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Abstract. The aim of the paper is to obtain an objective opinion from the experts. Experts 
are evaluated on the basis of the accordance of their preferences with the total preferences. 
The inversion distribution was applied. This distribution is associated with inversions occur-
ring in the tau-Kendall test. The probabilities obtained as a result of estimation are needed to 
construct the estimator of demand. 
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1. Introduction 

The paper presents the concept of estimating the probability to solve the 
problem of forecasting demand for a selected group of products from the fash-
ion industry. The presented example of estimation is part of a problem being 
experienced by a company dealing in the distribution of linen industry goods.  

Because fashion-related phenomena are often subject to sudden and un-
expected changes, the use of subjective expert knowledge is a way to over-
come certain specific difficulties. 
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To use expert knowledge, a reliable method of their assessment is 
needed. In this work the concept related to the inversion distribution will be 
used. In addition to the distribution associated with the inversion analysis, the 
method of estimating the probability of an event interpreted as an expert error 
will be used. The proposed estimator is unbiased. 

As mentioned earlier, the goal of the entire project is to obtain an effec-
tive method of forecasting. The forecasting method is based on expert opin-
ions. Their predictions are to be taken into account after taking into account 
the probabilities of making mistakes, therefore this is a very important step in 
building a predictor. 

The first part of the work is theoretical. A distribution which is a natural 
generalization of the distribution occurring in the tau-Kendall test will be  
shown. Then, the estimation method will be considered. The next part will 
present data obtained from the MG4 company. In the final part the results of 
the estimation of inversion probabilities will be shown (the contractual name). 

2. Inversions 

Definition. Let (𝑋𝑋1, … ,𝑋𝑋𝑛𝑛) be the sequence of observations. The inver-
sion for 𝑖𝑖 and 𝑗𝑗 occurs, if and only if 𝑖𝑖 > 𝑗𝑗, but 𝑋𝑋𝑖𝑖 < 𝑋𝑋𝑗𝑗. 

The observation sequence (𝑋𝑋1, … ,𝑋𝑋𝑛𝑛)  can be equated with the permuta-
tion of the first 𝑛𝑛 natural numbers. In this work, it will be relevant to deter-
mine the preferences of experts. These preferences may be described using 
a sequence of natural numbers, the elements of which describe the order pre-
ferred by the expert.  

Having a sample pattern (actually realized demand) for the learning sam-
ple, the preferences of the analyzed expert can be compared with this pattern. 
Then the inversion number will be interpreted as the number of errors com-
mitted by the expert. 

The number of inversions for selected values of 𝑛𝑛 is presented in Figure 1. 
In the considered problem, the case of 𝑛𝑛 =  9, to a lesser extent cases 𝑛𝑛 =  4 
and 𝑛𝑛 =  3, is the one of particular importance. A recursive method of calcu-
lating the inversion number is presented in the works of [Czekała, Bukie-
tyńska 2017]. 
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Fig. 1. Number of inversions, case of 𝑛𝑛 = 9 

Source: own calculations. 

The number of permutations with a given inversion number varies from 1 
(there is only one permutation with a zero inversion number – permutation 
being the identity) to 29,228 since there are so many permutations with 18 
inversions. To obtain the probability, the number of permutations with a given 
number of inversion should be divided by 362,880 (in the general case by n!). 

It should be remembered, however, that the distribution for parameter 
𝑝𝑝 =  0.5 is obtained.  

Additional number of inversions is presented in Table 1. 

Table 1. Distribution of 𝑌𝑌𝑘𝑘 for 𝑝𝑝 = 0.5 

𝑌𝑌𝑘𝑘 0 1 2 3 … … k-1 

Probability 1/k 1/k 1/k 1/k … … 1/k 

Source: [Feller 1961]. 

In Table 2 an associated case is considered, which is an important exten-
sion of the previous case. 

