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In order to precisely analyze and design the transmittance characteristics of a blazed grating,
the validity of both the scalar diffraction theory and the effective medium theory is quantitatively
demonstrated. By making a comparison of diffraction efficiencies calculated by the two simplified
methods and Fourier modal method, the accuracy can be obtained. It is found that when the nor-
malized period is more than three wavelengths of the incident light, the scalar diffraction theory
is useful to calculate the transmittance of the blazed grating within the error of less than 3%.
The validity of the scalar diffraction theory increases when the normalized period increases.
Importantly, by considering the Fresnel reflection effect, the validity of scalar diffraction theory
can be significantly enhanced. Furthermore, when no higher-order diffraction waves appear and
only zeroth order diffraction wave propagates, the effective medium theory is accurate to compute
the diffraction efficiency within the difference of less than 1% between the zeroth order effective
medium theory and Fourier modal method. The polarization characteristics of the validity of
effective medium theory are also quantitatively demonstrated. The validity of the two simplified
theories is dependent on not only the normalized period of surface microstructure but also the nor-
malized groove depth.
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1. Introduction

The blazed grating is widely applied in diffractive optical elements (DOEs) [1, 2]. In
general, the scalar diffraction theory (SDT) can be frequently used in the design and
analysis of these diffractive optical elements when the normalized period of the grating
is large compared with incident wavelength [2]. With the development of microfabri-
cation technologies, the feature size of the blazed grating can be manufactured in the
subwavelength region in which the SDT is inapplicable to design and analyze the dif-
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fraction efficiency of the blazed grating. In this domain of feature size of a grating with
the period comparable to the incident wavelength, only the rigorous vector theories
can be applied to yield accurate diffraction characteristics, such as the Fourier model
method (FMM) [3-5], the rigorous coupled wave analysis (RCWA) [6], and the finite
- difference time-domain (FDTD) method [7]. However, these rigorous vector methods
are difficult to be used for computationally intensive studies. In this paper, we present
the accuracy and validity of the scalar diffraction theory for simply designing and
analyzing the blazed grating by a comparison of the transmittances calculated by the
SDT and FMM. Moreover, the accuracy of the SDT can be clearly enhanced by con-
sidering the Fresnel reflection effect in this work.

Furthermore, when the normalized period of the grating profile is much smaller than
the wavelength of the incident illumination, it is well known that the effective medium
theory (EMT) can be used to compute the diffraction efficiency of the grating. Generally,
it is recognized that the EMT is inaccurate for analyzing periodic surface microstruc-
ture with the normalized period more than tenth of the incident wavelength [8]. How-
ever, the results in this paper verified that the validity of the EMT can be extended as
only the zero order waves are to propagate. Therefore, based on the determination of
the accuracy of the SDT and EMT, we can intuitively understand and easily analyze
the optical characteristics of a sawtooth surface microstructure grating. The SDT and
EMT are more intuitive and simple than rigorous treatments.

In this study, the transmittances of the blazed grating with respect to the normalized
period and the normalized groove depth at normal incidence are investigated. Through
the comparison of the diffraction efficiencies predicted by the simplified methods with
those calculated by the FMM, the validity of the SDT and EMT is fully determined
quantitatively. By considering the Fresnel reflection effect, the accuracy of SDT in de-
sign and analysis of a blazed grating can be significantly improved.

2. Theory
2.1. Fourier modal method

In Figure 1, 4 and d represent the period and groove depth, respectively, and n, and
n, are the refractive index of the incident medium and grating, respectively. In this pa-
per, we choose ny = 1.00 and n, = 1.50. Meanwhile, we assume ng = ng. Additionally,
the absorption loss of the medium and the dispersion effect are ignored in our study
for simplification.

According to the rigorous vector method of the FMM [5, 9], a sawtooth grating
depicted in Fig. 1 can be approximated by a multilayer lamellar grating along the ver-
tical direction. The electromagnetic field can be gained by solving the Maxwell’s equa-
tions, which reduces to the solution of an algebraic eigenvalue problem in discrete
Fourier space for each of the lamellar grating layers. Afterwards, the reflection and
transmission coefficient matrix (RTCM) propagation algorithm [10], a numerically
more valid variant of S-matrix algorithm than any of known forms [11], was used to
calculate the amplitude coefficient matrix of modal fields with the boundary condi-
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Fig. 1. The schematic diagram of a blazed surface microstructure grating with depth d, period A and
grating vector K. Parameter n,, denotes the refractive index of incident medium, n, — the refractive index
of grating, and ng — the refractive index of substrate layer. A plane wave is incident at normal.

tions. Therefore, the reflectivity and transmittance of this kind of diffraction optical
component can be derived.

