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Comparison of Calculated Excitation Rates with 
Spectral Intensities Measured in a Hollow Cathode

On the assumption that there is excitation only from the ground level by electron impact and only de-excita
tion b y  radiation, and by application of different distribution functions, the calculated intensity of the He-I singlet 
{n1Di — 2lP1) and triplet (n3! ) — 23P) systems are compared with intensities measured in a hollow cathode 
discharge.

The results showed that a much better fit between the calculated and measured values could be obtained by 
applying the Druyvesteyn velocity distribution of the electrons rather than the Maxwellian distribution. The 
greatest limitation of the applied model probably lies in neglecting the diffusion of neutral particles into the plasma.

Introduction

For the calculation of electron tempera
tures [1], excitation temperatures [1] and the 
density of electrons [2] or excited atoms [3] 
in a plasma, it is necessary to have an exact 
knowledge of the intensity values of distinct 
spectral lines. These values are determined 
spectroscopically.

Calculations can be done using certain equa
tions and distribution functions (Saha, Bol
tzmann, Maxwell) [4]. The question is to what 
extent these expressions are valid in a hollow 
cathode discharge, because the plasma in the 
negative glow of a hollow cathode is not in 
a state of local thermal equilibrium (LTE).

This paper presents a comparison of measured 
and calculated values of intensities in order 
to determine whether the accepted equations 
are valid also in the case of a gas discharge 
in a hollow cathode.

Measurement o f intensities

The intensities of some H e-I spectral lines 
in a high current hollow cathode discharge [5] 
at a discharge pressure of p =  1 Tr and a dis
charge current of i =  800 m A were measured 
by means of a Steinheil three-prism spectro
graph and a photomultiplier.

The system was calibrated by using the 
emission of the positive crater of a carbon
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arc whose image was formed at the position 
of the hollow cathode by means of mirror 
optics. The intensities measured are therefore 
absolute values. The investigated spectral lines 
were those of the singlet system n1H 2 -> 2 ,P , 
as well as those of the triplet system n*D -*■ 23P , 
both of which are within the visible range.

Calculation of intensities

A  calculation of the intensity values can be 
done on the basis of the following simple m odel: 
It is assumed that the atoms — at first only 
those of the carrier gas [6] — are excited by  
electron impact (excitation by photons can be 
completely neglected [7]), and that excitation 
occurs only from the ground state. Nonra
diative de-excitation may also be neglected,
i.e. it is assumed that de-exeitation is always 
connected with the emission of a photon. 
W ith these limitations it is now possible to  
calculate the intensity of a line, i.e. its excita
tion rate, from the excitation cross section.

W e thus arrive at the following equation:

hv r
I =  —  ntn0I j  q(ve)vj{ve)dve; (1)

o

I  intensity of a line in erg/cm 2 sec sr,
ne =  electron density,
n0 =  density of gas atom s; n0 =  pjlcTg,
Tg =  gas temperature, 
l =  thickness of layer,
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ve =- electron velocity, 
q(ve) — excitation cross section, 
f(ve) =  electron velocity distribution function, 

normalised to 1,
v =  frequency of the spectral line in 

sec-1 .
Both by spectroscopic measurements [5] 

as well as from probe measurements [2] two 
values were found for nt namely Ca · 1010 cm -3  
and 101* cm -3 . W e thus have two electron 
groups [7]. In  our case only the density of the 
group with the higher energy (ne =  1010 cm -3 ) 
is of any importance, because it is this group 
which accomplishes excitation and ionization 
of the gas. The cross section for excitation can 
be taken from the literature [8].

