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STIFFNESS OF RAILWAY SOIL-STEEL STRUCTURES

CZESŁAW MACHELSKI

Wrocław University of Technology

Abstract: The considerable influence of the soil backfill properties and that of the method of compacting it on the stiffness of soil-
steel structures is characteristic of the latter. The above factors (exhibiting randomness) become apparent in shell deformation meas-
urements conducted during construction and proof test loading. A definition of soil-shell structure stiffness, calculated on the basis of
shell deflection under the service load, is proposed in the paper. It is demonstrated that the stiffness is the inverse of the deflection
influence function used in structural mechanics. The moving load methodology is shown to be useful for testing, since it makes it
possible to map the shell deflection influence line also in the case of group loads (concentrated forces), as in bridges. The analyzed
cases show that the shell’s span, geometry (static scheme) and the height of earth fill influence the stiffness of the structure. The soil-
steel structure’s characteristic parameter in the form of stiffness k is more suitable for assessing the quality of construction works
than the proposed in code geometric index ω applied to beam structures. As shown in the given examples, parameter k is more ef-
fective than stiffness parameter λ used to estimate the deformation of soil-steel structures under construction. Although the examples
concern railway structures, the methodology proposed in the paper is suitable also for road bridges.

Key words: soil-steel structure, numerical analysis, stiffness of structure, proof test

1. INTRODUCTION

Soil-steel structures are conventionally divided
into stiff and flexible structures, depending on the
value of dimensionless Duncan parameter λ [1], [2]
and Klein parameter n [3], [4]. If the relation
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/
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>=
aEI

LEgλ , (1)

is satisfied, the structure is classified as flexible. In
formula (1) the technical parameters are: Eg – the
modulus of soil elasticity, EI/a – the flexural stiffness
of the shell corrugated plate circumferential strip
having width a, L – the span of the shell. Thus index λ
characterizes the flexibility of a buried shell. Soil-steel
bridge structures are made of corrugated plates and
usually have higher flexibility λ > 10000. Not much
lower flexibility characterizes structures built up from
precast concrete units [4].

Index λ is used to calculate shell deformations dur-
ing construction [4], [5] and it is of little use for calcu-
lating structures subjected to service loads. It is shown
in this paper that the geometry of the shell (Fig. 1), the
thickness of the earth fill in the crown and pavement,
and the type of load (configuration of forces in a vehi-
cle) are of major importance for bridges. The above
factors are not taken into account in λ.

Fig. 1. Exemplary FEM model of soil-steel structure [2]

At the design stage and then during proof test
loads the stiffness of a bridge structure is verified
using the service limit state condition given in the
standard, expressed by the dimensionless geometric
index

L
w

=ω . (2)

In formula (2), w is the deflection of a bridge
structure (e.g., its main girder or stringer). Index ω is
calculated in the case of beam structures. The value of
w is related to the span L under maximum load Q. It is
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compared with the permissible value given in stan-
dards (e.g., 1/600) for a given type of bridge structure
or its element and the structural material. However, at
the construction stage the deformations of corrugated
plate shells are much larger, reaching ω > 1/40 [4].
The stiffness of soil-steel structures expressed by in-
dex ω, as for bridges, is comparable with that of clas-
sic concrete and steel structures.

In this paper, it is proposed to define bridge struc-
ture stiffness as a ratio of concentrated force P to dis-
placement w caused by this force, as in the formula

w
Pk =    [kN/mm]. (3)

In the case considered, a linear model of the
structure, i.e., linear relation w(P) is assumed. The
minimum value of k as a characteristic of the struc-
ture, i.e., resulting from the maximum displacement
under given load P, is of major importance. In the
case of bridges, such a location of the force P on the
bridge deck is sought at which maximum displace-
ment w occurs. The influence function is used in this
approach [6].

When the force P changes its location along
a straight line, as in railway bridges, the problem re-
duces to the form shown in Fig. 2. According to the
definition of an influence line, displacement w is ob-
tained from the relation

w = P·η (4)

and after substituting it into (3) one gets the for-
mula

η
1

=k     [kN/mm]. (5)

Therefore stiffness k is the inverse of the ordinate
of displacement influence function η. Thus η is also
an index, but one which describes the flexibility of
a structure, as λ in Eq. (1). It follows from relation (5)
and Fig. 2 that the value of k depends on the shape of
the influence function and so on the structure’s ge-
ometry, stiffness distribution EI and the structure’s
support conditions.

Fig. 2. Influence line of beam deflection in midspan

According to Betti’s reciprocity principle, the or-
dinates of the deflection influence function are also
the deflections of the structure’s points under a unit
force load P = 1, as shown in Fig. 2. Thus the deter-
mination of the value of k consists in searching for the
maximum deflection under the force moving within
the defined area (deck area of a road bridge) or along
a line (a railway bridge track). In the case of soil-steel
railway bridges, this point is uniquely located, i.e.,
above the shell crown and under the railway track.
Thus the problem is reduced to the simple solution
consisting in determining the deflection line along the
railway track.