Furthermore, as is known, the accuracy of FMM is dependent on the number of spatial
harmonics. The results calculated by FMM can converge to the exact solution with the
increase in the number of spatial harmonics. Hence, in order to ensure the accuracy of
the calculated diffraction efficiency, the convergence of FMM as a function of Fourier
order with the surface microstructure parameter of d/A = 0.5 and A4/ = 0.5 is given in
Fig. 2. In our calculation, the TE (TM) polarization is defined by the electric field vec-
tor parallel (perpendicular) to the grating groove. It can be seen in Fig. 2 that the con-
vergence for the TE polarization is more effective than that for TM polarization, which
also exists in other rigorous vector methods such as RCWA [12]. So in our calculation
the sufficient Fourier orders, 21 and 33 for TE and TM polarizations, respectively, were
chosen to insure all convergent results. The adequate divided lamellar grating layers
of 20 were set for giving a sufficient approximation to this sawtooth grating.

0.99579 : : ‘ ‘ 0.99890
> 0.99578 |
5 099577/ 0.99885 |
o
% 0.99576
c 0.99880 |
S 0.99575 |
8
£ 0.99574 | 0.99875 |
0O 0.99573|

0.99572 s ‘ : : 0.99870 L— : : : : :

5 10 15 20 5 10 15 20 25 30 35
Fourier order Fourier order

Fig. 2. The convergence of FMM for TE and TM polarizations with adequately divided multilayer
lamellar grating for the sawtooth surface profile at normal incidence for TE (a) and TM (b) polarization
with the normalized period of 0.5 and the normalized groove depth of 0.5.
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2.2. Scalar diffraction theory
2.2.1. Without the Fresnel reflection effect

Utilizing the scalar Kirchhoff diffraction theory, the diffraction efficiency of a grating
can be calculated. It neglects the vectorial polarized nature of light but gives reasonably
precise results when the periodicity of surface profile is much larger than the wave-
length of incident light. In scalar approximation, the general equation of the diffraction
efficiency 7, is represented by [13]

2

Tn(2) = %fr(x)exp(—z";l) dx (M)
0

where #(x) is a function defined as the ratio of transmitted (or reflected) and incident
wave amplitudes at location x, 4 is the period, and m is the diffraction order. Then the
m order transmittance efficiency of a sawtooth surface structure at normal incidence
can be derived as [13]

sin{(m— ngi_l d)n}

M = 1 )
I’Zg—
-

According to this formula, we can obtain the diffraction efficiencies of the grating re-
lated to the depth of grating structure and the wavelength of incidence light, but they
are independent of the period of surface profiles.

2.2.2. With the Fresnel reflection effect

To more accurately calculate the transmittance efficiency, we take the Fresnel reflec-
tion factor into account. Then, the m order transmittance efficiency of the phase blazed

grating can be expressed as
n,—1
sin [(m - g/{ d) n}
72(90)

nycos(6,) [ ng—l j
- d|=n

where 7(6) is the Fresnel transmission coefficient. The factor n,cos(6,)/nycos(6,) is
also considered because the transmitted light and the incident light are in different me-
diums. Specifically, according to the Fresnel formulae, the Fresnel transmission factor
in Eq. (3) can be computed to be 0.96 at the normal incidence with ny=1.00 and
ny = 1.50. The quantitative analysis and comparison between two cases, with and with-
out the Fresnel reflection effect, respectively, will be shown in next sections.

ngcos(6,)

Ny = (3)
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2.3. Effective medium theory