0

5000

10000

15000

20000

25000

30000

35000

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37



8 Agnieszka Bukietyńska et al. 

Table 2. Distribution of 𝑌𝑌𝑘𝑘  (general case) 

𝑌𝑌𝑘𝑘 0 1 2 3 … k-1

Probability 𝑞𝑞𝑘𝑘−1 𝑤𝑤𝑘𝑘⁄  𝑞𝑞𝑘𝑘−2𝑝𝑝 𝑤𝑤𝑘𝑘⁄  𝑞𝑞𝑘𝑘−3𝑝𝑝2 𝑤𝑤𝑘𝑘⁄  𝑞𝑞𝑘𝑘−4𝑝𝑝3 𝑤𝑤𝑘𝑘⁄  … 𝑝𝑝𝑘𝑘−1 𝑤𝑤𝑘𝑘⁄  

where 𝑤𝑤𝑘𝑘 = (𝑞𝑞𝑘𝑘 −  𝑝𝑝𝑘𝑘) (𝑞𝑞 − 𝑝𝑝)⁄  for 𝑞𝑞 ≠ 𝑝𝑝 

Source: [Czekała, Bukietyńska 2017]. 

The full distribution of the number of inversions in a general case 
(with p generally different from 0.5) is shown in Table 3. 

Table 3. Distribution of 𝐼𝐼𝑛𝑛 

𝐼𝐼𝑛𝑛 0 1 … 𝑘𝑘 … 𝑁𝑁𝑛𝑛 

Probability �
𝑁𝑁𝑛𝑛
0
�
𝑞𝑞𝑁𝑁𝑛𝑛

𝑊𝑊𝑛𝑛
�
𝑁𝑁𝑛𝑛
1
�
𝑞𝑞𝑁𝑁𝑛𝑛−1𝑝𝑝
𝑊𝑊𝑛𝑛

… �
𝑁𝑁𝑛𝑛
𝑘𝑘
�
𝑞𝑞𝑁𝑁𝑛𝑛−𝑘𝑘𝑝𝑝𝑘𝑘

𝑊𝑊𝑛𝑛
… �

𝑁𝑁𝑛𝑛
𝑁𝑁𝑛𝑛
�
𝑝𝑝𝑁𝑁𝑛𝑛

𝑊𝑊𝑛𝑛

Source: [Czekała, Bukietyńska, Schlichtinger 2018]. 

In Table 3, 𝑁𝑁𝑛𝑛 = 𝑛𝑛(𝑛𝑛−1)
2

 is the maximal number of inversions, �𝑁𝑁𝑛𝑛𝑘𝑘 � is the 
number of permutation having exactly k inversions, 𝑝𝑝 is the probability of 
inversions and q = 1 − 𝑝𝑝. Moreover 

𝑊𝑊𝑛𝑛 = ��
𝑁𝑁𝑛𝑛
𝑘𝑘
� 𝑞𝑞𝑁𝑁𝑛𝑛−𝑘𝑘𝑝𝑝𝑘𝑘

𝑁𝑁𝑛𝑛

𝑘𝑘=0

 

are normalizing constants. 
Numbers �𝑁𝑁𝑛𝑛𝑘𝑘 � may be computed using the method presented in the paper 

[Czekała, Bukietyńska 2017], where are the terms of the well-known se-
quence A008302. 

3. Data presentation

Usually, in practical matters (this is also the case when evaluating ex-
perts) the p parameter is unknown. It should therefore be estimated. The esti-
mation method will be presented and applied below. 

In the first column of Table 4 the symbols from 𝑒𝑒1 to 𝑒𝑒13 denote the 
experts. In the discussed example there are 13 experts. In the first line of Table 
4 there appear the groups of the products. Table 5 contains an explanation of 
the acronyms.  
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Table 4. The order of the experts  

Product 
group MP MX LP LH TB MN TP LG LN Sum 

Sum 92452 76717 67159 26914 24133 15933 7004 5642 5210 323317 

e1 20160 19380 30690 2115 26430 1320 8760 60 2640 111555 

e2 0 0 0 2040 0 0 0 310 1980 4330 

e3 0 0 1080 0 1270 0 0 0 0 2350 

e4 16300 5500 5410 1340 3700 890 655 40 1145 34980 

e5 2490 850 990 365 615 640 0 20 275 6245 

e6 3740 2895 3670 445 1690 325 120 25 265 13175 

e7 8710 4705 12230 1110 3910 860 800 70 865 33260 

e8 14160 11140 8840 1825 16680 1015 1260 250 1340 56510 

e9 6630 2055 4975 1135 1715 720 250 60 640 18180 

e10 3580 890 3605 755 785 520 180 120 415 10850 

e11 5420 3640 4920 380 1595 1025 40 40 690 17750 

e12 4680 2050 3660 275 405 275 20 20 240 11625 

e13 10540 3960 18040 855 2680 250 30 45 735 37135 

Source: data obtained from the MG4 company. 

