1. Cumulated loss triangle 

Source: own study. 

The reported losses are a sum of diagonal elements from the loss triangle. The aim 
of loss reserving is to estimate the ultimate loss iY  for every accident i . In the Cape 

Cod method proposed by [Clark 2003] this estimation is done by modeling aggregate 
loss amount based on ultimate loss by year i  and the pattern of loss emergence. This 
pattern shows the percentage loss development from 0% to 100% in months and is 
modeled by well known two-parametric growth curves ),;( θϖjtG :  

  (i) Weibull 
ϖ

θθϖ
)(

1),;(
jt

jW etG
−

−= , 

(ii) log-logistic ϖϖ

ϖ

θ
θϖ

+
=

j

j
jl t

t
tG ),;( . 

Assuming some accident year i  and the same pattern of loss emergence for 
every ni ,..,1= , the loss reserve for year i  is 

 ( ); ,i i j iY u G t ϖ θ ξ = ⋅ ∆ +  , (1) 
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where iu  is an ultimate loss ratio for the loss triangle and ( ); ,jG t ϖ θ∆ =  

( ) ( )1; , ; ,j jG t G tϖ θ ϖ θ−= −  is the growth curve of cumulated losses with vector 

parameters θϖ , . In order to estimate parameters iu  and θϖ ,  in model (1), the 

Maximum Likelihood (ML) is used. To find out MLE estimators iû  and θϖ ˆ,ˆ  

analytically, three strict assumptions are adopted: 

ii (i) the loss in any period has a constant coefficient of variance 2σ=CV , 

i(ii) 2σ  is known, 
(iii) incremental losses follow over-dispersed Poisson. 
According to (i) and (ii) straight calculations give  

 
( )2

2 1
ˆ i

i

y y

m p y
σ

−
=

− ∑ , (2) 

where m  is a number of reported cumulative losses and p  is a number of parameters 

in growth curve. The probability function of over-dispersed Poisson is defined  

 
2

2

( )
!

y

e
P Y y

y

λσλ

σ

−

= =
 
 
 

, (3) 

with two first moments of the form: 2)( λσ=yE  and 4)( λσ=yVar . Estimating 

parameters (3) through maximum likelihood method, the log-likelihood function is 
as follows:  

     ( )
2

1 2 2

2

, ; ,..., log log( ) !
!

iy

m m
i i

m
i ii

y ye
l y y log

y

λσλλ σ λ λ
σ σ

σ

−
 
      = = − −         
    

∑ ∑ . (4) 

As the parameter 2σ  is assumed to be known, function (4) is simplified to the 
form 

 ( ) [ ]1; ,..., log( )
m

m k
k

l y y yλ λ λ= −∑ . (5) 

Using (1), the log-likelihood is  
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 ( ) ( ) ( ){ }1; ,..., log ; , ; ,
m

i m ik i j i j
k

l u y y y u G t u G tϖ θ ϖ θ = ⋅ ∆ − ⋅ ∆ ∑  (6) 

Solving the equation 0=
∂
∂

iu

l
, the MLE estimator iû  is received 

 

( )
1

1

ˆ
; ,

m

ik
k

i m

j
i

y
u

G t ϖ θ

=

=

=
 ∆ 

∑

∑
. (7) 

Of course except iû , there is still a need to estimate the vector of parameters 

θϖ , . Under given iû  and θϖ ˆ,ˆ  total loss reserve under the Cape Cod method ac-

cording to (1) is  

 ( )ˆ ˆˆ ˆ ˆ; ,i j
i

Y u G t ϖ θ= ⋅ ∆∑ . (8) 

To evaluate the total loss reserve goodness-of-fit, we propose to use l⋅− 2  cri-
terion (see (4)). 

3. Case study 

We analyzed the loss triangle of paid auto personal insurance taken from [Zhang 
2010] of the form: 

Table 1. Cumulative loss triangle  

 1 2 3 4 5 6 7 8 9 10 

1 101 125 209 921 266 618 305 107 327 850 340 669 348 430 351 193 353 353 353 584 
2 102 541 203 213 260 677 303 182 328 932 340 948 347 333 349 813 350 523 NA 
3 114 932 227 704 298 120 345 542 367 760 377 999 383 611 385 224 NA NA 
4 114 452 227 761 301 072 340 669 359 979 369 248 373 325 NA NA NA 
5 115 597 243 611 315 215 354 490 372 376 382 738 NA NA NA NA 
6 127 760 259 416 326 975 365 780 386 725 NA NA NA NA NA 
7 135 616 262 294 327 086 367 357 NA NA NA NA NA NA 
8 127 177 244 249 317 972 NA NA NA NA NA NA NA 
9 128 631 246 803 NA NA NA NA NA NA NA NA 

10 126 288 NA NA NA NA NA NA NA NA NA 

Source: Z. Zhang, A general multivariate chain ladder model, “Insurance: Mathematics and Economics” 
2010, No. 46, p. 588-599. 
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In the first step of our estimation procedure, we assess parameters of Weibull 
and log-logistic growth curves as well as fitted patterns.  