When the period 4 of the grating is much smaller than the incident wavelength, the EMT
is useful to evaluate the transmittance characteristics exactly. In the quasi-static limit
(the period-to-wavelength ratio A4/4 — 0), the zero order EMT can be utilized to de-
scribe the effective refractive index. But with the increase of the period of the grating
which is only several times smaller than the wavelength of an incident wave, the use of
higher order EMT is indispensable. It is well known that Rytov deduced the second order
EMT which made no static-field approximations and expanded the expressions on the
term of A/4[14]. As A/4 becomes larger, higher order terms from the series expansions
of transcendental equations must be analyzed. Consequently, the zeroth and the second
orders EMT are chosen to calculate the transmittances in our study. The estimated
transmittivities are compared with the results calculated by FMM, to evaluate the valid
one of the EMT. Besides, one should be noted that it is inappropriate to use EMT when
higher order diffraction waves rather than zeroth order begin to propagate because
EMT is based on the premise of only the zeroth diffraction order propagating.

For the second-order EMT on the A4/4, the effective indices of the refraction (as-
suming that permeabilities of both the incident and substrate medium are equal to free
space’s permeability) are represented by [15, 16]

1/2
NCO R PO 1 2920 2, 5 502
P R o LA AR @)
when E is perpendicular to grating vector K (TE polarization) and by
5 1/2
2 0 1 (AN 2,2 2 1 0 0
O PSR PP 0 W Y R R
3\4 né no

when E is parallel to grating vector K (TM polarization). In Egs. (4) and (5), f is the
duty cycle of lamellar structure, and n(T(Q and n(T?\}I represent the effective indices of
refraction for the zero order EMT approximations, respectively, as

ny = [- g ] ©)
1/2
1 —
n%=[n{+fﬂ ™)
g

For a sawtooth surface grating profile in Fig. 1, it can be approximated as a large
number of lamellar grating layers in which they have different duty cycles f in depth
direction as shown in Fig. 3. As the number of the divided layers is increased, the con-
sistency to the shape of the blazed grating is enhanced. Hence the region of grating
surface can be considered as a stack of effective homogeneous thin films. The effective
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Fig. 3. The effective film stack of an approximated N-level for a period of surface microstructure.
The n(q) is the effective index of refraction for each layer, and the thickness of each layer is d/N.

refractive index changes from incident medium to substrate. Using the optical film
theory with the effective refractive index in each divided layer, the transmittance of
this layered structure can be calculated.

In Fig. 3, a single period of a sawtooth structure profile with the total thickness d
is divided into N layers. Thus, the thickness of each layer is d/N, and the filling factor
for the g-th layer is

f, = 4IN ®)

According to the matrix method of the film theory [5], the characteristic matrix of
a gather of NV layers is

{B} _ ﬂ cos(d,) isin(d,)/n,| | [1 ©)
C g=1 ir]qsin(éq) cos(éq) /B

where J, = 2ndn(g)cos(8,)/NA and 1, = non(q)rgcos(,) for TE polarization, 5, =
= 11on(q)rm/cos(d,) for TM polarization, where J, is the phase for g-th layer, n(q) is
the effective refractive index of g-th layer, 7, is the optical admittance in free space

(no= (80//10)1/ 2=2.6544 x 107 S)and 1, 1s the optical admittance of substrate. We can
calculate the value of 6, according to Snell’s law if 6, the incident angle, is known,

nysin(6,) = ngsin(6,) = nqsin(ﬁq) (10)

Let Y be C/B, the reflectance of the blazed grating is

Y Y Y
R = Moy Mo (11)
;70+Y 170+Y
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then regardless of the loss of the grating material, the transmittance is

T=1-R (12)

3. Calculated results and discussion
3.1. Diffraction efficiency of rigorous vector method of FMM

Figure 4 shows the transmittances calculated by FMM as a function of the normalized
period at normal incidence for a sawtooth phase grating. The transmission property
with two groove depths, 0.51 and 1.04, is estimated for TE and TM polarizations, re-
spectively.

