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Effect of convergence acceleration of a series 
describing the wavefront phase on the accuracy 
of the hologram aberration estimation*

G r a ż y n a  M u l a k

Institute of Physics, Technical University of Wrocław, Wybrzeże Wyspiańskiego 27, 
50-370 Wrocław, Poland,

Taking as an example an axial hologram recorded and reconstructed under the condition 
of limit of resolution the influence of the convergence acceleration of a series de­
scribing the wavefront phase on the convergence rate and thus on the accuracy of the 
aberration determination has been considered. Spherical aberration, coma and field 
curvature have been chosen for considerations, since they illustrate some extreme sit­
uations. It has been stated that the acceleration of series convergence is associated 
with a change in error distribution among the constant term of the expansion, the 
Gaussian sphere component and the rest responsible for the aberrations.

1. Introduction

Th« definition of the aberration is based on the expansion into binomial 
series of phases of wavefronts q talcing part in imaging

(1)

where q - index denoting the objeot wave o, reference wave r, re­
constructing wave c or Gaussian wave G, respectively, p _ coordinate 
In the hologram plane, - coordinate of the source of the wave q 
in a plane parallel to the hologram plane.

The transformation of the square root suggested in [1]

/i +C / 1  + k
1 + t (2)

a This work was carried on under the Research Project M.RV< 1.5,
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play a a doable roles by ohoosing k such, that |(g- k)/(1 + k)| < 1  It 
assures the suamablllty of the series outside the classical binomial 
expansion and, simultaneously, It allows to aocelerate the numerloal 
calculations of aberrations.

By taking advantage of (2) the phase at a hologram point p of a 
wavefront emerging from the point souroe located at the position de­
termined by the coordinate may be expressed as follows [2ls

(3)

By expanding the binomials (p - pq)n+1, and next summing up the 
phases f c + fr ± <p0 - p e a c h  of whloh being of the form (3), we ob­
tain the aberration expressions.
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2. The convergence of both the aberration sums 
and aberrations of various kinds

In the paper [21 the aberration structure has been shown In the fora 
of a Pascal triangle. The suns of the terms In hoarlsontal lines are 
sums of all the aberrations of given order, while the Infinite suae 
taken in definite (diagonal) directions define the ooaplete aberra­
tions of given kind (spherioal aberration, eoaa, eto.)· Hence, the 
convergence rate may be understood in twe ways: as a convergence rate 
of aberration sua (horizontal convergence), as a convergence rate 
of single aberrations (diagonal eonvergenoe). These mutual relations 
in the case of hologram aberrations are the subject of study in this 
work. The separation of the particular kinds of aberrations is reduced 
to respeetlve transposition of the series terns. As it follows from 
the great transposition theorem the quick convergence of a row does 
not necessarily mean an equally quick oonvergenoe of the column of 
the series being summed [31.

The complete aberrations are determined by the infinite series. In 
practice, the calculations of the aberrations are restloted to sever­
al initial terms of the respective expansions, the rest being, at 
most, estimated. The transformation (2) and the expression (3) based 
on the latter, offer some convenience in calculations of oomplete aber­
rations allowing to calculate them relatively quickly and with high 
accuracy on the base of several initial terms of the series.

As it may be easily noticed, for any arbitrary k the infinite sums 
of polynomials occurring in (3) tend respectively to 1/2, -1/8, 1/16, 
etc., i.e., to the coefficients of the series expansion of the square 
root V 1+5 . For k — ^ 0  they are convergent to the same values. It 
seems, that for numerical purposes some compromise may be established 
between the choloe of k and the greatest order n if aberration 
whioh would assure the required accuracy of the calculations.

