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Abstract: Determination of the global uniaxial compressive strength of rock mass on the basis of the Hoek–Brown failure crite-
rion requires knowledge of the strength parameters: cohesion and the angle of internal friction. In the conventional method for
the determination of these parameters given by Balmer, they are expressed by the minimum principal stress. Thus, this method
does not allow for the assessment of an impact of hydrostatic pressure and stress path on the value of cohesion, friction angle and
global uniaxial compression of rock mass. This problem can be eliminated by using the Hoek–Brown criterion expressed by the
invariants of the stress state. The influence of hydrostatic pressure and the Lode angle on the strength parameters of the rock
mass was analysed.
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1. INTRODUCTION

A limit state in the rock mass arises when the
stress in it reaches certain limits. This condition
causes destruction as a result of brittle or ductile
fracture. Depending on the values of stress in the
material, the speed of stress or strain increase and the
temperature values, the same material can act like
a ductile (malleable) or brittle material. Research
conducted, among others, by Paterson [16], Mogi
[13], [14] and Kwaśniewski [11] showed that the
toughness of rock increases with increasing circular
pressure ( p = σ2 = σ3) in the conventional triaxial
compression, with an increase in the minimum prin-
cipal stress σ3, and/or by reducing the value of the
intermediate stress σ2 under triaxial compression
conditions (σ1 ≠ σ2 ≠ σ3), and also with the tem-
perature increasing. In addition, the ductility of rocks
increasing with decreasing pore pressure and strain
rate. Therefore, it is necessary to formulate the
boundary conditions so that they express well the
impact of relevant factors on the strength of the
boundary rocks. There are many criteria for strength,
differentiated by the theories of origin, i.e., the theo-
ries of stress, deformation, energy and statistical
theories of slots [11]. There are also purely empirical
strength criteria developed on the basis of various

rocks in various states of stress. The description of
these criteria are included in the works by Kwaśniew-
ski [11] and Brady and Brown [2]. Empirical criteria
are one of the directions of research in the destruction
process in the rock mass. The solutions obtained with
consideration given to empirical criteria of strength
solutions which describe the behaviour of the rock can
be particularly useful in studies of the rock mass as
a discontinuous medium. Due to the fact that the rock
mass should be seen as a discontinuous medium and
only relatively rarely as a continuum, the significance
of these solutions increases.

Currently, one of the empirical criteria used is
a version of the Hoek–Brown failure criterion devel-
oped for uncracked and cracked rock mass. The
characteristics and guidelines for the use of the
Hoek–Brown criterion are presented in the work of
Hoek [5], [8].

Hoek and Brown [6] introduced the concept of
global uniaxial compression σcm of a rock mass that
meets the Hoek–Brown failure criterion. Its value is
determined according to the Coulomb–Mohr relation-
ship

ϕ
ϕσ

sin1
cos2

−
=

c
cm (1)

where
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c – cohesion of the rock mass as Hoek–Brown
material,

ϕ – internal fraction angle for the rock mass as
Hoek–Brown material.

In the conventional method of determining c, ϕ
and σcm, based on the theory of Balmer [1], the influ-
ence of the minimum principal stress on the values of
these parameters is taken into account, but the impact
of the intermediate principal stress, the hydrostatic
pressure and the stress path is not considered.

Lee et al. [12] proposed a method that eliminates
the inconvenience of conventional solutions by mak-
ing use of invariants in the state of stress. Appropriate
calculations were made to assess whether it is impor-
tant to take into account the hydrostatic pressure
and stress path in the solution determining the pa-
rameters c, ϕ and σcm. Based on the results of calcu-
lations an analysis and assessment of the effects of
hydrostatic pressure and the Lode angle on global
uniaxial compressive strength of rock were made.

2. THE METHOD
OF DETERMINING THE COHESION
AND INTERNAL FRICTION ANGLE

OF THE ROCK MASS

The angle of internal friction and cohesion, these
being the parameters needed to determine the global
compressive strength of the rock mass, can be deter-
mined by the method of the tangent to the envelope of
the largest Mohr’s circles, which is a graphic image of
the Mohr limit state condition.

