
A detailed technical description of the MOBAR 70 
meter has been published in the Institute of Electrical 
Engineering Reports [4].

Deviations of the indicator values for the fluores
cent tube radiation were equal to about 10 per cent 
for the prototype, but it is expected that, when apply
ing the new correction methods (see [5] [6]) the 
accuracy may be improved.
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Refraction of Light at a Moving Boundary

The refraction of light at a moving boundary bet
ween two homogeneous optically different media 
is investigated in this paper. In accordance with the 
Einstein’s principle of relativity a relativistic genera
lization of the Snellius-Descartes formula has been 
obtained. In particular formulae which determine 
the optical properties of slowly moving refractive 
boundary have been derived.

Introduction

The Fermat principle is the fundamental postulate 
of geometrical optics. The practically applicable 
geometrical properties of light (rectilinear propa
gation in optically homogeneous medium, reversi
bility of light ray, the Snellius-Descartes law) result 
directly from the Fermat variation principle. This 
principle is thus of obvious theoretical importance 
and investigations in this field are much justified.

In particular the problem of relativistic invariance 
of the Fermat principle deserves attention. The use 
of the Minkowski space is natural and the most
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effective in this case. The Fermat formulation can 
be properly generalized [1]. Its relativistic invariance 
is then apparent.

For the instrumental optics the Snellius-Descartes 
laws are of fundamental importance. The purpose 
of this work is to obtain a relativistic generalization 
of the refraction law. The boundary of two homoge
neous optically different media is moving. We are 
concerned with the dependence of the refraction 
angle (reflection angle) on the incidence angle as 
seen by an observer moving in relation to the bound
ary.

The relativistic corrections may prove to be im
portant in certain conditions; using the general 
formulae will then become necessary. The light aber
ration may be regarded' as an experimental confir
mation of the obtained results. The movement of 
reference frame plays an important role here.

The Variational Principle

In the four-dimensional formulation the Fermat 
principle is expressed by a propagation four-vector 
[1]. In our opinion this quantity is worthy of special
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notice. Let us recall here its definition and its basic 
properties.

Let a light wave vector components of the electro
magnetic field be determined by the formula:

- / ( r , t) =  / 0e- iCat- k r^>  =  / 0ei(ki‘xii+'p) (1)

where co — angular frequency of oscillations, r =  
= (x , y, z) — position vector.
According to the definition of wave vector

ciple: the principle of extremal time and the principle 
of extremal optical path [2], [3], [4]. The optical path 
of a light ray is extremal then and only then when 
it is the extremal time path.

The tensor notation of the variation principle 
insures its relativistic invariance. Formula (7) has 
the Lorentz invariance property. Therefore in another 
inertial frame of reference (primed indices) we have:

«5 J X > ;  =  0. (9)

k  =  — s  (2)
c

where c — velocity of light, s — unit vector normal 
to the wave surface.

The wave four-vector k u has the form:

CO
* 1 . 2, 3 =  k x, y . z >  h *  =  (3)c

The world vector x/t is defined in the following way: 
=  x, x 2 =  y, x 3 =  z, x4 =  ic0t (4)

where c0 — velocity of light in vacuum.
Thus the light refraction coefficient n satisfies the 

condition:

The Greek indices ft, v , ... assume the values 1 , 2 ,  
3, 4; the Latin indices i, k, / , . . .  =  1, 2, 3. Repeti
tion index in the product of the same terms indicates 
summation (Einstein convention).

The wave four-vector components are not inde
pendent. It can be [1], that

k„k„ =  Q. (6)

In the four-dimensional formulation the variation 
principle, which determines the propagation of light, 
assumes the following form:

<5 JkpdXp =  0 (7)

(the integration along the world line).
By separating the space and time parts in the inte
grand (7) we obtain

Light Aberration
We change the inertial frame of reference. Then the 

wave four-vector undergoes the Lorentz transfor
mation. According to the . introduced notation we 
have:

. ki+iBk* , -,
k x =  -  -  —. , k 2 =  k2, k 3 =  k 3,

V 1 - p 2
k A =

k A—i$kx 

V 1- /S 2 

( 10)

where . /3 =  —, V — velocity of the reference frame
c0

K' relative to the frame K.
In the frame K  we have

co co
k x = — cosa, kA= i  — · 

c c

In the frame K'

 ̂ l v   ̂ v v

k x --- —cosa', k A =  i— . 
c c

(11)

Expressions (10) on substituting into (11) and (12) 
give

co'cosa'
co (cos a —/5) 

1/ l - j S 2

co(l — |8cosa) 
> =  ----- ---

V i - p 2
(13)

and jointly

cosa'
cosa—P 
1 — ¿fcosa

(14)

Formula (14) determines the light aberration: 
relativistic change in the direction of light propaga
tion caused by a change of the inertial frame of 
reference.

