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On the efficiency of nonlinear optical processes
with respect to photon statistics of generating
radiations*

Pavel Chmela
Palacky University, Laboratory of Optics, Olomouc, Czechoslovakia.

The effect of photon statistics on the course of nonlinear optical three-mode
processes is disousse in this paper. A method that assumes conserved statistics
of generating radiations in the course of a nonlinear process [8] is used and two
typical cases, namely the parametric generation from quantum noise and para-
metric up-conversion, are studied here. The influence of photon statistics of
generating radiations upon the course of nonlinear optical processes is explained
by the effects of intermodal correlations.

Introduction

An optical non-degenerate three-mode nonlinear process in a non-dissi-

pative medium can be described by means of the trilinear time-dependent
Hamiltonian [1-5]:

H(t) —ftfaga* (t)a,i{t) + (2aX(t)a2(t)-{- aBa™ (t)a3(t)] -f
+ %K {)a2(as ()+ at ()« (9)a3(*)]> @)
where cdy o2, a3 are the frequencies of considered modes satisfying the
condition:
i+ W2 = co3; (2)
af () label the annihilation and creation operators relative to the

i-th mode, and g is the real coupling constant.
The phase matching for respective wave vectors is assumed as well, i.e.

K1+ h2 ==fa3. 3)

The differential equations for the annihilation operators can be obtained
when using the Heisenberg equation of motion [1-5]:

™ o2 % (4a)
ddatz - Ra2-g8Xca, (4b)
i';’t‘z — oy i n . (4.0

* This paper has been presented at the Fourth Polish-Czechoslovakian Optical
Conference in Rynia (near Warsaw), September, 19-22, 1978.
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Solution of the equations (4) represents the well known three-body
problem and thus a solution in a closed form does not seem possible.
The equations (4) were solved in the short-time approximation by Agra-
wal [4] and Pe&ina [5, 7], and similar equations for a degenerate process
were solved by Kietich [6] and Pe&ina [7].

In some special cases it seems to be advantageous to use a method
proposed by Crosignani [8] which assumes that the photon statistics
of generating radiations is not changed in the course of the nonlinear
process. Such an assumption allows to find the solution of (4) in a closed
form. It is interesting that for second harmonic generation, for which
the method was originally proposed, this method seems to offer very
low accuracy.

In this paper we shall consider two cases, namely the parametric
generation from quantum noise and the parametric up-conversion.

The basic relations, we shall use here, are the equations of motion
for photon number operators n{(t) = af{t)a{{t) following from (4):

2% d2nz d2nz

d2  d —dF 292(n3W + nzn2—nxn2+ nz), (5)

and the photon number conservation laws:

wrtl (LT

i dt (62)
dnx dn3

dt  dt —4 )
dn2 dnz _

ot & 0. (6¢)

In order to solve the averaged equation (5) it is necessary to assume
the factorization relations for generating radiations of the type <n\ (0)),
<N(i)>, (i(t)ni{0)> and to introduce the corresponding initial con-
ditions.

We shall consider two types of generating radiations:

a. Coherent generating radiations with Poisson photon number distri-
bution satisfying the factorization relations of the type [9]:

<»5(0)> = <%(0)>2+ <%(0)>, (72)

<y.(i)> = <o(i)>2+ <> (7h)

<U(<)%(0)> = <n*(0><»*(0)>+ <Yo(*)> (7¢)
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b. Chaotic (Gaussian) generating radiations with Bose-Einstein sta-
tistics that satisfy the factorization relations of the type [9]:

<*H0)> = 2<*M0)>2+ <96(0)>, (8a)

<> = 2(n{(t)y + <%()>, (8b)

Q0> = [1+exp(—2 [IDI(M{EQ> O>-F<n(<Q>  (8)

where r{ denotes the spectral half-width of Lorentzian line.

Parametric generation from quantum noise

Parametric generation from quantum noise is a spontaneous decay of
a pumping photon at aB into two subfrequency photons at ol and oR.

From the classical theory the zero effect can be derived.

The quantum theory has shown that the parametric generation from
guantum noise can start because of quantum fluctuations.

The parametric generation from quantum noise is characterized by
the following initial conditions:

OMO0)> = an2(°)> = <IM(°)> = %05 (9a)

a. For the coherent pumping radiation it has been found that when
assuming quite intense pumping radiation, i.e. n30$ 1, the following
expressions for mean photon numbers in the individual modes hold [10]:

t&nh2(nl'gt)
[I + n~sectfin™gt)] ’

{n30+1)8eG h2{nl2gt)
[l + %,0sech2(ni2gt)] *

<n2(t)) = n30

<ni(t)) (10a)

<m(*)> (10b)

The average time of the first photon decay was found to be [10]:

0.88
\Tphot/coh = ' /27 * (H)

n3,.0

It follows from (10) that the total conversion of pumping radiation
energy at aBinto the energy of two subfrequencies ocx and o can take
place as t goes to infinity, provided that n30 $ 1. However, the time of
the total energy conversion is very long when compared with other non-
linear processes.

b. For chaotic pumping radiation the parametric generation from
quantum noise does start, if the coherence time (rc3 is exteremely long
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and the condition

1, (2"39)12
le,3 oA " 9 (123-)
hold [10].
In the opposite case, if
N
L7 (w09 (12b)
2A * g

the process does not start at all [10].

