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Analytic optimization
of curved holographic optical elements

A. Talatinian*

Institute of Physics, Technical University of Wroclaw.

This paper presents a method for designing an optimal holographic optical element on a spherical
substrate. The method is based on an analytic ray tracing procedure using the minimization of the
mean-squared difference of the propagation vector components between the actual output
wavefronts and the desired output wavefronts. The minimization yields integral equations for the
grating vector components with can be solved analytical without any approximation. This
procedure yields a holographic optical element that can be realized with the help of a com-
puter-generated hologram. If the holographic lens is recorded on a curved substrate, the sine
condition will be satisfied in the case when the curvature radius equals the focal length of this lens,
therefore, the holographic lens removes coma aberration.

1. Introduction

Holographic optical elements (HOEs) have several advantages over conventional
optical elements [1]. They are compact and lightweight. It is also simpler and
cheaper to obtain large size lenses unlike conventional lenses. Generally, a hologram
of a point source does not satisfy the requirements imposed by the Fourier transform
lens (FTL) realization, therefore, the attempts at designing the Fourier transform lens
were carried out by recording the non-spherical wavefronts which satisfy the Fourier
transform requirements in an extended range of spatial frequencies. In order to
minimize the aberrations, it is necessary to use the optimization procedure for
designing a holographic element. Several procedures based on numerical iterative
ray-techniques [2] have been proposed. The aberrations of the HOE can be
corrected with the help of terms of the desired aspheric wavefronts produced by
a computer generated hologram (CGH) during recording of the holographic lens.
The purpose of this paper is to study FTL optimization on a spherical substrate and
then to compare the results with the results of the FTL recorded on a flat substrate.
There are two methods of the holographic lens optimization: one by using the
grating phase function based on minimizing the mean-squared difference of the
phases of the actual output and the desired output wavefronts [3]-[4], and the ray
tracing method [7], [ ]. The method used here is based on analytical ray tracing
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that minimizes the mean-squared difference of the propagation vector components
between the actual output and the desired output wavefronts. The mean-squared
difference of the vector components is defined in such a way that the functions
involved are continuous. Specifically, we define continuous input parameters that
characterize the propagation vector components of each wavefront. Then we obtain
integral equations for the optimal grating vector components which can be solved
analytically without any approximation.

To illustrate our method we have designed Fourier transform lens on a spherical
substrate. The performance of the lenses is analysed by ray-tracing, the re-
sults are then compared with those of quadratic HOEs and with conventional HOEs
recorded on a spherical substrate by two axial symmetrical wavefronts. It is shown
that under certain conditions such a holographic lens can be made aplanatic [9].

2. Optimization procedure of the HOE on a spherical substrate

A holographic optical element can be described as a complex diffraction grating
which transfers the phase of an incoming wavefront to the phase of the output
wavefront. The phase of the output wavefront, €Jx,y), for the first diffracted order is
given by

Poxy) = - #h(xy) @
where <Pi(xy) is the phase of the input wavefront, and <h(x,y) is the grating function
of the HOE.

To proceed, we will now exploit the normalized propagation vectors and grating
vector of the holographic element, rather than the phases of wavefronts. The
normalized propagation vectors, which can be regarded as the direction cosines of
the input and output rays, can be written as:

X Ax  x )
Yn grad*°= s o
A, A Al <P, d&:
£ graddi = £ X ox +90y +Zoz

and the grating vector

Kn=éTgad = 0

where X, y, f are the Cartesian unit vectors, dx and dy are the grating spacing in the
x and vy directions, respectively, [10], and X is the readout wavelength. For a flat
HOE, defined in x-y-z coordinate system in the way that the z = 0 plane coincides
with the surface of the HOE. The diffraction relations can be written as:

X B=h(xy)

L X @
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with local spatial frequencies:
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If +£J > 1, then the output ray is evanescent and will fail to propagate
away from the HOE.