B y using a Maxwellian distribution for the 
electron velocity distribution function f(ve), 
we can now calculate the intensity of a spectral 
line. W ith ve =  V2Elme (me electron mass), 
v =  e/λ  and the Maxwellian distribution 
function for the electron velocity of the 
form

f{E)dE  =  -  A -  l /  E , e~B,kTdE; (2)
J νπ V (JcT)3 ’ V

we get, besides some terms which can be deter
mined experimentally, an expression which 
contains an integral of the form

0 0

J  q(E)Ee~EIT*dE·,
o

(Te in eV is equivalent to kT in erg). To solve 
this integral we form a sum of subintegrals:
0 0  N  En j .  J

J  q{E)Ee~BIT*dE =  Σ  )  2{E)Ee~BIT*dE. (3)
0 n=0 En

The values of En are now to be chosen in a way 
which permits a linear interpolation for q(E) 
with sufficient accuracy:

W ith this interpolation the subintegrals can 
be solved exactly, and from equation (3) it  
follows th at:

/  q{E)Ee~BITedE =  Γ . j j {  e~B̂ [ q ( E n)(En
0 n -0  1

+ T e) +  - ^  (En+  2Te)Te] - e - ^ + i (5>

Aa(En) I
x [2(-®n+l)(-®n+l +  T e) + - ^ ( ^ + 1  +  2 T e)Te]J .

The calculated intensity 1 ^  therefore is

* tie AEn

X [e-Bn'T*(En +  2 Te) -  e~Bn+dTe {En+1 +  2T J ]

( 6>

In Table the investigated spectral lines and 
the relevant transitions as well as the measured 
and calculated value of the intensities are 
given.

Comparison of measured and calculated values 
of intensities of distinct spectral lines

λ (A) Transition
Inten

sity
(mea
sured)

Intensity
(calculated,
Maxwell)

Intensity
(calculated,

Druy-
vesteyn)

6678 3iDi -> 2 iP , 10 800 8800 9500
4022 4 1 320 4960 4230
4388 6 206 2640 1870
4144 6 41.7 1510 530

6876 3*D-> 2®P 12 700 5360 7250
4471 4 2 860 3920 3380
4026 5 539 1930 960

Inserting an electron velocity distribution 
according to Druyvesteyn in place of a M ax
wellian distribution of the following form

q(E) + B - E .
■®n+l — En& « * ! > - f W f l i  (4) f(E)dE  =  1.039 e-o.**BikT)* dE ( 7)

Introducing the abbreviations En+l —En =  AEn 
and q(.En+t)-q (E n) =  Aq(En) the following 
expression for q(E) is obtained:

q{E) w q(En) +  A q(En) . (4 ')

the intensity values can be calculated similarly 
as with equation (6). The only change in equa
tion (6) is the replacement of the factor 
exp { — EJkT) by exp ( —0.548 {E/kT)*). The 
results of this calculation are listed in column 5 
of Table.
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Discussion

From Table it can be seen that for the 
transition with n =  3 the measured intensity 
value exceeds the calculated values; this is 
particularly pronounced in the triplet system. 
As n increases, the ratio changes and the cal
culated values now become higher than the 
measured ones. Note that the difference bet
ween measured and calculated intensities is 
smaller with the triplet system.

To explain the observed difference between 
measured and calculated intensities it is neces
sary to investigate the population densities 
and the velocity distributions more closely. 
The question arises whether the assumption 
of a population density according to Saha and 
a velocity distribution of electrons according 
to Maxwell is justified.

With most spectroscopic measurements done 
experimentally, e.g. temperature measurements, 
it is common practice to use Saha- and Maxwell 
expressions if local thermal equilibrium (LTE) 
is established. If not, the calculations are usually 
still done using a Maxwellian velocity distri
bution and the assumption is made that the 
population density, at least for the higher 
excited levels [9], will be that according to 
Saha. In doing so, it is, however, assumed that

(a) the electrons are thermalized,
(b) the plasma is spatially extended, i.e. 

no electrons can leave the energetic side of 
the Maxwell distribution before a sufficient 
number of ionizing and exciting collisions have 
occurred.

A velocity distribution according to Druy- 
vesteyn, is, however, valid if electrons are 
introduced into the plasma on the one side 
and leave it on the other side before a number 
of collisions has been sufficient to cause a Max
well distribution. With a Druyvesteyn distri
bution the number of electrons with high ener
gies is therefore much lower, while there are 
much more electrons with lower and inter
mediate energies than with a Maxwell distri
bution (Fig. 1).