According to Mohr’s theory, reaching the limit
state of the material depends on shear stress occurring
on the surfaces of destruction. This condition can be
expressed as

⎢τ⎢ 0)( =− nf σ (2)

where
|τ| – absolute value of the shear stress,
f (σn) – the function of normal stress acting on the

surface of the destruction.
Equation (2) is determined experimentally. σn and τ

values fulfilling equation (2) depend on the difference
of normal stresses σ1 and σ3. The points fulfilling the
equation |τ| = f (σn) form an envelope of Mohr’s cir-
cles in the coordinate system (σn, τ) (Fig. 1).

The angle between the plotted tangent to the en-
velope and the abscissa is the angle of internal fric-
tion. The Y intercept of the tangent with the ordinate

axis corresponds to the value of consistency. The
method of tangent to the Mohr envelope is a biased
method. More detailed designation of these parame-
ters can be achieved with computational methods. One
such method uses the Balmer solution.

Balmer [1] gave a relationship for the setting of
the values of shear stress and normal stress acting in
the plane of destruction (shear), which have the fol-
lowing form

3

1
3)(

σ
σσστ

∂
∂

−= nff , (3)

1
3

1

31
3

+
∂
∂

−
+=

σ
σ

σσσσ nf , (4)

where
τf, σnf – normal and tangential stress at the surface

of destruction,
σ1, σ3 – principal stresses.
In order to determine the instantaneous values of

the angle of internal friction ϕi (for data values σ1

and σ3) advantage is taken of the fact that the section
plane is inclined to the direction of the minimum prin-
cipal stress σ3 at the angle α of [9]

⎟
⎠
⎞

⎜
⎝
⎛ +±= °

2
45 iϕα (5)

Angle ϕi is described by the relationship obtained
from the transformation of equation (5) for positive
values of the angle α

°−= 902αϕi . (6)

Fig. 1. The envelope of Mohr’s circles expressing the limit state
of the material [12]
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Stress τf and σnf occurring in the plane of the
specified angle α are shown by point A on the Mohr
circle (Fig. 1). The Mohr’s circle displayed corre-
sponds to the limit values of the principal stresses
σ1 and σ3.

Figure 1 implies that

BC
AB

=αtg . (7)

After taking into account equation (7), the expres-
sions for the lengths of segments AB and BC, result-
ing from Fig. 1, this equation takes the form

nf

f

σσσ
τ

α
−

+
=

2

tg
31

. (8)

Applying relationships (3) and (4) in formula (8)
leads to

⎟
⎟
⎠

⎞
⎜
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⎝

⎛

∂
∂

=
3

1arctg
σ
σα . (9)

Instantaneous value cohesion ci, i.e., for the values
of σ1 and σ3, is determined by the tangent to the Mohr
envelope using the relationship resulting from the
condition of the Coulomb–Mohr strength

inffic ϕστ tg−= . (10)

For a rock meeting the Hoek–Brown generalisa-
tion, the failure criterion is described the relation-
ship

a

c
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31 (11)

where
σ1, σ3 – principal stresses,
σc – strength of uncracked rock to uniaxial com-

pression,
mb, s, a – material constants for the rock mass [8],

shear stress τf and normal stress σnf are calculated
from the relationship
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Hoek–Brown’s material constants are defined by
the following relationships

⎟
⎠
⎞

⎜
⎝
⎛

−
−

=
D

GSImm ib 1428
100exp , (14)

⎟
⎠
⎞

⎜
⎝
⎛

−
−

=
D

GSIs
39
100exp , (15)

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−−⎟

⎠
⎞

⎜
⎝
⎛−+=

3
20exp

15
exp

6
1

2
1 GSIa , (16)

where
mi – constant for intact rock [7],
GSI – Geological Strength Index,
D – coefficient depending on the type and extent

of violations of the rock mass; for weak rock mined
with explosives D = 0, for rock strengths mined with
a mechanical miner D = 1 [8].

The angle α is calculated from the following
equation obtained by formula (9) after substitution of

3

1

σ
σ

∂
∂  with the expression resulting from the Hoek–

Brown criterion
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3. THE HOEK–BROWN CRITERION
EXPRESSED BY THE INVARIANTS

OF THE STRESS STATE
AND THE LODE ANGLE

The Hoek–Brown failure criterion (11) ignores the
effect of the intermediate principal stress σ2 on the
strength of the material. This problem can be solved
by expressing the condition endurance using invari-
ants of the stress state, such as p, q and Θ invariants.
These invariants constitute the principal stresses in the
cylindrical coordinate axes, while axis q and angle Θ
belong to the deviatoric plane (given in the equation
σ1 + σ2 + σ3 = const, in which p = const, q = var),
which is perpendicular to the hydrostatic axis σ1 = σ2
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= σ3 and inclined to three principal stress axes in the
same angle. Thus, the stress state in the space of prin-
cipal stresses can be represented in a Cartesian coor-
dinate system P(σ1, σ2, σ3) or cylindrical P(p, q, Θ)
(Fig. 2) [3].