The grating Equations (4)-(6) cannot be applied to the spherical substrate of the
HOE. Let the direction of the incident ray at point Q of the spherical surface be
inicated by K{vector, and the grating vector that is tangent to this surface at point
Q be determinated by Kh The diffracted wavefront is then defined by the direc-
tion vector KOwhich is computed from Eqgs. (4)-(6) used in a new coordinate system
with the axis Qx tangent to the hologram surface at point Q and the Qz axis
coincidence with the curvature radius direction at this point (see Fig. 1). The new

Fig. 1L Ray-tracing through a spherically curved hologram

coordinate system Qx z is formed by rotation of the old one Oxz over the angle 0
with regard to curvature center, where sin 0 = x/p.

These considerations concern to the incident vector which is defined in the new
coordinate system in the way

R'X = £ x.cos0-f-£2sin0, @

Rz. = —Xxsin0+ ” z.cos0. 8
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Now, in the new coordinate system the Egs. (4)-(6) take forms:

NO0="+ K, h ©))
NO= £ (1-M) V2 (10)
At last, by transforming the KO vector to the old coordinate system, we obtain
KXg= KXg£os0—Kzosin0, (1D
K2g= K'Xsin0-K'Zcosdi (12

where the direction vector defined in this way can be used to determine the image
point coordinates in the image plane.

The goal when designing HOEs is to transfer input rays into corresponding
output rays that should be optimized for a given range of input parameters. The
input parameters could, for example, be the direction cosine of the incoming waves.
For a single specific input parameter, it is relatively easy to form a HOE for
transforming a plane wave into a spherical one. However, for a range of input
parameters, it is necessary to optimize the grating vector so as to minimize the
difference between the actual and the desired output rays. The optimization is
achieved by minimizing the mean squared difference between these two sets of rays.
To simplify the presentation of our optimization method, we will describe the
method in one dimensional notation.

The mean-squared difference of the propagation vectors is defined as

E2 = S$w(a)p{x,a)[EXd(x,a)-K"Xo{x,a)ydadx (13)

where the direction cosines of the output and desired rays £ Xo(x,a) and KXd{x,a)
depend on the input parameters a and x. The pupil function p{x,a) can be simply
a binary function: p(x,a) = 1 for the points x of the HOE which are illuminated by
the input wavefront with parameter a, otherwise p(x,y) = 0. The optimization
weighting function for each input parameter a is given by w(a), where 0 * w(a) ~ 1
Inserting Eq. (9) into Eq. (13), yields

E2= SSw{a)p(x,a)[R'Xd(x,a)-K"x.a) + KX(x)]2dadx. (14)

The optimal grating vector component KX(x) can be determined by minimizing E2.
First, we minimize an integral which depends only on the coordinate xc, namely

e2(x0 = Sw{a)p(x,a)[E'XAx0a) - £ x.{x0a) + K Xn(xQ']2da (15)

where x0 represents an arbitrary coordinate x. Differentiating e2(x0 with respect to
X;h(xc), and setting the result to zero, yields the optimal grating vector component

A - Sw{a)p(x,a)IKX.(x,a) - K'x.ix"da
XX $w(a)p(x,a)da ' 1’

Since the second derivative of e2(x0 is greater than zero, the optimal grating vector
yields minimum c2(x0. For an on-axis holographic element, having circular
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symmetry, the one-dimensional optimization procedure can be extended to
two-dimension, the two-dimensional situation is essentially comparable to the
one-dimension case after exchanging x with r = (x2+y2)112 so the grating vector
could be formed according to Eq. (16).

