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Some Photometric Properties of the Systems 
of Imperfect Polarizers

It is shown that to describe its photometric properties a system of imperfect polarizers can be regarded as one single equivalent 
polarizer. One can define its photometric parameters being of an analogous meaning as in the case of one single polarizer. However, 
this analogy is incomplete, because it does not take into account the state of polarization of the transmitted light. Therefore the 
mentioned parameters of the system well describing the quantity of transmitted light are of little usefulness, if we wish to combine 
the Polaroid system with further polarizing elements.

Polarizing sheets or systems of them are very often 
used in the applied and instrumental optics. They are 
not only useful as sources of polarized light, but their 
photometric properties in many cases serve to achieve 
an easy modulation of light intensity.

Polarizing filters which are used in the technical 
practice are never quite perfect. It is sometimes even 
advantageous to use imperfect polaroids [1]. Some 
good quality and commercially accessible filters may 
also in some cases be regarded as imperfect. As an 
example we can mention the device for optical indi
cation of ultrasound fields [2] in which a polaroid 
system enables a considerable increase of modulation 
extent. The knowledge of the properties of imperfect 
polarizers is useful, too, for study of dichroic po
larizers [3].

The photometric properties of a polarizing sheet 
are usually expressed by two parameters derived from 
its behaviour in the linearly polarized light. These pa
rameters are the maximum T  and the minimum T' 
value of the transmission factor for the linearly pola
rized light, determining at the same time the value of 
the transmission factor TN for the non-polarized light 
by the relation

T+ T'

Another advantageous and frequently used para
meters is the polarization degree K

T ~ T
K  = ------- .

T + T '
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When determining the quantity of light passed 
through the system of several polarizers we have to 
add (besides the data of their mutual orientation) 
another parameter A for every polarizer. This para
meter determines the phase difference of two compo
nents of the transmitted light disturbance with the 
directions of polarization corresponding to the ma
ximum T and minimum T' transmittance.

The calculation of the emergent light is no doubt 
rather lengthy, if there is a greater number of pola
rizers involved, but it is quite elementary. It consists 
in the following up of the light components applying 
to the polarization directions of the maximum and 
minimum light transmission in the individual polari
zers. After the transmission through n polarizers we 
get 2" of components. Half of them apply to the 
direction of polarization corresponding to the maxi
mum transmittance, half to the minimum transmittance 
of the last polarizer.

The calculation of amplitudes and of the phase 
constants of the different components can be mecha
nized. The parameters of the polarizers of the system 
T„ T\ , zl, bear the indication of the index i =  1,2, 
... ,«  (« being the number of polarizers), signifying 
their sequence in the system. The components of the 
resultant light disturbance are marked by the index 
P1 P2 ■■■ P„ containing n ciphers (1 2 3 .../ . . .« ) . The 
index cipher / is marked by a comma /', if the compo
nent’s direction of polarization, when passing through 
the polarizer in question, corresponds to the minimum 
transmittance T- . All components will be got as all 
possible combinations of all index ciphers with a 
comma and without a comma. The amplitude of the 
component equals the product of

/,<■>>/,( A ) ... r„ < «, (I)
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where A is the amplitude of the incident light,

T =  TIp, ‘ n if Pi

T =  T
1  P i  I  ’

if Pi

The coefficient f l {a) expresses the dependence on 
the polarization direction of the incident plane-pola
rized light destined by the angle a measured in con
nection with the first polarizer, being

f i ( a) — cos a, if pi =  1,
f i (a) =  sina, if (pi =  1').

Other coefficients of (1) express the influence of 
the orientation of the different polarizers. They are 
goniometrical functions of the angle /?, formed by the 
privileged polarization directions of the neighbouring
polarizers, i.e. the filter i with the filter i 1, too.

MPi)  = cos/?,· , if Pi-i = 0 - 0 , Pi =  i ,

//(A ) = sin/?,-, if Pi-i  = 0 - i ) ' , Pi =  i,

f m  =  --sin/?,- , if Pi-i =  0 - 1 ) , Pi =

/lift)  = cos/?,·,, if Pi-i = 0 - i ) ' , Pi =  '"·

Similarly for the phase constant <h„ „T p i p 2 .. „ is valid'p t

^PlPl-Pn II (2)

where

A =  o, if p, = i,

A == 4 , if p, =

If we add (with regard to the phase relations) the 
transmitted components of the same direction of po
larization, we get as a result for both directions a har
monic disturbance differing generally in the amplitude 
and in the phase, i.e. the elliptically polarized light. 
The resulting intensity is then obtained by squaring 
and adding the amplitudes of both components.