This now indicates — of course under the 
assumption that excitation occurs exclusively 
by electron impact and only from the ground 
state — that with a distribution according to 
Druyvesteyn the higher levels of the term 
ladder are less densely occupied.

In trying to explain the large difference 
between measured and calculated intensity

values we must consider some other limita
tions of our model: Firstly, step excitation 
and step ionization: The possibility of electrons 
of some excited atoms being transferred into 
higher energy levels or separated completely 
from the atom before they can emit energy 
in the form of a photon, must be considered.

Fig. 1. Comparison of the Maxwell- and the Druy-
veeteyn distribution functions of the electrons

The probability for this event will, however, 
be negligible at the given pressure of 1 Tr. 
Furthermore, no provision is made for the 
existence of nonradiative transitions, the num
ber of which increases with increasing main 
quantum number. These limitations, however, 
do not explain the observed difference between 
the triplet and singlet systems.

One has to consider that in the case of the 
triplet state — both spin directions parallel — 
excitation with sufficient probability appears 
only if the colliding electron changes place 
with an electron (of the atom) which has oppo
site spin. Because of this stronger interaction 
it takes a certain time for this exchange to 
take place and it is thus only possible if the 
kinetic energy of the colliding electron is not 
too high. Therefore, the function describing 
the excitation cross section of triplet lines 
drops very rapidly once the maximum excita
tion probability at an electron energy of about 
27 eV is passed. The singlet lines, on the other 
hand, have a maximum excitation probability 
at an electron energy of about 40 eV. The 
decrease of the excitation function is appre
ciably less steep than that of the triplet lines.

Considering what has been said, the domi
nation of the triplet system over the singlet 
system can now be understood from a change
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from a Maxwellian to a Druyvesteyn distri
bution. The excitation function for triplet lines 
will increase with the number of electrons 
possessing intermediate energies, while the 
function for singlet lines will decrease. The 
large difference between measured and cal
culated intensity values can be explained in 
the same way.

Another important problem is connected 
with the population density. Drawin [10] 
was the first to point out that diffusion of 
neutral particles into the plasma column might 
also be of importance. Material atoms sputtered 
from the cathode [11] penetrate the negative 
glow of the hollow cathode discharge. Due 
to diffusion, there will always be neutral

Fig. 2. The behaviour of th e  p o p ulation  d en sity  d e
pending on th e  m ain q u an tu m  num ber

Curve 1: local thermal equilibrium (LTE); Saha
Curve 2: non — LTF, stationary
Curve 3: non — LTE, stationary, diffusion of neutral 

particles

carrier gas atoms in the glow region, especially 
if we consider that a continuous gas flow of 
about 1 ml/hr is necessary to maintain a certain 
pressure. Figure 2 shows the influence of this 
diffusion process upon the population density. 
Curve 1 describes a plasma in LTE, i.e. with 
a population density according to Saha; curve 
2 is valid for the stationary non-thermal 
equilibrium and provides a basis for the cal
culations given above. Curve 3 is obtained if 
the stationary non-thermal plasma is subject to 
a diffusion stream of neutral particles.

The fundamental difference between curve 
2 and 3 can be seen in the population density 
for small main quantum numbers. While with 
curve 2 the terms for small quantum numbers 
are underpopulated, reaching a population 
according to Saha with n =  4, we have a distinct 
overpopulation with curve 3, which changes 
to a Saha population only from n =  10.

Because the plasma of a hollow cathode 
discharge is always subject to a diffusion 
stream, the levels with lower main quantum 
numbers are overpopulated instead of being 
underpopulated as they are considered to be 
in our assumptions (curve 2). This can be taken 
as an explanation of the fact that the measured 
intensity values of the relevant transitions are 
relatively high, in spite of losses caused by 
nonradiative transitions, and of the fact that 
the intensity values drop very sharply with 
increasing main quantum number.