3. Optimal holographic Fourier-transform lens

The operation of an on-axis holographic Fourier-transform lens is described in
one-dimensional representation, as shown in Fig. 2. A transparency of the input

Fig. 2. Readout geometry of on-axis holographic FTL on a spherical substrate

plane is illuminated by a coherent plane wavefront. The input transparency produces
an angular spectrum of plane wavefronts (one for each spatial frequency component
of the input) which propagate to FTL [11]. Here, each of the input plane waves
converges to a point at the output plane whose location correspnds to the angular
direction of the input wave. The width of the input transparency aperture is 2DT,
whereas the holographic lens extends from coordinate Dx to D2, a focal length /,
which is the distance from the holographic element to the stop aperture and to the
output plane. It is convenient for FTL design to let the input parameter a be
a direction cosine of the plane wave emerging from the transparency, then we have

a = a = sinfy. 17)

Consequently, the normalized propagation vector components of the input ray is as
follows:

&x.{x.a) = £ x(0) = a, (18)
£2(xa) = £2@)=yjl-ot2. (19
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Now, an input plane wave having a direction cosine a must be transformed at
a distance/ into a spherical wave converging to a point a/ Thus, the normalized
propagation vector components of the desired output rays become:

a, xaj=(L xa= — x fl - , (20)
d YV (*-«)2+(-2>2

£ (z,a) = (z,a) = — N~ 7 e (21)
d d V (x-«/)2+ (/-2)2
where zQis a function of x determinated by the hologram shape
72Q=\p\-yJp2-x 2. 22)

p is the curvature radius of the spherical holographic lens substrate. Substituting £ x,
£ 2 from Egs. (18), (19) and £ 2 from Egs. (20), (21) into Eq. (16) and by using
Eq. (7) for the desired vector output rays, we have

£*d= £ Xtos0 + £ 2dsin0, (23)
and for w(a) = 1, we obtain
(/-2)
i>V (z-«f)2+ (/-2)! (24)
T (x-al)
P/ V(x-al2+ (/-2):

where the pupil function p(x,a) is expressed by the upper a2(x) and lower ax(x)
direction cosines of the input plane waves which intercept the spherical substrate
holographic lens at a point x.
The solution of Equation (24) is given by
-1 . .
K'(x) = (L i
0) = f200-a,001  p\ 1
I (x- a2(x)f) + 7 (x- a2(x))2+ (/- 2):
(x-al(x)N +7 (x- ax(x)/)2+{f-z) :

+ J [V(X* a2W/)2+ (/-22-\/(X- ai(X/)2+(/-22]
- %;( [arcsina2(®)+a2(M)V 1“ a2(x)

-arcsinal(x)-al(x)v/l-a?(x)]- [(@a2(*)-ai(™))

(@2(x)+al(x))]l. (25)



Analytic optimization of curved holographic optical elements 25

We see that the grating vector for a flat holographic lens can be obtained as a limit
curvature radius which approaches to infinity. Then we have [8]

in = XIk-

(26)

olz(x)xl-a|(><)‘(WJ(X""‘Z(X)f)2+ f2- yl(x-cti(x)f)2+ f2",

the lower direction cosine aj(x) is given by
x+DT

am=u1 1=, (27)
J(X+DMn2+ (f+7)2
ant the upper direction cosine
x—Dj

L(x) =

= (28)
J(x-D T)2+ (f+2)2°

The solution given by Equation (25) is rather general and can be simplified by
approximating to optimal designs. For example, it is possible to expand Eqg. (25) by
assuming the paraxial approximation for large f/x and also for large p/x. For
rotationally symmetrical curved holograms the point Q can be considered to lie on
the best fitting sphere at the vertex. This makes the theory especially suitable for
holograms of small diameter and we have

(29)

the approximate solution for the quadratic on-axis FTL given by a 3rd order Tailor
expansion. This leads to a simpler holographic grating vector

IX,,M]simplirield * vJ = K b/\/],' (30)

For comparison, we performed a ray tracing analysis for an on-axis Fourier tran-
sform holographic lens recorded by two axial symmetrical wavefronts. It can be
shown that such a Fresnel zone hologram, shown in Fig. 3, can satisfy the
requirements of an FTL covering an extended band of spatial frequencies [12], [13].