2. STIFFNESS
OF BEAM STRUCTURES

No concentrated forces P appear in practical loads
acting on structures. Therefore force configurations
defined as load Q are used and the structure stiffness
is calculated from the formula

w
Qkq =     [kN/mm]. (6)

In the case of a group of n concentrated forces,
formula (6) takes the following general form

∑

∑

=

== n

i
ii

n

i
i

q

P

P
k

1

1

η
(7)

and when the forces are identical, i.e., P = Pi, one gets

knk n

i
i
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∑
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η
. (8)

Since by assumption η > ηi, as in Fig. 3, the struc-
ture’s stiffness calculated for the configuration of
forces will always be lower than the value of k calcu-
lated from formula (5), thus kq > k.

In the case of load distributed along a section with
the length

Lq = L – 2a, (9)

from formula (6), adopting the symbols given in Fig. 3,
one gets

.k
A
L

qA
qL

k
q

q

q

q
q >== (10)
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Stiffness of railway soil-steel structures 31

Relation kq > k results from the geometrical rela-
tion given in Fig. 3, i.e. from Aq/Lq < η.

Fig. 3. Parameters of deflection influence line
of simply supported beam

Stiffness kq of beam structures with stiffness EI
and span L, considered below, is expressed in the gen-
eral form as

3L
EIkq α= . (11)

Formula (11) is similar to that of equation (1).
However, one should note that EI in (11) represents
the stiffness of a structure, not that of a buried corru-
gated plate as in (1).

The influence of the static scheme and that of the
load configuration on the stiffness of a structure is
analyzed below for the simply supported beam. Cal-
culated values of kq are presented in Table 1.

Scheme 1: the force is located at distance c from
the midspan, as in Fig. 3
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Figure 4 shows the diagram of the relation

icK ηη /)( = (13)

when

348
L
EI

=η . (14)

Scheme 2: a group of three forces located at dis-
tance c from the midspan
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Scheme 3: load distributed along section with
length Lq. Figure 4 shows the diagram of the relation
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Hence the diagram given in Fig. 4, based on equa-
tion (16), has the form
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Scheme 4: load distributed along the beam. When
Ao is the surface area under the diagram of the deflec-
tion influence line of the beam in its midspan, one
gets the constant value

35
384

L
EI

L
Ao = . (18)

Table 1. Load schemes and stiffness of simply supported beam

No. Load scheme Stiffness

1 348
L
EIk =

2
kq = 1.18 k
when
c/L = 0.2

3
kq = 1.12 k
when
a/L = 0.25

4 kq = 1.6 k

Fig. 4. Diagram of relation K(a) and K(c)
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In the case of the static scheme of a multi-span
beam (Fig. 2), the result of calculating k from (3)
depends on the ratio L1/L. When L1/L = 0.2, one gets
α = 141.913, i.e., a result intermediate between α = 48
(simply supported beam) and α = 192 (fixed beam).

3. STIFFNESS
OF SOIL-STEEL STRUCTURE

UNDER CONSTRUCTION

Exemplary results of measurements conducted
during loading a soil-steel structure with the simplest
configuration of forces: a two-axle vehicle, carried out
by Pettersson [7], are presented below. The structure
was built especially for the test purposes. The closed
cross-section of the shell had a drop-like shape
(VM22) and the characteristic dimensions: span
L = 6.04 m and height h = 4.55 m. The analyzed struc-
ture was made from MP 200 × 55 × 2.93 low-profile
metal plates. A loader with the specification shown in
Fig. 5 was used in the tests. The test plan assumed that
the load would change its position in a quasi-static way
and drive along the axis of the roadway especially pre-
pared (without pavement) for the tests.

Figure 5 shows the measured deflection in the
shell crown [2], [4], [7]. The position of the vehicle
front wheel (2P = 221 kN) relative to the shell crown
is marked on the horizontal axis. When x = 0, this
wheel is over the shell crown, as shown in Fig. 5.
The second increase in deflection (Fig. 5) results
from the loading with the other loader’s wheel (2P1 =
69 kN) in the position above the shell crown, i.e.,
when x = 3.4 m.

If the wheel base is large in comparison with the
culvert span, as in the case considered, one can draw
deflection influence lines η on the basis of the deflec-
tion diagram presented in [7]. It is then assumed that
both forces from the wheels of the axle 2P are identi-
cal [7]. Figure 5 shows two lines, which coincide in
the range of –5 < x < –1.5 m, when the second axle of
the vehicle is situated outside the active part of the
soil backfill. Then w(x) = 2P·η. Another common
point of the diagrams is the vehicle’s position when
x = –2.8 + 3.4 = 0.6 m. Then the vehicle’s second axle
is situated over the zero ordinate of the influence line
and w(x) = 2P·η. When x = 2.8 m, the first axle is over
the zero ordinate, while the second axle is in the posi-
tion – 3.4 + 2.8 = – 0.6 m. Then

w(x = 2.8) = 69/221⋅1.4 = 0.437 mm.

