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Summary: This paper discusses the calculation of moments of cash value of future pay-
ment streams arising from portfolio of multistate insurance contracts, where the evolution 
of the insured risk and the interest rate are random. A matrix form for formulas for the 
first two moments of cash value of the stream of future payments for a portfolio of poli-
cies is derived. As an application formulas for insurance premiums are provided. The 
general theory is illustrated with a case where the rate of interest is modeled by a Wiener 
and an Ornstein-Uhlenbeck process.  
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1. Introduction 

Multiple state modelling is a classical stochastic tool for designing and 
implementing insurance products. The multistate methodology is in-
tensively used in calculation of premiums and reserves of different 
types of insurances like life, disability, sickness, marriage or unem-
ployment insurances. 

In this paper we focus on the discrete-time model, where insurance 
payments are made at the ends of time intervals. It practically means 
that immediate annuity and insurance benefits are paid immediately 
before the end of the unite time (for example: year or month). Premi-
ums and annuity due are paid immediately after the beginning of the 
unite time. 

The aim of this paper is to give a general approach which can be 
used to calculate the moments of cash value of future payment streams 
arising from a portfolio of multistate insurance contract with the finite 
term of policy. These formulas are usually quite extensive, thus we 
propose to employ a matrix notation which was used in [3] for the 
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analysis of single policies. This notation not only makes calculations 
easier, but also provides a nice form for important actuarial values 
both for a heterogeneous and homogenous portfolio. Moreover the 
matrix form enables us to factorize the double stochastic nature of 
moments of the cash value of future payment stream. 

Note that premium is risk-rated for individuals and groups on the 
basis of characteristics such as age, sex, occupation and previous 
health conditions. It also depends on the largeness of a portfolio. It is 
more difficult to diffuse risks in small groups (like an individual insur-
ance contract) than in large groups. When a portfolio gets larger, the 
average expected cash value of payment streams is less likely to vary. 
It appears that the matrix notation helps in analyzing the influence of 
the policies portfolio size on moments of average payment streams per 
policy. 

The paper is organized as follows. After a brief description of 
modified multiple state model, we distinguish between different types 
of cash flows (premiums and benefits) arising from modified multi-
state insurance contracts (Section 2). Then in Section 3 we present a 
matrix form expressions for the first two moments of cash value of the 
stream of future payments arising from a single policy. Section 4 deals 
with the analysis of a portfolio of insurance contracts. Some applica-
tions including formulas for premiums are provided in Section 5. 

2. Modified multiple state model 

Following Dębicka [2012] with a given insurance contract we assign a 
modified multiple state model. That is, at any time the insured risk is 
in one of a finite number of states labelled         . Let    
 {        } be the state space. Each state corresponds to an event 
which determines the cash flows (premiums and benefits). In particu-
lar a state may represent such an event as death, disablement, recov-
ery, unemployment, etc. Additionally, by    we denote the set of di-

rect transitions between states of the state space. Thus    is a subset 
of the set of pairs (   ) , i.e., T ⊆ {(i, j) | i = j; i, j ∈   }. The pair 
(  ,   ) is called a modified multiple state model. 
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In this paper we consider an insurance contract issued at time 0 
(defined as the time of issue of the insurance contract) and according 
to plan terminating at a later time n (n is the term of policy). We focus 
on discrete-time model. Let   ( ) denote the state of an individual 
(the policy) at time t ( t ∈ T = {0, 1, 2, . . . , n} ). Hence the evolution 
of the insured risk is given by a discrete-time stochastic process 
{  ( ); t ∈ T} , with values in the finite set   .  

The individual’s presence in a given state or movement (transi-
tion) from one state to another may have some financial impact. We 
distinguish between the following types of cash flows related to modi-
fied multiple state insurance: 
 ( )jp k  − a period premium amount at time k if ( )X k j ), 
 ( )j k  − a premium amount at some fixed time k if ( ) ,X k j  
 ( )jb k  − an annuity benefit at time k if ( ) ,X k j  
 ( )jd k  − a lump sum at some fixed time k if ( )X k j (for instance 

pure endowment),  
 ( )ijc k  − a lump sum at time k if a transition occurs from state i to 

state j at that time (for discrete-time model it means that 
  (   )             ( )            (     )      ). 