From Fig. 4, we can see that the transmittances of both 0 and 1 orders trend to
a constant when the normalized period increases to a few wavelengths of the incident
light. It is clear that the transmittance of +1 order is different from that of —1 order
because of the asymmetric structure of the grating. Furthermore, when the period of
the surface structure is much smaller or larger than the wavelength, the diffraction ef-
ficiency as a function of the normalized period can be approximately represented by
a straight line. So, it is expected that the simplified methods of the EMT and SDT can
be accurately applied to analyze the performance of the grating for two ranges of the

1.0 d/A=0.5 1.0 d/A=0.5 1
S 08 - 08}
S
£ 06 — FMM(Oth) 1 061 — FEMM(0th)
c - FMM(-1st) - FMM(-1st)
S 04 —— FMM(+1st) 1 0.4t - FMM(+1st)
Q
o A
£ 02 s 1 0.2t
a 4N .. .- :
0.0 moo’ ’ has g 0.0 M“f‘)"'-
0 1 2 3 4 5 6 0 1 2 3 4 5 6
1.0 d/A=1.0 1 1.0 d/A=1.0 1
> e ° w9
g 08 - 0.8}
S
£ 06 — FMM(0th) 1 0.6 | — FMM(Oth)
c - FMM(-1st) = FMM(-1st)
S 04 -~ FMM(+1st) . 04} —— FMM(+1st)
s A
£ 0.2 s 1 0.2}
[a) L R N T OTTTTTTUT -
0.0 RN b 0.0 -mooots“—“ -
0 1 2 3 4 5 6 0 1 2 3 4 5 6
NI NI

Fig. 4. Transmittances for the refractive index n, = 1.5 versus the normalized period at normal incidence.
TE (a) and TM (b) polarization with the normalized groove depth d/2 = 0.5; TE (¢) and TM (d) polari-
zation with the normalized groove depth d/A = 1.0.
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period-to-wavelength ratio. However, when the period approaches to the wavelength
of incident light, the characteristics of transmittance do change significantly, and the
methods of the EMT and SDT are inapplicable. In this case, a rigorous vector theory
must be applied to calculate the diffraction characteristics. The quantitative analysis
and comparison between the rigorous vector method of FMM and both simplified
methods of SDT and EMT will be implemented in next sections.

3.2. Validity of scalar diffraction theory

To quantitatively analyze how normalized period, normalized depth, and polarization
of incident light influence the accuracy of the SDT, we present plots of 0 and 1 orders
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Fig. 5. The comparison of diffraction efficiencies between the SDT and FMM at d/4 = 0.5 as a function
of normalized period: without (a—c) and with (d—f) the Fresnel reflection effect.
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transmission efficiencies versus period/wavelength and versus depth/wavelength at
normal incidence. In this part, we also demonstrate a significant enhancement of the
accuracy of SDT by considering Fresnel reflection effect.

Figure 5 shows the comparison of the transmittances calculated by the scalar dif-
fraction theory and FMM versus the normalized period for TE polarization at d/4 = 0.5.
In Figs. 5a—5c, the diffraction efficiencies were calculated without the Fresnel reflec-
tion effect. This effect is considered in Figs. 5d—5f. From Eq. (2) we can obtain that
the transmittance is independent of the period of a surface profile so that the result pre-
dicted by the SDT is shown by a straight line. Additionally, it is clear that the trans-
mittance from the scalar diffraction is well in agreement with that estimated by FMM
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Fig. 6. The difference of diffraction efficiencies versus the normalized period between two cases with
and without the Fresnel reflection effect at d/4 = 0.5: TE (a—c), and TM (d—f) polarization.
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as A/A > 3 regardless of diffractive order. In Fig. 5a, it can be seen that the discrepancy
between the outcome of the scalar diffraction theory and that of FMM tends to a constant.
The difference is less than about 3% when the value of the normalized period A/ is
more than three wavelengths of incident light. In Figs. 5b and 5S¢, the results of the
SDT are consistent with that of the FMM. Figures 5d—5f show the transmittances cal-
culated by the scalar diffraction theory with the Fresnel reflection effect. Although the
accuracy of SDT with the Fresnel reflection effect for the diffraction efficiencies of
+1 order is slightly influenced, the validity of SDT is indeed enhanced. Importantly,
it can be seen in Fig. 5 that the validity of SDT for calculated diffraction performance
is significantly improved by considering the Fresnel reflection effect, especially for
zeroth diffraction order.

In order to intuitively analyze the difference of calculated results between FMM
and SDT, we demonstrate quantitatively the error of diffraction efficiencies between
these two methods with respect to the normalized period, see Fig. 6.