Table 2. Growth curve for development years (%) 

Development year j ˆ ( )WG t  ˆ ( )lG t  Development year j ˆ ( )WG t  ˆ ( )lG t  

1 99.35 90.91   6 92.23 81.08 
2 98.94 89.81   7 86.93 76.32 
3 98.27 88.43   8 77.69 68.77 
4 97.17 86.67   9 61.09 55.24 
5 95.33 84.33 10 29.44 26.22 

Source: own study. 

As it can be seen in Table 2, Weibull growth curve gives higher values in the 
early development years than log-logistics. Values for both curves are close to each 
other in the later development years (see Figure 2). 

 

 

Figure 2. Plot of fitted patterns of loss emergence 

Source: own study. 

According to (1) and (8), the loss reserves for every accident year 10,...,1=i  is 
as follows in Table 3. 
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Table 3. Loss reserves in accident years 

i  
Weibull curve log-logistic curve 

Reported 
losses 

Ultimate 
losses 

Estimated 
loss reserves 

s.e. CV 
Ultimate 
losses 

Estimated 
loss reserves 

s.e. CV 

1 353 584 355 888 2 304 1 379 0,60 372 464 18 880 6 332 0,34 
2 350 523 354 253 3 730 1 780 0,48 373 751 23 228 7 115 0,31 
3 385 224 391 961 6 737 2 452 0,36 417 132 31 908 8 538 0,27 
4 373 325 384 160 10 835 3 163 0,29 412 479 39 154 9 630 0,25 
5 382 738 401 442 18 704 4 255 0,23 434 629 51 891 11 397 0,22 
6 386 725 419 264 32 539 5 753 0,18 456 733 70 008 13 687 0,20 
7 367 357 422 567 55 210 7 678 0,14 460 906 93 549 16 410 0,18 
8 317 972 409 282 91 310 10 226 0,11 442 793 124 821 19 809 0,16 
9 246 803 403 942 157 139 14 712 0,09 427 858 181 055 25 920 0,14 

10 126 288 428 876 302 588 28 966 0,10 461 294 335 006 49 227 0,15 

Source: own study. 

Table 4. Total loss reserve 

Growth curve Total reported losses Total ultimate losses Estimated loss reserve 2 l− ⋅  

Weibull 3 290 539 3 971 635 681 096 40.95 
log-logistics 3 290 539 4 260 040 969 501 41.08 

Source: own study. 

The estimated pa-
rameters σ2 are 2ˆWσ = 

= 730, 2ˆ 1743lσ = . Fi-
nally, the total ultimate 
losses and the total loss 
reserve are shown in 
Table 4.  

The fitted Wei-
bull pattern gives def-
initely lower s.e. of 
total loss reserve and 
consequently the low-
er CV. According to 
this criterion the esti-
mated total loss re-
serve for the loss tri-
angle in Table 1 is 
Ŷ =  681 096. Figure 
43 presents diagnostic 
plots based on stand-
ardize residuals. 

Figure 3. Diagnostic plots 

Source: own study. 
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All diagnostic plots together demonstrate that the Weibull model is valid. The 
residuals appear to be randomly scattered around the line 0=y . However, the q-q 
plot suggests that the model underestimates the cumulative losses in the early de-
velopment years and overestimates in later years. 

4. Conclusions 

As loss reserving is an important part in insurance company management, the re-
searchers are still continuing and developing the technique of this type of estimation. 
The method based on growth curve modeling is a helpful alternative to methods using 
the chain-ladder approach. The Cape Cod method is quite a flexible method of estima-
tion giving an opportunity for the modification e.g. the form of growth curve. In ongo-
ing research the variability of total loss reserve is under consideration. 
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KALKULACJA REZERWY SZKODOWEJ 
Z WYKORZYSTANIEM KRZYWEJ WZROSTU 

Streszczenie: W zakładach ubezpieczeń majątkowych istotną pozycję w funduszu ubezpiecze-
niowym zajmuje rezerwa z tytułu zaistniałych szkód, niezgłoszonych do dnia tworzenia rezerwy 
szkodowej (ozn. IBNR). W literaturze przedmiotu zaproponowano wiele różnorodnych metod 
stochastycznych szacowania rezerwy szkodowej, w większości bazujących na technice chain-
ladder [Mack 1993; Mack, 1999; Wüthrich, Merz 2008]. W pracy przedstawiono podejście bazu-
jące na szacowaniu krzywej wzrostu ( ; , )jG t ϖ θ  dla skumulowanej wartości wypłaconych od-

szkodowań w kolejnych okresach wypadkowych. W studium przypadku przeprowadzono proce-
durę estymacji całkowitej rezerwy szkodowej dla trójkąta szkód zaczerpniętego z pracy [Zhang 
2010]. Obliczenia wykonano z użyciem programu R [R Core Team 2012]. 

Słowa kluczowe: szacowanie rezerwy szkodowej, metoda Cape Cod, krzywa wzrostu. 