Cartesian vector OP  has components =kOP
],,[ 321 σσσ  (Fig. 2), while for a cylindrical arrange-

ment 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
= Θ,

3
2,3 qpOPc  or ],,[ Θρξ=cOP  [10],

where p3=ξ  and q
3
2

=ρ  are respectively the

hydrostatic and deviatoric stress state vector compo-
nents in the principal stress space [4].

Invariant p (meaning stress or hydrostatic pres-
sure) is given by

3
1Ip = (18)

where I1 – the first invariant of the stress tensor.
Invariant q (stress intensity) is calculated from the

following relationship

23Jq = (19)

where J2 – the second invariant of deviatoric stress
tensor.

The angle Θ (Lode angle) determines the position
of the point P (Fig. 2) in the deviatoric plane distant
from the coordinate origin (σ1, σ2, σ3) by the value
of ξ, where θ is calculated from

3
0;

2
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where J3 – the third invariant of deviatoric stress
tensor.

The angle Θ and the relationship between Θ, J2
and J3 were first given by Nayak and Zienkiewicz
[15].

Overall, the value of Lode angle indicates
whether the stress state corresponds more to triaxial
compression conditions (Θ = 0), or to triaxial exten-
sion (Θ = 60°).

The principal stresses and invariants ),,( Θρξ  de-
pend on the relationships:
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The generalised version of the Hoek–Brown
strength criterion (11) expressed by invariants takes
the form
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Substituting σ3 in relationships (12), (13) and (17)
with equation 3 resulting from relationships (21),
parameters p and Θ are introduced. Thus, the pa-
rameters calculated on the basis of the changed
equations (12), (13) and (17): cohesion, internal fric-
tion angle and global compressive strength of the
rock will depend on hydrostatic pressure and the
Lode angle.

Fig. 2. The state of tension in the principal stress in the Cartesian coordinate system (a) and the deviatoric plane (b) [3]
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4. EFFECT OF MEAN STRESS,
LODE ANGLE AND GSI

FOR INSTANTANEOUS VALUE
GLOBAL COMPRESSIVE STRENGTH

OF THE ROCK MASS

Assuming that the rock mass fulfils the general-
ized Hoek–Brown criterion, and assuming the parame-
ter values of the criterion, i.e., mi = 10, σc = 70 MPa
and D = 0, the influence of hydrostatic pressure, the
Lode angle and GSI for instantaneous value global
compressive strength rock massif σcmi were calculated
according to the formula:

i

ii
cm

c
i ϕ

ϕσ
sin1
cos2

−
= (23)

where ci, ϕi – the instantaneous cohesion and internal
friction angle for the centre meeting the Hoek–Brown
criterion respectively (11).

Figure 3 shows the change in the instantaneous
value of ϕi angle of internal friction, instantaneous
cohesion ci and instantaneous compressive strength of
the rock mass σcmi depending on the hydrostatic pres-
sure p for the conditions similar to the triaxial com-
pression (σ1 > σ2 = σ3, Θ = 0°). Figure 3 (and subse-
quent figures) present only the results of calculations
obtained for the principal stress σ1 > 0 (compression)
and σ2 ≥ 0, and σ3 ≥ 0. However, the results of calcu-
lations obtained when at least one of the principal
stresses is less than zero (extension) were not in-
cluded. The calculations show that the instantaneous
value of the angle of internal friction decreases expo-
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Fig. 3. Dependence of instantaneous global value
of compressive strength σcmi, cohesion ci and angle

of internal friction ϕi of the rock mass on the value GSI
and hydrostatic pressure p

nentially with the increase in hydrostatic pressure p.
Instantaneous values of cohesion grow non-linearly
with increasing values of p. The instantaneous global
value of the compressive strength of the rock mass
exhibits a non-linear increase with increasing hydro-
static pressure, the growth rate being high. GSI has
a clear impact on the changes of the parameters ana-
lysed. For given p-values, higher values of GSI corre-
spond to higher values of the analysed parameters.