In Figure 6 it is clear that the error with the Fresnel reflection effect is smaller than
that without the Fresnel reflection effect as the normalized period increases. Also, the
Fresnel reflection effect to enhance the accuracy of SDT for TE polarization is more
effective than that for TM polarization. Particularly, for the +1 order diffraction effi-
ciency as shown in Figs. 6b and 6e, the error between FMM and SDT with the Fresnel
reflection effect is slightly larger than that without this effect, regardless of the polar-
ization of incident light. The reason causing this phenomenon is in research. Mean-
while, it is worth mentioning that the diffraction efficiency of +1 order from SDT is
in agreement with that from FMM with the divergence less than 2% for TE wave. In
Fig. 6d, in the region of 0 < A/A < 8.3, the transmittivity of zero order without the
Fresnel reflection effect calculated by the SDT is closer to the consequence by FMM,
but when A /4 > 8.3 the result is opposite.

To display the accuracy of the scalar method with respect to the normalized groove
depth in detail, the comparison of diffraction efficiencies calculated by the FMM and
SDT for TE polarization with discrete values of 4/4 is shown in Fig. 7. Here, the dif-
fraction efficiencies were calculated by SDT without the consideration of the Fresnel
reflection effect.

Figure 7a indicates that the SDT seems to be valid for zeroth order diffraction effi-
ciency when the normalized groove depth is less than 1.0 with the error of less than 5%
for A/A = 2.0, but for +1 orders the validity is good only when the normalized depth
is less than 0.5. When A/4 = 4.0, the zeroth order diffraction efficiency calculated by
the SDT is well in agreement with the result estimated by FMM for the range of
d/A £ 2.0, but the diffraction efficiencies of =1 orders from the scalar method are co-
incident with that computed by FMM for d/4 < 1.0 shown in Fig. 7b. Moreover, when
A/4=6.0 in Fig. 7¢c, the validity of the SDT begins to become better, especially for
Oth and +1st orders. At A4/4 = 8.0 in Fig. 7d, the results of diffraction efficiencies cal-
culated by the scalar theory are well in agreement with that of FMM for both Oth and
+1st orders in the region of 0 < d/4 < 5.0, but for —1 order the accuracy of the scalar
theory is lower at 1.5 < d/1 < 2.5. Therefore, it can be concluded that the accuracy of
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Fig. 7. The comparison of transmittance characteristics between the scalar method neglecting the Fresnel
reflection effect and the FMM for the Oth and £1st orders, respectively, with respect to normalized groove
depth. The outcomes are computed at normal incidence for n, = 1.5, and for the normalized period of
2.0 (a), 4.0 (b), 6.0 (c) and 8.0 (d).

the scalar theory with respect to the normalized groove depth increases as the normal-
ized period of the surface microstructure increases. From the scalar diffraction theory
it can be concluded that the greater is the normalized period the better is the transmit-
tance which agrees with the calculations done with the rigorous vector method.
Furthermore, we also quantitatively compared the diffraction efficiencies from FMM
and those of SDT with the consideration of the Fresnel reflection effect as shown in
Fig. 8. It is obvious that the results considering the Fresnel reflection effect are more
precise than that without this effect, especially at lower groove depth. In Fig. 8, at
0 <d/2<0.5 for the comparison of zeroth order diffraction efficiency, the results es-
timated by FMM and SDT are almost the same. However, a larger error between FMM
and SDT is found in this range of groove depth in Fig. 7. Hence, the validity of SDT

with the Fresnel reflection is significantly enhanced.

Additionally, the comparison of diffraction efficiencies predicted by the two meth-
ods for TM polarization incidence shows that the accuracy of the scalar theory is com-
parable with that of the TE case. Thus we can come to a conclusion that the results
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calculated by the scalar theory considering the Fresnel reflection effect are better than
those without the Fresnel reflection effect especially for Oth and +1st orders.

3.3. Accuracy of effective medium theory

When the period of a surface microstructure is much smaller than the wavelength of
the incident light, in general, EMT can be used to estimate its optical property. In order
to apply EMT effectively for designing and analyzing a sawtooth blazed phase grating,
we quantitatively evaluate the validity of the zero and second order EMT at normal
incidence.