Fig. 5. Changes in shell crown deflection w during loader passage and deflection influence line η
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Stiffness of railway soil-steel structures 33

In general, when the two forces are in any posi-
tion, values of 2P⋅η(x) are calculated from the equa-
tion

w(x) = 2P⋅η(x) + 2P1⋅η(x – 3.4) (19)

hence

2P⋅η(x) = w(x) – 2P1⋅η(x – 3.4). (20)

Deflection w(x) and the previously determined or-
dinate of deflection influence line η(x = –3.4) are de-
fined in equation (20), according to which the deflec-
tion of the shell crown, when 2P is situated over it,
i.e., at point w(x = 0) = 1.86 mm, is equal to

2P⋅η(x = 0) = 1.86 – 0.072⋅69/221 = 1.882 mm.

In the tests [7], deflection measurements were
carried out during construction at different values of
soil backfill thickness H (i.e., the thickness of
the backfill over the crown). On this basis the
changes in structural stiffness as a function of kq(H)
were calculated and are given in Table 2. Because
of the specific structure of soil-steel bridges, the
earth backfill (particularly, its thickness H as in-
dicated by the results presented in Table 2) has
a significant influence on their stiffness [8], [9]. In
the case of road bridges, the value of k is signifi-
cantly influenced by, e.g., the asphalt pavement [2],
[4], [10].

In the case of beam static schemes, influence line
length L is also their span, as shown in Fig. 2. The
shape of the deflection influence line in Fig. 2 is
similar to the longitudinal profile of the shell deflec-
tion influence surface in the soil-steel structure, shown
in Fig. 5. The L assumed for structure stiffness calcu-
lations is usually close to the larger horizontal dimen-
sion (span) of the shell.

4. STIFFNESS
OF RAILWAY STRUCTURE

ACCORDING TO STANDARDS

In the case of short-span structures, such as soil-
steel structures, deflection of the shell is not influ-
enced by the total vehicle weight Qn, but by the vehi-
cle’s configuration of axles, wheel base c and axle
load P. Taking into account relations (2) and (6) one
gets

.
ωωω

nn
n

q
c

P
L

Qk =
⋅

≈
⋅

= (21)

In formula (21), qn = P/c is a force uniformly dis-
tributed along the length of the track. In the analyzed
structures the concentrated axle load is distributed
through the track superstructure, as shown in Fig. 6.

In the case of the railway loads considered, for
standard scheme UIC71 one gets

kn c
Pq α

60.1
250

== . (22)

Using formulas (21) and (22) one can calculate the
permissible (minimum) stiffness of a railway bridge.
Assuming that the railway structures considered were
designed for permissible index ω = 1/800 (as for high
speed trains), one gets

kN/mm.kkUIC
qk αα
ω

12510800
60.1

250 3 =⋅== − (23)

Stiffness kUIC determined in this way has a general
applicability, since it applies both to classic beam
bridges and soil-steel bridges. In the latter case,
a small span L of the analyzed element, due to the
simplification used in formula (21), is assumed, i.e.,

cPLQn // ≈ .

Table 2. Changes in structure stiffness during construction

Hight
of cover
H [m]

Deflection
w [mm]

Stiffness
k [kN/mm]

0.75 6.77 32.6

0.90 4.32 51.2

1.20 2.97 74.4

1.50 1.86 118.8
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5. TESTING STIFFNESS
OF RAILWAY STRUCTURE

The shell of the soil-steel bridge in Prabuty was
made of Super Cor SC 380 × 140 × 7 corrugated
plates [2], [4] with sectional overlays (plates shifted
by one panel) made of SC 380 × 140 × 5.5 corrugated
plates. According to the manufacturer’s specifications,
the circumferential SC-35B shell strip had a box ge-
ometry [2], [4]. The shell’s characteristic dimensions
were: span L = 7.945 m, height h = 2.370 m and upper
radius of curvature R = 8.820 m. Its upper width
Bg = 13.8 m and lower width Bd = 21.36 m. The
structure was characterized by a very small structural
height hk = 1.20 m calculated according to

hk = H + hn (24)

which, taking into account the total thickness of the
60E1 track superstructure on ballast and pre-stressed
concrete sleepers, gives a 0.95 m thick layer, re-
sulting in the small earth fill thickness in the crown:
H = 1.20 – 0.95 = 0.25 m.