Thus for the modified multistate model all types of cash flows are 
connected with staying of the process {  ( )} in a considered state, 
although the c’s correspond to cash flows connected with transitions 
between states. This situation occurs because of procedure of the mod-
ification of multistate model and assumption that a lump   ( ) sum 
does not depend on state i and  (  (   )   |  ( )   )     

Therefore pair (  ,   ) not only describes possibilities pertaining 
to an insured risk, but also informs which transitions the lump sum are 
connected with, as far as its evolution is concerned. 
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3. Moments of the cash value of future payment 

streams 

Let     ( ) be the future cash flow payable at time k (k = 0, 1, ..., n) if 
the process {  ( )} is in that time in state j (          )  

    
 ( )      ( )  ( )  

Since at each time k , all of the above types of cash flows may oc-
cur, then 

    
 ( )    ( )    ( )    ( )    ( )    ( )   (1) 

Let C represents the total payments made up to the end of the term 
of policy with respect to the individual insurance contract, i.e., 

  ∑    ( )

 

   

  

Moreover, let  ( ) denote the rate of interest in time interval [0, t]. 
Then the discount function  ( ) is of the form  ( )     ( ). Thus, 
the cash value Z of the total payment stream has the following form 

   ∑     ( ) 
  ( )  

    (2) 

Let us observe that Z is a random variable, which has a double 
stochastic nature. It depends on process {  ( )} and the stochastic 
interest rate Y (t) . 

We denote by    the cash value of total payment stream to be paid 
with respect to the insurance contract for the l -th policy (when its 
realization is described by process {   ( )}), which belongs to portfo-
lio of L insurance policies ( l ∈ {1, 2, ..., L} ). 

In order to study the moments of Z we make the following as-
sumptions (see also [4] and [8]): 
Assumption 1. The random variables     for l = 1, 2, ... are independ-
ent and identically distributed. 
Assumption 2. Conditional on knowing the values of Y (k) for k = 0, 1, 
2, ..., n , the random variables    are independent and identically dis-
tributed. 
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Assumption 3. The random variables     for l = 1, 2, ... are independ-
ent of Y (t) . 
Assumption 4. All moments of the random discounting function 
   ( ) are finite. 

Note that for a portfolio of L policies, the random variables 
           are not independent, since the discount function is the 
same for each   . 

Before presenting formulas for two first moments of    we need to 
introduce some matrix notation. 

Let 

  (       ) ∈   
 

  
  (       ⏟

 

    ) ∈   
 

     (       ⏟
   

    ) ∈     
 

for each j =          and k = 0, 1, 2, ..., n . 
By     ( ), where   (          ) ∈   

 
 we denote a diag-

onal matrix 

    ( )  (

     
     
    
      

). 

Furthermore, for any matrix   (   )     
   

 let     ( ) be a diagonal 
matrix 

    ( )  (

      
      
    
           

). 

Additionally, in order to describe the probabilistic structure of 
{  ( )}, for any moment k ∈ {1, 2, ..., n} let    (  )   (  ( )   )   
We introduce 

 ( )  (  
 ( )   

 ( )     
 ( ))

 
∈   
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and 

   (

 ( )

 ( )
 

 ( )

) ∈  (   )  
  (3) 

Moreover for any      ∈  {           } let 

  (     )  (   
 (     ))

     

  

, 

where     (     )   (  (  )      (  )   )  In case of {  ( )} 
being modelled by a Markov chain, a precise description of the con-
struction of matrices D and  (     ) is given in [Dębicka 2002] and 
[Dębicka 2012]. 

Let C denote (   )     cash flows matrix defined by 

   (

   
 ( )    

 ( )      
 ( )

   
 ( )    

 ( )      
 ( )

    
   

 ( )    
 ( )      

 ( )

). 