Figure 9 shows the transmittances calculated by the rigorous vector theory and ef-
fective medium theory of both zeroth and second orders at the fixed groove normalized
depth, 0.5 and 1.0, versus the normalized period for TE and TM polarization, respec-
tively. In Fig. 9a, it is intuitively clear that the transmittances for zeroth and second
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Fig. 9. The comparison of transmittance characteristics for FMM, zeroth and second orders EMT as a func-
tion of normalized period at normal incidence: for TE (a) and TM (b) polarization with d/4 = 0.5, and for
TE (¢) and TM (d) polarization with d/A = 1.0.

orders EMT are extremely approximate to the results derived by FMM as A/1 < 0.1
which is a quasi-static limit. When the normalized period exceeds this range, the dif-
ference of the results from zero order EMT to FMM increases and the results from zero
order EMT are greater than those of FMM. However, the calculated transmittivity from
second EMT is well in agreement with that estimated by FMM at 4/1 < 0.4. Thus, it
is clear that the accuracy of second order EMT to calculate transmittance of phase grat-
ings is higher than that of zero order one. Generally, it is believed that the effective
medium theory is invalid as the feature size of surface structure larger than 1/10 of
incident wavelength. From our conclusions, it can be seen that the validity of EMT is
immensely extended in an applicable range.

For TM polarization in Fig. 9b, the results are in a good agreement with those cal-
culated by both EMT and FMM when 0 < 4/1 < 0.667 in which the maximum differ-
ence is less than 0.1%. However, beyond this range, the diffraction efficiency
calculated by FMM rapidly declines because the higher-order diffraction waves begin
to propagate. Hence it is inappropriate to estimate the performance of optical elements
using the EMT. Furthermore, it is clear that for the refractive index of 1.5 and the fixed
normalized groove depth of 0.54, the accuracy of EMT for TM wave versus the nor-
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Fig. 10. The transmittances for rigorous vector theory, zeroth and second order EMT versus normalized
groove depth; TE (a) and TM (b) polarization with the normalized period 4/4 = 0.65.

malized period is higher than that for TE wave at 0 < 4/4 < 0.667. Figures 9¢ and 9d
show that for both TE and TM polarizations the diffraction efficiencies calculated by
both zeroth and second order EMT are extremely approximate to that derived by the
FMM when higher diffraction orders rather than zeroth order are not propagating in
the range of 0 < A/ £0.667. It seems to be concluded that the larger the normalized
depth is, the better the results from EMT agree with those of FMM.

In order to further research the influence of groove depth for the limitation of EMT,
Figure 10 shows the transmittance as a function of the normalized groove depth for
TE and TM polarizations, respectively. And the period of the grating is fixed to be 0.651
according to the above discussion. For TE polarization shown in Fig. 10a, it is clear
that when 0.25 < A/4 £ 0.6, the error is larger, reaching to about 0.5%, but beyond this
range the results calculated by the EMT are in agreement with those by the FMM. For
the TM polarization shown in Fig. 10b, it is obvious that the transmittances of EMT
agree well with those from FMM in our calculated domain, and the maximum diver-
gence between the zeroth order EMT and FMM is about less than 0.1%. Then, it is con-
cluded that the accuracy of EMT for TM polarization is higher than that of TE mode.
Also, the validity of EMT is primarily dependent on the normalized period for a saw-
tooth blazed surface microstructure, and the effect caused by groove depth is slight.

4. Conclusions

The validity of both the SDT and the EMT is quantitatively demonstrated for precisely
analyzing and designing a sawtooth phase grating with the refractive index n, = 1.5 at
the normal incidence. It is useful for the SDT without the Fresnel reflection effect that
when the normalized period is more than three wavelengths of the incident light within
the error of less than 3% regardless of the polarization and diffraction order. And the
validity of the SDT increases when the normalized period increases. Besides, the re-
sults calculated by the SDT with the Fresnel reflection effect are more precise than
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that from the SDT without the Fresnel reflection effect. Thus, by considering the effect
of Fresnel reflection, the accuracy of SDT can be significantly enhanced. Furthermore,
as 0 £ 4 £0.667 in which only zeroth order diffraction wave is to propagate, the EMT
is accurate to compute the diffraction efficiency within the difference of less than 1%.
For TE polarization, the diffraction efficiencies of both zeroth and second orders EMT
are well in agreement with that of FMM except for 0.25 < d/1 <0.6. However, for
TM polarization, the results from EMT are more exact than those of TE polarization
as a function of the normalized groove depth.
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