<5 j ( k d r Jrk 4.dxA) =  0

and finally, taking into account (4) and (5), we have

— ô jn d l—nô j d t  — 0. (8)

Thus expression (7) of the variation principle encom
passes two different formulations of the Fermat prin-

The Law of Light Refraction
Let the reference frame K' be rigidly fixed to a ref

ractive boundary (Fig. ). According to our assump
tion, in frame K' the refraction law in the following 
form is satisfied:

«iSina^ =  «'2sina'2 (15)
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u sin a i «2sma2
1—/?cos a2 1—/Seos a2

(20)

K

where «^, ri2 — refractive indices of the adjacent 
media, measured in the frame K'.

In the reference frame K, because of light aberra
tion, the dependence of refraction angle a2 on inci
dence angle a1 is different. For the incidence (refrac
tive) angle on the basis of (14) we have

cosa'
cos a—/3 
1—(8cosa

(16)

Relation (20) is the relativistic form of the Snellius- 
-Descartes formula.

The inverse Lorentz transformation is the Lorentz 
transformation with a parameter — /3. This fact 
allows us to express in a simple way the angle a by the 
aberration angle a ', namely

cosa'+/?
l+ /? c o sa '’

(21)

The path of light ray encountering a moving boun
dary of two optically different media can thus be 
successively calculated from the following formu
lae:

z COSCCi Ô
cosa. = -------------- ,

1—jüeosa!
(22)

. / «1 . / sm a2 =  —sina1 ,
«2

(23)

cosa2+/3
cosa2 =

l+ p c o s a 2
(24)

The refractive angle a 2 can be expressed expli
citly by the incidence angle a i . Making use of the 
“relativistic invariant of refraction — / ” (20) we obtain

In the nonrelativistic approximation (first order 
terms in respect to ft) the Snellius-Descartes formula 
in the frame K  assumes the form:

The refraction invariant « 'sina ' has in conse
quence the following expression:

«'sin a ' =  «V  1—yS2

On introducing the notation

sma
1—jdcosa

« =
V i - p 2

we obtain finally

«'sin a ' =
«sma

l+ /Jcosa

«2 sin a 2 a x+ a 2 . a 2- ai
--------- =  l+2ps in  ----------sin---------- =  1+21.
«iSinai 2 2

(26)

0?) The “kinetic correction — A ” vanishes for the in 
i''

vial case a 2 =  ax (no refraction) and for j8 =  — =  0.
c

In the same approximation (jS2->0) we have

\2(18)
cosa2

+ ' - W
(27)

The optical properties of moving mirror can be 
investigated in a similar way [5], [6]. The reflection

Thus the law of refraction in the frame K  is expres
sed as follows:

angle, according to (14), satisfies the relation:

cosa+/?
cosa =

l+/3cos a
(28)
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Thus the following relation between the reflection 
angle a2 and the incidence angle a1 is the relativistic 
generalization of the law of reflection:

cosax— /? cosa2+/3
1 — jScosaj l+j3cosa2

or after simple rearrangement

(29)

since, sina2
-------- s  = -------- =-r-. (30)
cosax — p  cos a2+ p

Relations (20) and (25) are the solution of the sta
ted problem; they determine the optical properties 
of a moving refraction boundary.
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New Developments in Optics

The most precise measurements have been offe
red by optics for a long time. The invention of laser 
and the growing use of the computer technique have 
increased the measuring precision by some orders of 
magnitude. The greatest progress has been noted recen
tly in measurements of time. Now, the times of order 
of picoseconds are easily measured. With two lasers 
and a microwave generator, stabilized by a molecu
lar generator, it is possible now to determine fre
quencies up to 6-1013 Hz. Carrying out the indepen
dent measurements of frequency and of the wave- 
-lenth allows us to determine the velocity of light 
with a precision unattainable so far.

One of the fundamental sources of information 
is photography. The simple photogram contains 
more than 104 bits of information. The aerial foto- 
graphs of great areas taken by a modern camera con
tain much more information. Two years ago, in the 
newspapers published in the USA there appeared 
a photograph taken from the height of about 13.5 km; 
on which two golf balls were distinctly seen. It is 
quite evident that the abundance of information in
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the photograms of great areas is due to the fact that 
there are not two identical surfaces that are emitting 
or reflecting light in the same way. The cameras 
for long-range photography are usually linked with 
a programmed computer, memorizing millions of 
bits. The immense multitude of information contained 
in such a photogram can be analyzed in a proper 
way by a computer only. A photograph taken by the 
long-range camera can contain more information than 
an encyclopaedia written on 500 pages.

In recent years a new method for optical investiga
tions has been developed in Mahrburg [4, 5, 6]. 
It is believed that the method will have great influence 
on further progress in the field of pure as well as 
applied optics. The above method suggested by 
Blodgett and Langmuir as early as in 1931 [3], has 
been applied only recently in optics of monomolecu- 
lar layers. They are formed from some organic, 
asymmetric compounds; their shape is commet alike 
and there is attached a long chain to the ball. The 
monomolecular layers are usually formed from the 
following substances: arachide acid, palm acid, the 
complex compound of europium or some pigments, 
e.g. cyanin. Especially durable layers are formed 
from salt of arachide acid CdC20. The monomo-
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