The following notation is useful to describe moments of rate of inter-
est. Let  

   (   ( )    ( )      ( ))
 
∈     . 

and 
    ( )  (          )

 ∈     , 

with     ( 
  ( )). By   (   )     

   
 we denote covariance matrix 

of random vector Y, where  
        ( 

  ( )    ( )). 

Furthermore, let   (   )     
   

, where 

      ( 
  ( )   ( ))          . 

Note that the following identity holds: 

             . 
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We refer to [Dębicka 2003] for the exact forms of matrices M, R and 
∆ when Y (t) is modelled by Ornstein-Uhlenbeck process or Wiener 
process. 

In the following theorem we present a matrix form for the first two 
moments of Z (see [Dębicka 2012]). 

Theorem 1. For the modified multistate model (  ,   ), if Z, Y (t) 
satisfy Assumption 1-Assumption 4, then 

  ( )        (   ) , (4) 

  (  )  ∑ ∑      
             

   (     ) 
      

 
    

 
    

  (5) 

  (     )  (    (  
 ) )  (    (   ) )  (6) 

The matrix form presented in Theorem 1 factorizes the double sto-
chastic nature of Z. Matrices D and  (     ) depend only on the dis-
tribution of process {X  (t)} , while M , ∆ and R depend only on the 
interest rate. Moreover, matrix C depends on cash flows and describes 
the type of the insurance contract. 

4. Moments of Z for a portfolio of policies 

We consider a heterogeneous portfolio of L policies, where for the l-th 
policy in the group ( l = 1, 2, ..., L ) we have 
•       age at entry, 
•       term of policy, 
• {  

 ( )}   the random state occupied by l -th insured at time t , 
•    and   (     )   probability vectors described on the distri-

bution process {  
 ( )}, 

•      c sh fl ws matrix. 

We assume that the term of each policy in the group is the same 
and equals n . 

Let  ( ) be the random variable representing the total cash value of 
cumulative payment streams with respect to the entire portfolio of L 
policies, that is 
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  ∑   

 

   

 

where    denotes the cash value of cumulative payment streams for 
l-th insured with respect to the multistate insurance contract. 

Theorem 2. For the modified multistate model (  ,   ), if Z, Y (t) 
satisfy Assumption 1 - Assumption 4, then 

 ( ( ))   ̅ 
  , 

   ( ( ))   ̅ 
   ̅  ∑ ( ̅ 

   ̅  ∑ ∑      
             

     (     )  
      

 
    

 
    

) 
      

where  ̅      (     )  and  ̅  ∑  ̅      (∑     
 )   

   
 
    

Proof. The idea of the proof is analogous to the proof of Theorem 2 in 
[2], with an observation that for each                   

 (      )  (    (      
 ) )

 
 (    (      

 ) )   

⎕ 

     Note that  ̅   (∑    ( )  ( ) 
  

   ∑    ( )  ( )   ∑    ( )  ( )
  

   
  

   )
 
  

is a vector where its k-th element denotes the expected value of total 
cash flows arising from insurance contract, which are realized at mo-
ment k. Namely, k-th element of vector  ̅  denotes the expected value 
of total cash flows at moment k for the whole group. 

If the portfolio of policies is homogeneous with respect to the age 
at entry (     ), then      and      for l = 1, ..., L (it also im-
plies that  ̅   ̅) . In this case we have the following Corollary to 
Theorem 2. 

Corollary 1. For the modified multistate model (  ,   ), if the portfo-
lio of L policies is homogeneous (with respect to the age at entry and 
the term of policy) and               and Y (t) satisfy Assumption 1- 
-Assumption 4, then 

 ( ( ))    ̅
  , 

   ( ( ))   
  ̅   ̅   ( ̅   ̅  ∑ ∑      

             
   (     ) 

      
 
    

 
    

)   
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where  ̅      (   )  . 
Proof. The assertion of Corollary 1 is a consequence of the fact that if 
the portfolio is homogeneous, then      and      for l = 1, ..., L. 
Thus applying Theorem 2 we complete the proof.  