The polynomials occurring in the expression (3) perform the part 
of the numerical weights ascribed to the aberrations of particular 
orders which appear in the sum defining the complete aberration of the 
given kind. For n and k fixed .on the base of relation (3) it may 
be said that the reduction of the aberration error is gained at the ex­
pense of the Gaussian sphere error introduced purposely (Fig. 1). The 
introduction of k results in a distribution of the error among the 
constant term of expansion (t), the Gaussian term (1/21·2 ) and the rest
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creating the aberrations. Obvious­
ly, in numerical calculations the 
coordinates of the referenoe 
sphere are not determined anew te 
load them with an error·

Pig. 1. The error of the part of the ex­
pansion of the wavefront phase a. respon­
sible for the Gaussian imaging, introduced 
as a result of the procedure accelerating 
the series convergence. The Roman numbers 
denote the highest order aberration taking 
part in the partial sum { ·-·-·-·- XIII, 
------ XI, ...... IX)

3. Example of an axial hologram

An acceleration of the convergence is advisable in the oas# of large 
apertures and thus in the oase of great aberrations. In order to il·- 
lustrate the problems discussed we have chosen a system of great aber­
rations operating at the resolution limitt s# - 1, sr « 1.1 zQ, zQ » 
1.2 zQ, P b zq9 m  ■ 1· The analysis performed conoemed the aberra­
tion of extreme behaviour. The spherical aberration, eoma and effec­
tive field curvature have beam chosen to illustrate the extreme oases 
of dependences upon transversal coordinate of the wavefront sources 
pg(xq, y >. The Table 1 illustrates the convergence rate of aberra­
tions and the advisability of its acceleration. All the aberrations 
are given in the 2 n A 0-units and concern the wavefront
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T a b l e  1. *o " °·01 V  ye * 0
i

Number of 
expansion terms 
(aberration order)

Value of 
aberration Accurate value Remarks

Spherical 
' aberration

23 XLVII
24 X U X

0.004 979 3 
0.002 710 3 0.003 811 2

Accurate value has 
been es'n.mated on 
the base of geo­
metrical calcula­
tions

23 XLVII
24 X U X

-0.100 061 & 
-0.09^ 936 1 -0.099 450 Value estimated 

by extrapolation
Coma 52 CV -0.099 114 4 

-0.099 870 0 -0.099 496 1 Value estimated 
according to .the 
Euler scheme

Effective field 
curvature 11 XXIII 0.102 482 3 0.102 482 3

Rest less than 
10“7resuiting from 
the truncated 
terms

3.1. Spherical aberration

Fro· the fact that thla aberration doe* not depend on the coordinates 
Pq but only on p it follows that there is no need to distinguish the 
said two kinds of convergence, as they are identical· Figure 2 il­
lustrates the k-dependent parts of the phase «p̂ determining the aber­
rations, when aberrations fro· 111 to IX, and fro· III to XI, and fro· 
III to XIII, inclusively, are taken into aocount. The spherioal aber­
ration as a funotion of k is shown in Fig. 3» where some its fragments 
are enlarged. The aocurate value of aberration given in the figure may 
be obtained by geometrical or analytloal calculations, since it is the 
case of a series whioh may be summed up analytically t4l.

As it may be seen from Fig. 3 this aberration is very slow converg­
ing. This is visible when three graphs for k » 0 are oompared. With 
the increasing number of terms in partial sums describing the aberra­
tion the amplitude of oscillation around the accurate value lowers 
but is still great. However, this amplitude decreases quickly with 
growing k. If the error due to the truncated rest of the series is 
coarsly estimated on the base of the value and the sign of the first 
of the rejected terms, then in the case of calculations restricted to 
the IX, XI, and XIII orders inclusive the error is about ^300%.

The application of the procedure accelerating the convergence makes 
the errors of soarcely few percents, starting from k a 0.3 to k = 2.
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3.2. Coma

In Table 1 the very alow conver­
gence of this aberration la ob­
served. The oonslstenee of two 
first meaning oyphrea in the con­
secutive orders of aberration 
starts with n ■ 65 (partial sub 
composed of 32 terms). In compari­
son with the spherloal aberration 
the amplitudes of the osoillationa 
of the partial sum are small. If 
only the aberrations up to IX 
order are taken .into acoount the

Fig. 4. Influence of the horizontal con­
verge ace acceleration on the convergence 
coma ( ·---o XIII, ?— * XI, ------ IX)

accuracy of few percent may be achieved (oomp. Fig. 4, k « 0), while 
a rough estimation of the error based on the first term of the rejected 
rest gives the value of 8.7%.