Conclusion

An explanation of the large difference between 
measured and calculated intensity values — 
especially at higher main quantum numbers — 
can be summarized as follows:

1. An electron velocity distribution accor
ding to Maxwell is not valid, since the number 
of collisions is too small. A better description 
is given by a distribution according to Druy
vesteyn. Using this function the calculated 
intensity values are smaller, and the triplet 
intensities are higher than that of singlet 
system.

2. Nonradiative transitions — especially at 
levels with high main quantum numbers — 
cause losses when measuring intensity values. 
Step excitation and step ionization can be 
neglected.

3. The population density is influenced by 
a diffusion of neutral particles into the plasma 
which causes an overpopulation of levels with 
smaller main quantum numbers. The measured 
values of intensities of transitions with smaller 
main quantum numbers are thus higher than 
the calculated ones.

It is a -pleasure to acknowledge the helpful 
discussions with Dr 0. G. Malan and the sti
mulating interest and support of Dr G. J. 
Bitter.
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Comparaison entre les intensites spectrales calculees 
et cclles qu’on a mesurees au moyen du tube 

a cathode concave

On a com pare les in te n s ity  des singulets n l D2 — 
— 21P1 e t des trip le ts  n3O—23P du  H e-I avec les 
intensites mesurees au  m oyen du tu b e  a cathode 
concave en ap p liq u an t diffcrcntes fonctions de d istri
b u tion  et en ad m e tta n t q u ’ont lieu seulem ent l’ex- 
citation du  niveau fon d am en tal p a r  collision des 
electrons et rem ission provoquee p ar le rayonnem ent.

Les resu lta ts  presentee m o n tren t q u ’on p eu t obtenir 
une meilleure coincidence des valeurs calculees et 
mesurees q uand on applique la  d istrib u tio n  dee vitesses 
des electrons do D ruvestey  e t non celle de Maxwell.

L ’inconvenient le plus im p o rta n t du  modele utilise 
consiste en ceci q u ’il lie tio n t pas com pte de la  diffusion 
des particulee neutres dans le plasm a.

ConocTaBJieuHe cneKTpajibuou khtchciibhocth, b h - 
MHCJieHHOH nyTeM H3MepeHHH npil IIOMOIIIH JiaMnbl 

C nOJIbIM KaTOflOM

IIpH H H M aa, h t o  B036yiK fleH H e n p o n cx o f lH T  H C x m otH T e jib - 

ΗΟ C OCHOBHOrO ypOBHH n yT eM  CTOJlKHOBeHHS 3JieKTpOHOB 

Η HTO 3MHCCHH, BbI3BaHHaH B03fleHCTBHeM HSJlyHeHHH, a  TaiOKC 

npHMeilHH p a3 H bie  (JjyHXUHH pa3JIOJKeilHM COnOCTaBJISWTCH 

HHTeHCHBHOCTH np0X03KfleHHH rana (nlD2—21Ρχ) H (n3D — 
—23P )  flJIH He-I C HHTeHCHBHOCTbK), H3MCpaeMOH n p n  ΠΟ- 

M o n m  jia w n b i c π ο π μ μ  xaTO flO M .

ΠρκΒβηβΗΗΜβ pe3yjibTaTbi noKa3biBaioT, h t o  m o xc h o  

nojiyiHTb snaTOTejibHO Jiynmee c o o t Ββ τοτΒ Η β  Meatfly b m h h c - 

JieHHblMH H H3MepeHHbIMH BejTHHHHaMH, eCJIH πρΗΜβΗΗΠ. 
pacnpeflejieHae cxopocTea ajiexTpoHoe EpyeecTea b m c c t o  
MaxcBejuia.

Han6oJibmnM HeflocTaTKOM npiiMeHseMOM Moflejin sm- 
iw e T c a  t o , h t o  oH a  H e yHHTMBaeT p a cce x H H a  H efiT p a n b H b w  
flacTHq b  mia3Me.
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