The condition (12a) could be fulfilled for pumping radiations with
extremely high coherence degree. However, such radiation are not emitted
by usual thermal sources.

Parametric up-conversion

The parametric up-conversion means a nonlinear process of sum-fre-
quency generation at &3, the intensity of one subfrequency component
at ox (pumping radiation) being essentially greater than the intensity
of the other one at a2 (input radiation). This process is characterized by
the initial conditions:

<Ai(0)> = 7,05 <020 = A, 1 03(0)> = 0; (13a)

while the following relations hold:
nio > n20; nlo > <y(i)>; N> <WB(*)>. (14)

It has been shown in [11] that the efficiency of parametric up-con-
version is practically insensible to photon statistics of the input radiation
at «2. The description, that is used here, corresponds rather to the classical
one [11].

a. For the coherent pumping radiation at oq the following approxima-
tive expressions for mean photon numbers in the individual modes have
been found [11].

<%i(i)> = N0 n 20sm2(nl[@gt), (15a)
<n2{t)> = n2¥cos2(n\[Agt), (15b)
<n3{t)} = n 2B6m2{n\[lgt). (15c¢)

b. For the chaotic pumping radiation at ax it has been found that
the parametric up-conversion depends essentially upon the coherence
degree of pumping radiation [11].
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i) For chaotic pumping radiation with extremely high coherence
degree, when
1 1

holds, the following expressions for mean photon numbers have been
found:

= nh0-—-sin2(2li2n\[Igt), (17a)

<> = A1+ cos2(2W <0iri)], (17b)
71

<« (<)> = - |1sm2(2k»i [1gt). (17c)

Evidently, in this case the total energy conversion is one half of the
initial photon number in the input mode, i.e. the total efficiency of the
process is one half of that for coherent pumping radiation.

i) For chaotic pumping radiation with very low coherence degree,
when the condition

112
s (18)
%09
holds, the following simple solution for mean photon numbers have been
obtained :

T w2
» ~n n2,0 .
Wa)) = 02 or <n3(i)><w2)0. (190)

In this case the parametric up-conversion is much more effective
if compared with the coherence pumping radiation.

For some special values of the typical coefficient of coherence
rl= 2riniJand the ratio n2ntHthe problem was solved numerically.
The results are shown in the figure for n20Int0 = 10~3

The curves in the figure indicate that the efficiency of parametric
up-conversion increases with the decreasing coherence degree of pumping
radiation.

Discussion

The influence of photon statistics of generating radiations upon the
efficiency on nonlinear processes can be successfully explained by effects
of intermodal correlations, as it was shown in [12, 13].
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o2\

The course of the relative mean photon number in the input mode — at
n2,0
a chaotic pumping radiation for — = 10“3and for different values of the typical
ni,o or
coefficient of coherence of the pumping mode % = —, = 0(1); gt = 10~3(2);
niLo

Vi - 10-2(3); % = 10-1(4); % = 1(5); % = 10(6); ~=00(7)

Generally, the intermodal correlations between two modes of the
type
<AWi (1) AWi (t))= <« ¢ ())%+ (i)ad(i)y< (i) -

~ fat (at [t)aj(t)y
are the product of the nonlinear interaction among all three modes and
they also depend strongly upon the initial statistics of generating radia-
tions.

The positive correlation “"AWi AW>/ is connected with the bunching
and the negative correlation with the antibunching of photons
appurtenant to different modes.

The positive correlation between the subfrequency modes 1 and 2
<MAWLIAWD), that is connected with bunching of photons at ax and o2,
supports the sum-frequency generation and it quenches the splitting of
photons at g3 (differences-frequency generation). The negative corre-
lation (AW 1AWZ2 supports the splitting of photons at ax and it quenches
the sum-frequency generation.

The correlation between any subfrequency mode i and the sum-
frequency mode ~{AWiIAWXii =1,2) has a different meaning. The
positive correlation </IWizIW.> supports the splitting of photons at

(20)
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aB and it quenches the sum-frequency generation. The negative corre-
lation (AWtAWSs) supports the sum-frequency generation and it quen-
ches the splitting of photons at ao®.

In [13] it has been shown that the typical function

fV{t) = <AWL{H)AWa{)y + AWt ()AWa{t)y- (21)
AAW 1AWy

plays a significant role in the nonlinear three mode processes.

For the positive iV (t) the sum-frequency generation is decelerated
and the splitting of photons at o (difference-frequency generation) is
accelerated.

For the negative if (t) the sum-frequency generation is accelerated
and the decay of photons at &3 is decelarated.

Using the conservation laws (6) we can calculate the intermodal corre-
lations in the above description.

