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Far field radiation patterns of elliptical apertures 
and its annuli

Y a s h  P. K a t h u r i a

Institute for Applied Physics, Schlossgartenstrasse 7, 6100 TH Darmstadt, West Germany

A Fourier transform technique is applied to derivd expressions for the diffraction 
field due to elliptical apertures and its annuli. Perspective plots of the intensity 
distribution diagrams are generated for various values of the axis-ratio with the 
help of I3M-370/168 computer. All possible cases are disaussed briefly'·

1. Introduction

The problem of determining the field radiated by an elliptioal aper
ture has received much attention recently [1-31· In most of these 
treatments the analysis is based on different techniques which either 
impose few limitations on the method used til or lead to a complicated 
derivation [2, 31· However, with the application of Fourier transform, 
the solution to these problems becomes muoh more simple and faster.
But only few authors [6, 7] have tried to apply it· on elliptical aper
ture. This communication whloh uses this Fourier transform teohnlqu· 
gives a rapid solution to this problem of many authors [1-3], [10-12]·

2. Analysis

Consider the diffraotion of a scalar wave field by an aperture as shown 
in Fig. 1. Then the diffraotion field at the observation point pQ in 
in the far field region can be written as a two-dimensional Fourier 
transform [4, 51*
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1 •Block diagram for tha diffraction of a aoalar wave field by an elliptical . 
aperture. P, - ?,<*, .7, .·,)» p0 * P0(V W

where

i X  * 12* 0 ° J
C oan be regarded as constant,

C*i i) - the aperture illumination*
(XftJf)» (Xq ,Pq ) - represent the coordinate system In the plane of 

the aperture and In the plane of observation, 
s - | *1 - *0| - dlstanoe between the two planes, 
k » 2>A|X - wavelength of radiation.
Applying the lnte'gral (1) to an elliptical aperture, one obtains

n ( v V  ■ °| |  “ *[- + »o»p]dxtdJr
Sllipaa

Where e - b/a *- the axial ratio of the ellipse and 2a, 2b arte the 
major and minor axis of the ellipse·

For uniform illumination of the aperture

UA (x1,y1/fc) « 1 inside the aperture,
« 0 outside the aperture·

Defining the geometry of the aperture in elliptical coordinate [1, 3] 
In the aperture plane: In the observation plane:
X| a P OOS e xo ■ ep0 cos e0
y1 ■ epslne yo - P o  sin e0

a 0 *0 a Z
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djĉ dgr̂  ■ epd pd 6 .

Therefor· the abore integral reduees to
a 2«

(2)
0 0

Slnoe the origin of azimuth oan be ohanged, eo that one oan replaoe 
coa(e - 0Q) by ooe 6.

By using the Identity 
2n

j  t x ) .  f
2a J 

0
the Integral (2) reduoea to

a

0
with lta solution

(3)

Introducing the dimensionless parameters

u - Xq/z t v « yQ/s

so that

- №  ♦T
The equation (3) simplifies to

U (pQ t 0q ) * abC 2J, (k /  a2u2 «· b V  )
(4)

k V a2u2 + b V

and the normalised Intensity is obtained as
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u(p0 » ®o 5
2

2J1(k / a 2u2 + b V  )
U(0,0) * k l/a2u2 + b2r2

This.is the far field intensity distribution due to an elliptical aper
ture.

•Let us now consider below a few interesting oases.
A. Circular aperture

In this case a » b, i.e. e = 1 
standard Airy's formula [5J, i.e.

I
2

and the expression (5) reduces to

(6)

B. Elliptic annulus (similar ellipses)

Here we apply equation (4) to an elllptio annulus made from two con
centric but similar ellipses haring the same axis-ratio, i.e., e = b/a 
«- b'/a' * e' with the different length of the axes, i.e., a' = a a, 
where a is the obstruction ratio. Then the diffraction field due to 
inner ellipse can be written as

Jl(k e a ' -f )
U'(po,0o ) = 2*ea'2C

k e a , P0

which can be simplified to gire

j i ( k e a '  · ¥ )
U'(pQ, 0O) = 2tt ea*2 C

v- ' P° k e a  —

Therefore the resultant diffraction field becomes

"r W  - « v V - D '<p0‘V  -

2J, (k a2u2 + b V )
7i abC

k V a2u2 + b2v2
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2 2J1(ka 1/ a2u2 + b2v2 )
- a --------  ---- --  1

k a 1/ a2u2 + 'b2v^ 
with the normalized intensity

V < v V
2

1 2J1(k 1/ a2u2 + b2v2 )
uR (°,°) " < V -  «*>* j k i/a2u2 + b2v2

2 2 J 1 (k a V a V ~ T b V )

k a i/a2u2 + b2v2

(7)

C. Elliptic annulus (confocal ellipses)

Similarly one can extend the above analysis to an elliptio annulus 
made from two confocal ellipses. In that oase the relation

with a*< a, and V  <  b must be satisfied.
Now using equation (4) we write the diffraction field due to the 

inner ellipse as

/ , 2J1(ky/a'2u2 + b'2v2 )U ( p 0 , e0 ) = % a b c 1

k i/a '2u2 + b ' V

Therefore the resultant field due to elliptio annulus becomes 

UR*P0· 0 O) * U p̂0* 0 0 ̂ " U^ p0* 90^ }

UR <PC* 0O 1 * nC ab 2 J1 (k 1/ a2u2 + b2v2) 

k / a 2u2 7  b2v?