According to (1) the dependence of the amplitude 
of the single components on the direction of polar
ization of the incident light is expressed by the factor 
/ , ( a), which is either sina or cosa. Every member 
of the resulting formula for calculating the transmitted 
light intensity contains therefore as factors either cos2a 
or sin2a or sina-cosa. The sum of such members 
may be — as known — always expressed in a form 
containing a simple harmonic function of the argu
ment 2a. Thus, the transmittance of the system for 
plane-polarized light can be written as

T L i 2 . . . n  =  M +  Rcos(2a~ cp).

This relation shows that from the view point 
of transmittance the system of imperfect polarizers

can be regarded as one single imperfect polarizer. One 
can therefore define its photometric parameters as being 
of analogical significance as those of one single pola
rizer only. They are: the maximum and the minimum 
transmission factor for the linearly polarized light

T n  „  = M-\- R.

T[2...n =  M - R ,

respectively the transmission factor for non-polarized 
light

Fig. 1. Photometric parameters of a couple of imperfect polar
izers as functions of their mutual orientation 

a) Ki = 0.4, K2 = 0.9, coszl, = 0.2, 
b) Ki = 0.8, K2 =  0.6, cos/t2 =  0.6.

The scale at the ordinate axis indicates the values of the parame
ters divided by the product of 47^, TNl
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<X = 90°

Fig. 2. Ellipticity of the light transmitted through a simple polarizer T, =  1, T[ =  0 .09 ,.I, =  30°

^ j V 1 2 . . . n  —  M

and the degree of polarization

= Ti± ^ z T '± n = R 
12 T ~ mH+ r ~ i2^  M  '

As an example there have been derived parameters 
of a couple of polarizers. They are expressed on one 
hand with the help of parameters 7,, 7,·, on the other 
with the help of TNi, Kh (/ =  1,2).

M = TNl2 =  ( 7 ,+  T[)(T2+ T 2) — (7, -  T[)(T2 - T 2) x  
X cos2ft = 4  TNlTN2(\ + K1 K2COS2/3),

R =  J[(7 , — T[){T2+T'2) + ( T l + T[)(T2 72')cos2p']2

+  47, T[{T2 — T2)2sin2/^cos2 T , =  47V1 T ^ K A '.T  

+  A'2cos2/3)2+  /f2(l -- A'2)sin22/fcos2 J , .

Photometric parameters of the couple are indepen
dent of the retardation in phase of the second polatizer. 
The transmittance for non-polarized light does not

depend on the sequence of both polarizers. The remain
ing parameters are independent of the sequence of 
polarizers, only if A x = 0 .

The values of the parameters change at the mutual 
rotation of the elements of the couple. At TNl2 this 
is a simple change (proportional to cos2/5) from the 
maximum at parallel polarizers to the minimum at 
crossed polarizers.

The values of T12, T \ 2, A12 have asfunctions of 
the angle /5 extremes not only for ft =  0 and ft = 90°, 
but in some cases for a certain angle (greater than 45°), 
too. This angle is not identical for all three functions, 
but its values can be very close to each other, as 
numerical examples show. At this point T12 and A12 
are at the msinimum, whereas Tx, reaches the maximum 
Figure 1 hows calculated examples of photometric, 
parameters of a couple of polarizers as functions of 
the angle ft.

Although from the photometric point of view the 
system of polarizers behaves like a single polarizer, 
there exist definitely a difference due to the polari
zation state of the transmitted light. In both cases the

Fig. 3. Ellipticity of the light transmitted through a couple of polarizers 
7, =  1, T[ =  0.09, J ,  =  30°, T2 =  1, 7 , =  0.16, A 2 =  60", ft = 30°
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linearly polarized light changes at the transmittance 
into an elliptically polarized light; only for two di
rections of polarization it stays a linearly polarized 
light. In the case of the single polarizer these polari
zation directions are perpendicular to each other and 
equal to the polarization directions of the maximum 
and minimum transmittance. In the case of the system 
of polarizers they are generally not perpendicular and 
do not correspond with the polarization directions of 
the maximum and minimum transmittance. In the 
case of a couple of polarizers they can be determined 
by solving the equation

r i'tan2a + I / 7’1 T[ x

sin2/3 sin(zl x — / l2)+ co s2/3sin(zl1 +  zl2) 
sin/?cos/?sinzJ2

X tana — F, =  0.

The angle a determined by this equation is inde
pendent of the photometric parameters T2, T2 of the 
second polarizer.

For the sake of better understanding Fig. 2 shows 
the ellipticity of the light transmitted through a simple 
polarizer calculated for T, =  1, T[ =  0.09, =  30°.
Fig. 3 shows the same situation for a couple of pola
rizers composed of the same polarizer as in Fig. 2 
and of the polarizer of T2 =  1, T2 =  0.16, A 2 — 60° 
and fl =  30°.

These differences between the simple polarizer and 
the system of polarizers is the reason why the idea 
of an equivalent polarizer leads to parameters well 
describing the system from the point of view of the 
quantity of transmitted light, but is of little usefulness, 
if we wish to combine the system with further polariz
ing elements.
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