I. In the case of parametric generation from quentum noise the fol-
lowing results have been obtained:

a. For coherent pumping radiation the required intermodal cor-
relations are as follows [12]:

AW1(t)AW2(t)} = <@82(t)>> 0 (22a)
(AWNAWSsIt)} = <AW2(t)AWz(t)> = 0, (22b)

and the typical function was found to be
*(F) = -< O <> (23)

The weak bunching between the subfrequency modes 1 and 2 does
not affect considerably the parametric generation, provided that n30 > 1.

b. For chaotic pumping radiation the intermodal correlations were
found to have the form [12]:

(AWS)AWS)y = < 0+ <ng(i)>2-

—2<w3(i)>%0exp( —2F3Jil), (24a)
<AWI(tH)AW3(t)} = (AW2(t)AW3(t)>
= <%(i)>[%00exP( - 2A \t\)~ (24b)
and the typical function is given by
fT{t) = 4<w3(i)>"0exp (-2r3|i|)-3<%3(i)>2- < 0. (25)

If the process were realized, i.e. the condition (12a)were satisfied,
then at the beginning of the process (exactly for <w3(i)>> n342) the
parametric generation from quantum noise would be slightly accelerated
with respect to the coherent pumping radiation. This weak acceleration
would be due to the bunching between the pump mode 3 and both the
subfrequency modes 1 and 2, respectively, that predominates over the
bunching between the subfrequency modes 1 and 2 (see [10] and [12]).
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The fact that the process is not realizable when the condition (12b)
holds is due to both the bunching between the subfrequency modes 1
and 2 and the antibunching between the pumping mode 3 and the sub-
frequency modes 1 and 2, respectively.

I1. In the case of parametric up-conversion, when regarding the con-
ditions (14), the following approximative results have been obtained:

a. For coherent pumping radiation the intermodal correlations are
given approximately by [11]

(AWANAWAN)Y = (AWL)AWZ{t)> = <AW2(t)AW3(t)> = 0, (26)
and for the typical function it holds
iT(t) = 0. @7)

In this case the nonlinear process is not considerably affected by the
influence of intermodal correlations.

b. For chaotic pumping radiation the following intermodal corre-
lations have been obtained [11]:

(AtVM AW M }* ,+ <»1(()>], (28a)

(AW\(t) AW3(i)> = <U(E)>[%,0exP (-2A [i]) -<% (*)>], (28b)
(AW2(t)AW3(t)> = 0, (28c)
and the typical function is given by:
~(t) = <Ni(«)>Koexp(-2rili])-<n1(<]+

+ AM)y [960 + <AW >]- (29)

At an extremely high coherence degree of pumping radiation, when
the relation (16) holds, the deceleration of parametric up-conversion is
due to the antibunching between the modes 1 and 2 and the bunching
between the modes 1 and 3.

At a very low coherence degree of pumping radiation, when the con-
dition (18) holds, the anticorrelation between the modes 1 and 2 acts
againts the sum-frequency generation, the anticorrelation between the
modes 1 and 3 is, however, much more greater and causes, a considerable
acceleration of the process.

The above approach of treatment of the two special types of nonlinear
processes is also supported by the short-time approximation solution
of the problems [5, 14, 15].

A matter of special interest is the strong anticorrelation between two
subfrequency modes due to parametric up-conversion with chaotic pump-
ing light (28a), which seems to be a general property of sum-frequency
generation by chaotic light [14, 15].
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The formula (28a) offers an attractive experimental verification, when
using the rotating ground glass disc or scattering in liquid crystals [16]
for randomization of laser radiation and measuring the correlation by
means of well known Hanbury Brown-Twiss intensity correlation arrange-
ment (see e.g. [9]).
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BbIXog ONTUYECKUX HeIMHENHbIX npoueccos
No OTHOWEHNK K CTaTUCTuke CpOTOHOB FreHepMpyroLero mnsny4vyeHuna

O6CYXeHO BMMSHIE CTATUCTMKM (DOTOHOB Ha MPOTEKaHMe TPEXMOJOBbLIX OMTWUYECKMX MPOLECCOB.
MpUMeHEH MeTof, KOTOpPbIi OCHOBAaH Ha CO6/OAEHWM CTATUCTUKN FeHEPUPYIOLLETO W3/yUeHst
BO BpeMsi He/MHelHbIX MpoLeccoB [8], a Takke McCNefoBaHbl ABa TUMMYHBLIX Cydasl, a UMEHHO,
napameTpuyeckasi reHepauusi M3 KBaHTOBOTO LUyMa M MapaMeTpuueckasl KoHBepcus ,,BBepX”.
BbISICHEHO BAVSIHME CTATUCTUKM (POTOHOB FEHEPUPYIOLLEr0 U3MyueHUss Ha HeMHeliHoe MpoTeKa-
HME OMTMYECKMX MPOLIECCOB C MOMOLLIbIO 3(EKTOB MEXMOZOBO KOPPENsLmM.