⎕ 
In particular, we have the following limit theorem for moments of 

average payment streams per policy for a large homogeneous portfolio. 

Theorem 3. For the modified multistate model (  ,   ), if the portfo-
lio of L policies is homogeneous (with respect to the age at entry and 
the term of policy) and               and Y (t) satisfy Assumption 1- 
- Assumption 4, then 

  (
 

 
 ( ))   ̅

  , (7) 

          (
 

 
 ( ))   ̅

   ̅, 

where  ̅      (   )    

Proof. Identity (7) straightforwardly follows from Corollary 1 and the 
additivity property of the expected value operator. 

Because 

    (
 

 
 ( ))    

 
   (  )   

   

 
   (     ) , (8) 

then the right side of (9) converges to    (     ), when L tends to 
infinity. Using Theorem 1 we have    (     )   ̅   ̅ .  

⎕  

5. Analysis of a portfolio of health insurances 

From the financial point of view, the cash flow     ( ) is a sum of 
inflows representing an income to a particular fund and outflows rep-
resenting an outgo from a particular fund. Hence 

               , 
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where     consists only of an income to a particular fund and 
      consists only of an outgo from a particular fund. It is important 
to calculate the total loss L of the insurance contract, defined as the 
difference between the present value of future benefits and the present 
value of future premiums. In particular for L :      includes the b’s, 
the d’s, the c’s and       includes the p’s and the π’s.  

From Theorem 1 and [Dębicka 2012] we may determine the net 

single premium paid in advance at time 0, when   ( )     

   ( )   
     (    

 )   

And the net period premium p payable in advance at the beginning of 
the unite time (for example at the beginning of the year − an annual 
premium) during first m units, when   ( )     

   
      (    

 ) 

  (  ∑     
    

     )   
   (9) 

where the nominator in (9) is equal to the actuarial value of a tempo-
rary life annuity due contract.  

Frequently the standard deviation of L is used as a measure of var-
iability of losses on an individual multistate insurance due to the ran-
dom nature of the process {  ( )}. Using Theorem 1 (see [Dębicka 
2012]) the standard deviation of present value of benefits in case of a 
single premium is given by 

   ( )  √∑ ∑      
             

   (     )       
 
    

 
    

 (      (     ) ) (10) 

and for the period premium by 

    
   ( )

  (  ∑     
    

     )   
  (11) 

Clearly, in the case of a homogeneous group, the net premium per 
policy does not depend on the size of the portfolio (see (9) and (7)). 
This observation, however, does not carry over to the volatility. In the 
following we analyze the influence of the choice of the interest rate 
model on the net premium and standard deviation of cash value of 
future payment streams per policy in a homogeneous portfolio of po-
lices. 
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Example. We consider a temporary life insurance with 10-year policy 
term combining sickness insurance which includes annuity benefit. 
The conditions on sickness insurance contract are analogous to the 
disability insurance in The Netherlands described in [Gregorius 1993]. 

Modified multiple state model. We consider sickness in which we al-
low the influence of illness duration on the recovery and mortality 
probabilities. In this case the modified multiple state model is 

(     )  ({   ( )  ( )  ( )   ( )      } 
{(   ( )) (   ) ( ( )  )   ( ( )  ) ( ( )   )   ( ( )   )  
( ( )  ( ))   ( ( )  ( ))}) 

where the meaning of the states is as follows: 
1  − the insured is healthy, 
 ( ) − the insured is sick with illness duration between     and  , 

for            
 ( ) − the insured is sick and illness duration is at least 6 years, 
    − the insured person is dead and the death of the insured oc-

curred not earlier than one year before, 
3  − the insured is dead and the death occurred at least one year 

before. 
An illustration of such a model is presented in Figure 1. 

   
Figure 1. Scheme of the modified disease model with the sickness state split  
according to duration of illness 

Source: own source. 
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Cash flows. Let the benefit payable at time      if the insured person's 
death occurred in time interval [     ) (           ), be equal to 
100. Moreover, let the annuity payable for period [     )  
(           ) if the insured is sick at time     be equal to 1. 