The effect of the horizontal convergence acceleration on the aber­
ration convergence is illustrated In Fig. 4. The accurate value of 
aberration marked by horizontal continuous line and obtained by the way 
of extrapolation has been oonfirmed by numerical calculations accord­
ing to Buler scheme f3 I with the highest difference t? «nebuntlgred·

33 . Effective field curvature

This aberration is of rapid convergenee for a givsn position xQ «
0.01 zQ of the object (oomp. Tab. 1). A quick increment of the con­
stant numerical coefiicients with the increase of aberration order 
(6, T5, 28 ..., (n2+n)/2) is strongly damped by the faotor x ^ 1.
Both the series, i.e., those describing the contribution to the aber­
ration coming from either the object wave phase or the Gaussian sphere 
phase are highly convergent. Beoause of some lnconvenleates connected 
with the soale choioe of the aberration errors (ranging from several 
percent to a fraction of promille), they are not presented graphically 
but listed in Table 2, giving their percentage values. However, double
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T ą b 1

k III-IX III-XI III-XIII

0.65 *9.2 -4.7 -2.4
0.55 -0.8 -0.25 -0.08
0.41 -0.25 -0.18 -0.17
0.29 -0.061 -0*i9 -0.045
0.19 -0.012 -0.0032 -0.0006
0 -0.62 ♦0.16 -0.042

Increase of the object
point dletanoe fro·
axle x. * 0.02 b . o o
results In a diametrally 
different behaviour of 
this aberration. Sinoef 
the lateral magnification 
of the system amounts to

■ 66, and the position of the point, being Gaussian conjugated 
with the object point aaounts to x& * 1.32 sQ, a part of the Gaussian 
phase responsible for this aberration will be extremely slowly conver­
gent (Bg « 1.346939 Bft) and just this aberration will decide about 
the convergence rate for the total aberration. The situation may be

easily estimated on the 
base of Fig·. 5, for k a 0. 
In the figure the contin­
uous horizontal line is 
used to mark the accurate 
value of aberration esti­
mated according to the 
Euler scheme. The greatest 
dlfferenoe taken for oal-Q
oulations is  A ,

The estimated'value of 
aberration is equal to 
0.236 271 5. In order to 
illustrate the slowness of 
the convergence the follow­
ing data may be usedt the 
partial sum oomposed of 
76 terms (the highest cru­
der of the aberration 
taken into account n ■ 193) 
amounts to 0.194 461, but 
when the next term is in-

Fig. 5. Effective field curva­
ture - influence of the horizon­
tal convergence of aberration

m i , ---------XI,
........IX)

k
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eluded it beooaes 0.314 676. For a rough estlaatlon of tho aeries 
rest the rejection of further terse starting with the 77th one oaueea 
the error to beooae less than +68%,

risible In Fig. 5.

4. Modified coefficients of aberration

When restricting the calculations of aberrations to sereral orders, we

a given aberration. The proportionality of the contribution of all 
the phases <pq la assured only when the total aberration Is oaloulat- 
ed, i.e., when the Infinite summation Is perforated.

It aeems (as it was suggested In the work [2]) that it would be con­
venient to introduoe the modified aberration coefficients whioh would' 
allow an equal contribution of eaeh of phases f^ to the correspond­
ing aberrational expressions. The method of oonrergenoe acceleration 
deaorlbed In [1] aay be employed to equalise the oonrergenoe rates of 
the series.

If we hare two series

the equal oonrergenoe rate Is aohlered when ohooslng k suoh that 
(£'-k)/(1+k) -€· The ratio of the rests trunoated at the sane place 
of the series to their suae will be the saae in both the eases. 