Figure 4 shows, for the values of GSI 70 and 45, and
values of the Lode angle Θ = 0°, Θ = 30° and Θ = 60°,
the changing output of compressive strength of the
rock mass, depending on the hydrostatic pressure.
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Fig. 4. Dependence of global compressive strength σcmi,
cohesion ci and internal friction angle ϕi of the rock mass

on the Lode angle Θ and the hydrostatic pressure p;
(a) GSI = 70, (b) GSI = 45 (only for σcmi)

The analysis of the angle of Θ = 0°, Θ = 30°, Θ =
60° is illustrated by the conditions of triaxial compres-
sion (σ1 > σ2 = σ3), pure shear (σ2 = (σ1 + σ3)/2) and
triaxial extension (σ1 = σ2 > σ3), respectively.

For both values of GSI the increase in the value of
the Lode angle corresponds to a temporary decline in
the global value of the compressive strength of the
rock mass σcmi for the same value of hydrostatic pres-
sure p. The same relationship is manifested in instan-
taneous cohesion. In contrast, the temporary internal
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friction angle reaches the highest value for the Lode
angle of 60°. The rate of change of the instantaneous
resistance to compressive strength of the rock mass
depending on the Lode angle is greater for GSI = 70
(Fig. 4a) compared with the value of GSI index = 45
(Fig. 4b). The conclusion is that the Lode angle has
less impact on weaker rock massif (lower GSI value).

The changes of the Lode angle of the analysed pa-
rameters and GSI for hydrostatic pressure p = 42 MPa
are shown in Fig. 5.
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Fig. 5. Influence of the Lode angle Θ in deviatoric plane on
a global compressive strength σcmi (a),

the angle of internal friction ϕi (b) and cohesion ci (c)
of the rock mass

The σcmi value for Θ = 0° and for GSI = 45 is about
31% lower than the value obtained for GSI = 70 with
unchanged values of other parameters. For higher
values of the Lode angle a weaker impact of GSI on
the value of σcmi is observed.

The instantaneous angle of internal friction for the
value p = 42 MPa increases with increasing angle of
Θ, whereas the cohesion is reverse (Fig. 5b and 5c).
The differences in the values of angle ϕi = 70 for GSI
= 45 are larger for higher values of the angle Θ. Over-
all, the increase in the value of GSI for a given value
of Θ is accompanied by an increase in the value of the
angle φi. Differences in cohesion for GSI = 70 in
comparison with the GSI = 45 decreases with the in-
crease in the angle Θ. Cohesion for an angle Θ = 0°

and the GSI = 70 has a value of approximately 18.9%
greater than for GSI = 45, while for an angle Θ = 60°
the cohesion value for GSI = 70 is only higher by
about 8.3% than the value of cohesion for GSI = 45.

5. CONCLUSION

The relation of the generalised Hoek–Brown fail-
ure criterion to stress state invariants makes it possible
to take into account the impact of mean stress and the
Lode angle on the strength parameters of rock mass
that meets this criterion, i.e., cohesion, internal fric-
tion angle and global strength to the uniaxial compres-
sive strength.

The calculations have shown that the internal fric-
tion angle of the rock decreases exponentially with
increasing hydrostatic pressure, and increases the co-
hesion with an increase in hydrostatic pressure. The
global uniaxial compressive strength of the rock mass
that meets the generalised Hoek–Brown criterion in-
creases non-linearly with increasing hydrostatic pres-
sure.

The rate of change of the analysed parameters with
increasing hydrostatic pressure is greater for good
quality rock mass (meaning higher GSI values).

Global uniaxial compressive strength of the rock
mass is greatest when the stress state is triaxial com-
pression (Θ = 0°). The same statement applies to co-
hesion. On the other hand, the angle of internal fric-
tion is greatest when the stress state is triaxial
extension (Θ = 60°). The effect of the Lode angle is
smaller for a weaker rock mass (lower value of GSI).

The dependence of cohesion, friction angle and of
the global compressive strength of the rock mass on
the hydrostatic pressure and the Lode angle turns out
to be more important for good quality rock mass.
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