Now, the object and reference beams with the direction cosines defined by Egs.
(4)—®) interfere during the recording process. The resulting exposure of the fringes
distribution is proportial to the term

Cos"M + KA+ K "z)). (3D)
Therefore the grating vector can be written in the form
Kb{x,y) = Kol{x,y)-KR{xyy) = V<Po(x,y) 32)

where g = (OItR) the indices of the object and reference waves, respectively, and V is
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Fig. 3. Recording geometry of the axial symmetrical HOE on a spherical substrate

the gradient operator. The normalized propagation vector components of the object
and reference rays are given by

K ( -y f~z €%)
Ol  Vy/x2+y2+ (f-z)2’ Ix2+y2+(f-2)27 Ix 2+y2+ (f-2)2
KR=(0,0,1). (34)
The HOE spherical grating vector is then given by
(/'*) — X X (35)
Vx2+ (/-2)2 yjx24-(f z)2 P>

As an illustration, we chose specific values of the parameters:/ = 60 mm, 2DT = 20 mm,
D2= —Dx=25 mm, p = (oo, 200, 600) mm, and the angular range of the input
plane waves for Onax= —9nmin = 14°, we evaluated the performance of the optimal
FTL by using a ray tracing analysis. For comparison, we also performed a ray
tracing analysis for a quadratic FTL as well as for a spherical FTL. The spot size as
a function of the input angles for the optimal, the quadratic, and spherical FTLs is
shown in Fig. 4, where the results do not take into account the diffraction effects
from the aperature. The spot size was determined by calculating the standard
deviation of the location of the rays at the output plane as a function of the angular
directions for each input plane wave. Figure 4a shows the spot size for the spherical
FTL on a spherical substrate which is better then for a flat FTL.

Figures 4b and 4c illustrate the spot size for the optimal and quadratic FTLs
produced on a spherical substrate which are better than for the spherical FTL. By
subtracting the actual (average) location of each spot from the desired location the
amount of distortion was calculated. The desired focussing location of the input
plane wave at dx. is af Figure 5 shows the distortion as a function of the input angle 0X
for p = 600 mm, and/ = 60 mm, and 2DT = 20 mm. The distortions for the quadratic
and optimal element are significantly smaller than those for the spherical element.
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(am

Fig. 4. Spot size as a function of the input angle for an on-axis FTL, for three different values of curvature
radius p. Spherical- grating vector - . quadratic grating vector - b, optimal grating vector -

Figure 6 shows a comparison between a holographic spherical FTL recorded on
a flat substrate and the holographic lens on a spherical substrate. The focal length
was/ = 100 mm, and 2DT= 10 mm, and the curvature radius of the lens p = (oo,
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Fig. 5. Distortion as a function of input angle 6t, for spherical (:), quadratic (A), and optimal (o) grating
vectors

100,200) mm. The spot diagrams were calculated for nine different input plane waves
with —5°, 0° and 5° in both x and y directions. Figures 6a and b show the small
central spot diagram for the spherical lenses, because the recording and readout
geometries are in this case identical. However, as the readout input angles differ from
the recording angles, the spot diagrams spread substantially. Here, the spot diagrams
for spherical lens on a spherical substrate is better than for a lens recorded on a flat
substrate.

In Figure 6¢c we see the spot diagrams for p =/ = 100 mm, and the sine
condition is satisfied, beacuse of the relation x =/ sin0j. In this case coma aberration
is removed, beacuse the centre of the spherical hologram substrate is brought into
agreement with the focal point, and the curvature radius is equal to the focal length
of this holographic lens, and the spherical aberration compensated for p = 1(it is the
ratio between the readout and recording wavelengths). We say that the holographic
spherical lens is aplanatic.