Generally, the aberration coefficients are of the fora

The advantages offered by applying the aoceieratlng procedure are

p, r, s - 0, 1, 2, ·. * (4)

The coefficients modified In the above sense will hare the fora
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1 »
mod I«  (a )  

4 »a
4

(5)

where · /l + k wn+i * <uad wn+i are the polynomials ooeurring
1b  the development (3).

Ik· values k fitted individually to each of the phases « will% -rq
Bake their expansion Into series satisfying the condition of equaliz­
ing both the oonvenienoe rates. Figures 6 and 7 illustrate the errors 
of spherical aberration and ooraa calculated according to the modified

Fig. 6. The errors in cal­
culation of the spherical 
aberration with the help of 
aberration coefficients 
modified according to ( 5 )
(o--· XIII, ·---» XI
---- IX)

ooeffiolents for the system like in Section 3. The results seem not 
t-o be so satisfactory» as it might be expected» though they are con­
sistent with the intuition. The intervals of the values for
which the errors of aberrations are of order of several percent are 
rather narrow» while the requirement that the errors for different 
aberrations do not exceed some single percent simultaneously* makes 
the· even narrower.
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Fig· 7. Errors in calculation of coma by using the aberration coefficients Modified 
according to ( 5) ('·--- o XIII, »■ ■ XI, o----- o IX)

5. C onclusions

Theoretically, the quickest horizontal conrergenee occurs when k ■ Z ̂  
In Fig. 2 the vertical lines denote these values for particular phases. 
In order to aohleve the aocurate values at these pblnts It Is necessary 
to take account of the Infinite number of terns. In practice, when 
only the partial suns composed of several terms are calculated the ao­
curate values are achieved for saaller values of k.

A comparison of Figs. 2 and 3 seems to be Interesting (attention 
should be paid to different scales). An acceleration of horizontal 
convergence of the series describing all the phases o, r, c and & 
occurs within the whole range of values k. As It follows from Fig. 2 
the absolute values of the errors of the components of the spherical 
aberration diminish at the beginning, and then grow up to exceed even 
the original values for k * 0. On the other hand, after performing 
the summation (Fig. 3) over the whole range of variation for k the 
aberration errors are much less. Thus, it may be spoken about as the 
local reduction of the error.
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The usage of the modified coefficients of aberrations seems to be 
reasonable in the oaae when warefront phases differ considerably. In 
the example discussed the values of the phases are relatively close 
te eaoh other and the results may be considered to be satisfactory in 
the narrow range of values of g^. Let us remark, however, that though 
the truncated rests of the series are proportional (with the same pro­
portionality factor) to the corresponding phases, but this fact Is as­
sociated additionally with the different error distribution between 
the constant term of the expansion and the Gaussian term.

It seems that at the resolution limit the interval of the values of 
k from 0.2 to 1 gives satisfactory results for all the aberrations 
considered, even when we confine ourselves to the partial sum contain­
ing IX order of aberration. A comparison with the aberration values 
for k * 0 illustrates the advantages whloh are offered when acceler­
ating %the convergence·
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ВЛИЯНИЕ УСКОРЕНИЯ СХОДИМОСТИ РЯДА, ОПИСЫВАЩЕГО ФАЗУ 
ВОЛНОВОГО ФРОНТА НА ТОЧНОСТЬ ОПРЕДЕЛЕНИЯ АБЕРРАЦИИ

На примере осевой голограммы в условиях записи и реконструкции на гра­
нице разделимости рассмотрено влияние ускорения сходимости ряда, опи­
сывающего фазу волнового фронта на скорость сходимости, а  следователь­
но, и на точность определения аберрации, и качествие представляющего 
крайнее поведение .'гда избрана сферическая аберрация, кома и эффектив­
ная кривизна поля. Было выявлено, что ускорение сходимости ряда'сопрово­
ждается изменением распределения ошибок между постоянным членом разло­
жения, компонентом гауссовой сферы и остальной частью, ответственной  
за  аберрацию.