- a b 2J 1 (k i / a ‘ 2 u2 + b ' 2v ? )
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If one expands the Bessel functions Into series and simplifies the 
whole relation, one shall get equation (18) of referenoe t2$ In whloh 
the author arrived at the same results based on a oonformal mapping 
technique that uses the complex variables.

The normalized intensity becomes

I y p p >  eO> I2 
^(0,0) ]

2J. (k i/a2u2 + b2v2 ) 2J1 (k l/a'2u2 + b'2v2 )
______k V a2u2 + b2v2_____________ k V a ' 2u2 + b r2v^

a b - a b

(8)
D. Annular circular aperture

In this case b » a, b' » a* » a a, and e * e'= 1, so that the 
equations (7) and (8) reduce to

I 1
,1 2.2(1 -a )

(9)

whloh agrees with the results of LINFOOT and WOLF (8] given many years 
ago.

3. Computational results and discussion

The results of the intensity- patterns oomputed from equations (5), (7), 
(8) and (9) are displayed In Figs. 2-5. It is interesting to notice 
from Figs. 2a-o that as the axis-ratio (b/a) decreases from unity to 
some smaller values, l.e·, for e » b/a * 1, 0.5, and 0.25 the intensi
ty pattern ohanges from oircular symmetrio to elliptical and finally to 
a slit type pattern. Figs. 3a-3o show the corresponding intensity 
patterns due to an elliptio annulus (case B) with e? » b/a » b'/a'* 
o e' a 0.5 for the obstruction ratios <* = a'/a » 0.1, 0,4, and 0.7, 
respectively. From these three cases it is observed that with the in
creasing obstruction ratio, the central maxima tends to become narrow 
and there is a flow of energy to the secondary rings which results in 
an increase in the intensity of the secondary maxima. The same argument 
holds for the Figs. 5a-5o which represent the similar diagrams for
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pig. 2. Normalized intensity in arbitrary units vs. normalized co-ordinates (x^/a, 
y /b) along the major- and the minor-axis for elliptical aperture with) a. t  “ 1, 
b? e  - 0.5, e. E  » 0.25
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Fig. 3. Normalized intensity in arbitrary units vs. normalized co-ordinates (x^/a, 
y A )  along the major- and the minor-axis for elliptic annulus (Case B) with· a. 
or » 0.1, €  ■ 0.5, b. «  ■ 0.4, E « 0.5, e. *  * 0.7, C «0.5
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FiK. 4. Normalised intensity in Arbitrary units y s . normalised co-ordinates .(*n/a> 
y % )  along the major- and the minor-axis for elliptical annulus (Case C ) with! ».
e° » 0.5, e' » 0 .1 , b. e * o.5, e' -  ° · 2. «. c » 0.5, e' -  ° · ?

Fig.
ye/b
With:

5. Normalised intensity in arbitrary units v s . normalised co-cordinates (x^/a, 
• along the major- and the minor-axis for annular circular aperture (Case D ;  

m.. a » 0 .1, b. a » 0.4, e. a * 0.7
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annular oircular aperture (oase D) with e = b/a » b/a' » e'= 1 for
a a 0.1, 0.4·, and 0.7, respectively [93, But on the other hand, In 
case of confooal elliptic annulus (oase C), this flow of energy is to
wards the side lobes. This Is Illustrated in Figa. 4a-4o for e » b/a 
= 0.5, e' » b'/a' * 0.1, 0.2, and 0.3, respectively. This way one oan 
generate a family of intensity patterns of the elliptloal apertures 
and its annuli by varying the parameters e» a and e"[3].
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ДИФРАКЦИОННЫЕ ФИГУШ ДАЛЕКОГО ПОЛЯ ЭЛДИПТИТЕСКИХ ОТВЕРСТИИ И КОЛЕЦ

Т ех н и к а  п р е о б р а з о в а н и й  Ф урье была. п ри м ен ен а  д л я  в ы в ед ен и я  вы раж ения 
д л я  д и ф р ак ц и о н н о го  п о л я ,  о б р а з о в а н н о г о  н а  э л л и п т и ч е с к и х  о т в е р с т и я х  и 
к о л ь ц а х .  П риведены  п е р сп ек ти в н ы е  граф и ки  р а с п р е д е л е н и я  и н т е н с и в н о с т е й  
д л я  р азл и чн ы х  зн а ч е н и и  отнош ений оси  э л л и п с а , п олучен ны е с  помощью 
ЭВМ И Б М -3 7 0 /1 6 8 .  К р а т к о  обсуж дены  в с е  возмож ные с л у ч а и .