For such an insurance contract, cash flows (benefits) related to 
(     ) (see (12)) are described as follows  

    
 ( )  

{
  
 

  
 
      ( )              

   ( )            

 
   ( )            

                      

        

   (12) 

The cash flows matrix consists only of an income to a total loss 
fund and is given by 

      

(

 
 
 
 
 
 
 
 

         
           
           
           
           
           
           
           
           
           
           )

 
 
 
 
 
 
 
 

. 

Let    denote the premium payable for period [     ) if the in-
sured person is healthy at time k (that is if   ( )   ). Premiums are 
paid during the whole insurance period of insurance policy. Thus 
     for            . 

For the constant period premium   (     for            ) 
the matrix       is given by  
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(

 
 

          
          
         
          
         )

 
 

. 

For the net single premium   the matrix       is given by 

       (

      
     
     
     

). 

The probabilistic structure of the model. We assume that {  ( )} is 
modelled by a Markov chain [Hoem 1969; 1988; Waters 1984; Wol-
thuis 1994]. Then matrices   and  (     ) can be described by a 
sequence of matrices   ( )   ( )   ( )     (   ), where 

  ( )  (   
 ( ))

     

  

and     ( )   (  (   )   |  ( )   ) is a 

transition probability. For the above described insurance contract, the 
matrix transition   ( ) has the following form 

  ( )  

(

 
 
 
 
 
 

   
 ( )  

  ( )
 ( )          

 ( )  

 
 ( ) 
 ( )   

 ( ) ( )
 ( )      

 ( )  
 ( )  

 
 ( ) 
 ( )    

 ( ) ( )
 ( )     

 ( )  
 ( )  

         
 
 ( ) 
 ( )       

 ( ) ( )
 ( )  

 ( )  
 ( )  

       
 ( ) ( )
 ( )  

 ( )  
 ( )  

         
         )

 
 
 
 
 
 

 

The probability     ( ) not only depends on the future-lifetime of the 
insured but also on morbidity and probability incurring on misadven-
ture. Assume that the mortality rates are based on Polish 2009 mortali-
ty tables for woman, see e.g. [Rocznik Demograficzny 2010] Proba-
bility on morbidity and probability incurring on misadventure are 
based on formulas described for disability insurance in The Nether-
lands (see [Gregorius 1993]). 

For numerical illustrative purposes we consider insurance con-
tracts for insured persons at the age of 20, 40 and 60 years (  
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        ) respectively. Then matrices   and  (     ) are calculated 
upon [Gregorius 1993] and [Rocznik Demograficzny 2010]. For ex-
ample matrices    have the following form: 

    

(

 
 
 
 
 
 
 
 

         
                              
                                            
                                                   
                                                          
                                                                 
                                                                        
                                                                         
                                                                        
                                                                        
                                                                          )

 
 
 
 
 
 
 
 

 

    

(

 
 
 
 
 
 
 
 

         
                              
                                            
                                                   
                                                          
                                                                 
                                                                        
                                                                         
                                                                        
                                                                        
                                                                        )

 
 
 
 
 
 
 
 

 

    

(

 
 
 
 
 
 
 
 

         
                              
                                            
                                                   
                                                          
                                                                 
                                                                        
                                                                        
                                                                        
                                                                        
                                                                         )

 
 
 
 
 
 
 
 

 

The interest rate. We assume that the mean interest rate        and 
the volatility          Thus, for  ( )    ( ) we have  

   ( )        ( )       , 

and for  ( )     ( ) we have  

    ( )          ∫  ( )  
 

 
      , 

where { ( )    } is the Ornstein-Uhlenbeck process with the co-
variance function  ( )     (     ) (cf. [8]). We refer to [Dębicka 
2003] for the exact forms of matrices M, ∆ and R when  ( ) is mod-
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elled by Ornstein-Uhlenbeck process or Wiener process. For example 
    for  ( )    ( ) has the following form 

    (1 0,980 0,961 0,942 0,924 0,905 0,888 0,870 0,853 0,836 0,820)T  

and for  ( )     ( ) we have 

    (1 0,980 0,961 0,943 0,925 0,907 0,890 0,873 0,857 0,841 0,826)T  

Results. Tables 1, 2 and 3 present the net single premium and its stand-
ard deviation of a single policy, the net period premium and its standard 
deviation of a single policy and the limiting standard deviation of the 
average benefit per policy as L tends to infinity respectively. 