Figure 7 shows a comparison spot diagrams for the three lenses, the results
for / = 60 mm, 2DT= 10 mm, and p = 600 mm. In Fig. 7a we see the spot
diagrams for the spherical lens for three input plane waves sloped at 0° 5°
and 10°, whereas in Figs. 7b and 7c spot diagrams for the quadratic and the
optimal lenses are shown respectively. As shown in Fig. 7a the small central spot
diagram for the spherical FTL is essentialy ideal because the recording and
readout geometries are identical. Whereas in quadratic FTL in Fig. 7b and
optimal FTL in Fig. 7c, the central spot diagram is larger. However, as the readout
angles increase, the spread in the spot diagrams is much smaller than for the
spherical FTL.
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Fig. 6. Spot diagrams for the on-axis FTL: a - spherical grating vector on a flat substrate, b- spherical
grating vector on a spherical substrate, ¢ - spherical grating vector on a spherical substrate

4. Conclusions

In this paper, we have studied the problem of designing an optimal holographic
optical element on a spherical substrate. It is necessary to optimize the grating
vector, i.e, to minimize the difference between the actual output and the desired
output wavefronts. Our optimization method is based on analytic ray tracing,
which provides an analytic solution for the optimal grating vector without any
approximation.

The necessary arbitrary grating function can be realized by resorting to the
computer-generated hologram.

For the holographic FTL which is recorded on a spherical substrate, the sine
condition is satisfied to remove coma and spherical aberration. Such a holographic
FTLs is an aplanatic lens. The results are illustrated by the spot size as a function of
the input angles for the optimal, the quadratic and the spherical FTLs. By bending
the flat substrate of holographic lens the image was improved, and angular range of
spatial frequencies enlarged. The results revealed that lenses designed with the
presented optimization method are better when formed on the spherical substrate
than on a flat substrate, and can be applicable succesfully in holographic Fourier
transformation.
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Fig. 7. Spot diagrams for the on-axis FTL: a - spherical grating vector, b - quadratic grating vector,
c - optimal grating vector
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AHa/InTN4YecKas onTummsalns ronorpacbmquKmx ONTUYECKUX 3/1EMEHTOB
Ha UCKPWBMNEHHbIX OCHOBaHWUAX

MpeacTaBneH METOA KOHCTPYKUMN ONTUMa/IbHbIX OMTUYECKUX 3/IEMEHTOB Ha ChepuyeckoM OCHOBaHUN.
MeTog 6a3npyeT Ha NpoLesype aHaIMTUYECKON Nepedadn xoda nyyeil Npy NPUMEHEHNN MUHUMM3ALN
pa3HOCTU CpefHel KBaApaTMYHOM COCTaBASAOWMX BEKTOpa PacnpoCTPaHeHUs1 MeXay aKTyaslbHbIMU
1 XKeNaeMbIMN BbIXOAHbIMA BOMHOBLIMU (DPOHTaMU. MUHUMU3AUUS AaeT MHTerpaibHoe ypaBHeHve ais
COCTaB/ISIOWMX BEKTOpPA PELLETKU, KOTOPbIE MOXXHO PelunTb aHa/IMTUYECKN 6e3 KaKoro-HuGyab npu-
G/vKeHNs. 3Ta Mpouedypa onpefensier rofopaguyecknii ONTUYECKU 3M1EMEHT, KOTOPbIA MOXKHO
peaniM3oBaTh B BUAE CUHTETUYECKUX FonorpamMm. Ecnum ronorpadmyeckas NMH3a 3aperucTpmpoBaHa Ha
VCKPWBAEHHOM OCHOBaHWW, YCMOBUSIM CUHYCOB BYAET YA0BNETBOPEHO B C/lyyae, KOrAa pagnyc KpyBU3HbI
paBeH (HOKYCHOMY pacCTOSIHUIO 3TOW J/IMH3bI U B pe3y/nbTaTe OyfeT ycTpaHeHa KOHLEHTpMYeckas
abeppauusi.

Mepesen CTaHucnae FaHuaxk