Fig. 7. Loading soil-steel structure with locomotive

The structure was designed for railway load class
k + 2. The ST44 locomotive shown in Fig. 7 was used
in the proof test load. Inductive sensors with a reading

range of 0–50 mm and a sensitivity of 0.01 mm were
used to measure deflections. The quasi-static load
position change methodology, consisting in the loco-
motive passage at a constant step, in this case
amounting to two sleepers, i.e., about 1.3 m, was
adopted. In these positions the measurements were
automatically recorded by a computer and diagrams of
the variation in shell crown deflection during the lo-
comotive passage were created on their basis.

Loading with multi-axial rail vehicles is used in
proof tests. In the case of short-span structures, such
as soil-steel bridges, the shell deflection results only
from some part of the total load. Therefore only
n vehicle axles situated on the deflection influence
line contribute to the maximum deflection of the shell
crown, as expressed by the formula

,
w

qL
cw
Pnc

w
Pn

w
Qk q

q ==== (25)

where P is the axle load. Typically the number of
locomotive carriage axles is n = 3 (see Fig. 7). The
effective length of loading with the ST44 locomo-
tive is

Lq = 3⋅2.10 = 6.30 m

and is close to the value shown in Fig. 7, whereas
loading intensity

kN/m7.90
10.2

5.190)44( ===
c
PSTq

is approximately half lower than that arising from the
standard load UIC71.

The stiffness of the structure, calculated on the ba-
sis of elastic deflection w = 3.85 mm (Fig. 8), is

kN/mm.4.148
85.3

5.1903 ===
w
Pnkq (26)

The range of effectiveness of load Q is determined
on the basis of the length (and shape) of the deflection
line for the load changing its position. Since no effects
of single axles are visible on the deflection line, the

Fig. 6. Distribution of UIC71 load through track superstructure
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Stiffness of railway soil-steel structures 35

group of forces in the locomotive carriage can be
treated as a distributed load. Section Lq is close to
deflection influence line length L given in Fig. 8. This
justifies the assumption of n = 3 in formula (21).

Fig. 8. Deflection change w and shape
of shell crown deflection influence line η

In the case of a short-span structure (Figs. 7 and 8),
the shape of the deflection influence line can be repre-
sented also for the locomotive load. Then there is not
a single force, but two sections of a distributed load
with a 2.4 m break between them. The influence line
in this case was related to load P in order to show the
deflection influence line η(x).

Thus it is not necessary to model a soil-steel
structure loaded with the configuration of rail vehicle
forces in order to compare the standard permissible
stiffness calculated from formula (23) and the experi-
mental one calculated from relation (25). This greatly
facilitates the proof testing of railway soil-steel struc-
tures. Therefore structure stiffness kq calculated from
(26) using the proof test results can be the basis for
assessing the quality of the construction works.

6. CONCLUSIONS

As opposed to classic bridges, the characteristic
feature of soil-steel structures is the significant influ-
ence of the earth fill and the pavement acting as the

load-bearing elements. In typical bridges these are
elements which distribute the concentrated load from
the wheels of vehicles. Thus the physical character-
istics of the soil backfill and the method of placing
and compacting it are important for the stiffness of
the structure. In this paper, it is proposed that the
stiffness of a soil-steel structure determined on the
basis of the proof test loads results can be an effi-
cient parameter used for assessing the quality of the
construction works of this type of structures. The
results of analysis of other structures, presented in
Table 3, indicate that the parameter kq, calculated
from (6), is a better parameter than the geometric in-
dex ω assumed in the design guidelines, defined by
formula (2). Parameter kq does not depend on the in-
tensity of the load Q, as in (6).

The moving load methodology presented in this
paper and described in [10] is useful for assessing

the performance of the shell in a structure. It en-
ables mapping of the shell deflection influence line
and determination of the number (n) of effective
axle loads, assumed in formula (25). As shown in

Table 3. Characteristics of tested soil-steel structures

Shell geometry Parameters
Structure span

L [m]
hight
h [m]

Soil surcharge
with pavement

hk [m]

Deflection
w [mm] ω = w/L kq

[kN/mm]
1 3.48 1/2283 164.2Prabuty

(Fig. 7) 2 7.945 2.370 1.20 3.85 1/2064 148.4
Świdnica [10] 15.00 5.232 1.60 2.70 1/5556 214.3
Pieńsk [2] 7.405 1.680 2.05 1.07 1/6920 540.8

Fig. 9. Stiffness as function of bridge span [12]
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C. MACHELSKI36

the provided test results, shell span L is not the only
characteristic parameter of soil-steel structures.

Stiffness of a structure can also be assessed in the
case of dynamic tests – as the so-called static back-
ground. Figure 9 shows test results of two hundred
bridges of different type and static scheme built in
Switzerland [12]. These results indicate that the stiff-
ness of soil-steel structures is similar to the stiffness
of short-span steel-concrete composite bridges.
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