Table 1. Net single premium for health insurance contract (    ) 

  ( )    ( )   ( )    ( ) 

Interest rate   ( )    ( )   ( )    ( ) 

x=20 0.46230 0.46386 5.06034 5.09097 

x=40 2.65716 2.66652 13.32713 13.41627 

x=60 12.24299 15.912572 28.66655 32.57454 

Source: own source.  

Table 2. Constant net premiums for health insurance contract (      ) 

          

Interest rate   ( )    ( )   ( )    ( ) 

x=20 0.05088 0.05095 0.55689 0.55917 

x=40 0.30633 0.30683 1.53640 1.54376 

x=60 1.65036 2.16904 3.86425 4.44023 

Source: own source. 

Notice that for the each age at issue, premiums are larger for the 
rate of interest modelled by    ( ) (see Table 1 and Table 2). In Table 
1 and Table 2 we can also observe that, independently of the age at 
entry, the standard deviation of    is larger for  ( )     ( ) than for 
 ( )    ( )  
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Table 3. The standard deviation of the average benefit per policy for a large portfolio  
(as L tends to infinity) 

Interest rate   ( )    ( ) 

Type of premium     ( )     ( ) 

x=20 0.00164 0.01491 0.00418 0.03805 

x=40 0.01011 0.08769 0.02585 0.22467 

x=60 0.05177 0.38402 0.17527 1.28582 

Source: own source.  

Table 3 is concerned with the standard deviation of the average 
benefit per 10-year health insurance contract  

 
 ( ) of a large portfolio 

(when    ). It appears that, for large portfolios, the standard devia-
tion of the average benefit per policy is larger for the rate of interest 
modelled by the Ornstein-Uhlenbeck process ( ( )     ( )), than by 
the Wiener process ( ( )    ( )). Notice that, due to Theorem 3, 
the expected value of the average benefit per policy agrees with the 
one presented in Table 1 and Table 2.  

We can observe that, when a portfolio gets larger, the standard de-
viation of the average benefit per policy is less likely to vary (compare 
Table 1 and Table 2 with Table 3). 

The use of the matrix notation not only simplified formulas of net 
premium and standard deviation of cash value per policy, but also due 
to the factorization in the formulas, the numerical implementations are 
less complex. 
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MACIERZOWE PODEJŚCIE DO ANALIZY  

PORTFELA UBEZPIECZEŃ WIELOSTANOWYCH 

Streszczenie: Celem artykułu jest analiza przepływów pieniężnych wynikających z reali-
zacji portfela umów ubezpieczeń wielostanowych przy założeniu, że proces opisujący 
zmiany stanów podczas trwania umowy ubezpieczenia jest niejednorodnym w czasie 
łańcuchem Markowa, a losowa stopa procentowa jest modelowana przez proces stocha-
styczny o stacjonarnych przyrostach (np. proces Wienera lub scałkowany proces Ornstei-
na-Uhlenbecka). W tekście zaproponowany został zapis macierzowy wielkości aktuarial-
nych istotnych w analizie wpływu wielkości portfela polis na wysokość składki i narzutu 
bezpieczeństwa dla grupy zarówno jednorodnej, jak i niejednorodnej. Uzyskane wyniki 
zilustrowano na przykładzie portfela ubezpieczeń zdrowotnych. 

Słowa kluczowe: model wielostanowy, przepływy pieniężne, stochastyczna stopa procen-
towa, portfel polis, zmodyfikowany model wielostanowy. 