Table 5. Groups of products and ranks for the total 

Product group Rank Name   
MP 1 Men’s Basic Pants   
MX 2 Men’s Boxer Shorts   
LP 3 Ladies’ Basic Pants   
LH 4 Ladies’ Homewear Set  
TB 5 Teens’ Basic Colour Pants &Bra  
MN 6 Men’s Homewear Night&Day  
TP 7 Teens’ Bikini   
LG 8 Ladies’ Homewear Dressing Gown 
LN 9 Ladies’ Homewear Night&Day  

Source: data obtained from the MG4 company. 
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The basis of an experts’ evaluation constitutes a comparison of their pref-
erences with the total ones. This means endowing  each of the experts with a 
rank. In Table 6, data about the expert 𝑒𝑒2 and 𝑒𝑒3 are omitted due to the fact 
that they made too small number of choices. This was also the case with rank-
ing of the experts 𝑒𝑒11 and 𝑒𝑒12 because of ties. According to the theorem 
about the distribution of inversions, ties are not allowed. These two cases will 
be discussed separately. 

Table 6. Ranks of the experts 

Product 
group MP MX LP LH TB MN TP LG LN INVERSIONS 

Rank of sum 1 2 3 4 5 6 7 8 9 0 
e1 3 4 1 7 2 8 5 9 6 10 
e4 1 2 3 5 4 7 8 9 6 4 
e5 1 3 2 6 5 4 9 8 7 7 
e6 1 3 2 5 4 6 8 9 7 4 
e7 2 3 1 5 4 7 8 9 6 6 
e8 2 3 4 5 1 8 7 9 6 8 
e9 1 3 2 5 4 6 8 9 7 4 
e10 2 3 1 5 4 6 8 9 7 5 
e13 2 3 1 5 4 7 9 8 6 7 

Source: own calculations. 

4. Estimation 

It may be proved that [Czekała, Bukietyńska, Schlichtinger 2018]: 

𝐸𝐸𝑌𝑌𝑛𝑛 = �
𝑝𝑝

𝑞𝑞−𝑝𝑝
∙ 𝑞𝑞

𝑛𝑛−𝑛𝑛𝑞𝑞𝑝𝑝𝑛𝑛−1+(𝑛𝑛−1)𝑝𝑝𝑛𝑛

𝑞𝑞𝑛𝑛−𝑝𝑝𝑛𝑛
  for     𝑝𝑝 ≠ 𝑞𝑞

𝑛𝑛−1
2

                                        for   𝑝𝑝 = 𝑞𝑞
 , 

where 𝑞𝑞 = 1 − 𝑝𝑝. 

It may be proved using elementary methods that function 𝐸𝐸𝑌𝑌𝑛𝑛(𝑝𝑝) is 
strictly increasing. The expected values for the specified values of parameter 
𝑝𝑝 (for 𝑛𝑛 = 9) are included in Table 7.  
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Table 7. Expected values (𝑛𝑛 = 9) 

P 𝐸𝐸(𝑌𝑌𝑛𝑛) 
0.1 0.125 
0.2 0.333299 
0.3 0.745608 
0.4 1.759637 
0.5 4 
0.6 6.240363 
0.7 7.254392 
0.8 7.666701 
0.9 7.875 

Source: own calculations. 

Because 𝐼𝐼𝑛𝑛 = ∑ 𝑌𝑌𝑘𝑘𝑛𝑛
𝑘𝑘=1 , hence 

𝐸𝐸𝐼𝐼𝑛𝑛 = ∑ 𝐸𝐸𝑌𝑌𝑘𝑘𝑛𝑛
𝑘𝑘=1 = 𝐹𝐹𝑛𝑛(𝑝𝑝). 

With regard to the proposition included for example in the paper 
[Czekała, Bukietyńska, Gurak 2017], the observed number of inversions 
should fulfil the equation 

𝐹𝐹𝑛𝑛(𝑝𝑝) = 𝐼𝐼𝑛𝑛. 
Since function 𝐹𝐹𝑛𝑛 is the sum of the strictly increasing functions, so there 

exists the inverse function 𝐹𝐹𝑛𝑛−1. That is why, the unbiased estimator of param-
eter 𝑝𝑝 is the following one: 

�̂�𝑝 = 𝐹𝐹𝑛𝑛−1(𝐼𝐼𝑛𝑛). 
The predefined estimator is an unbiased estimator.  

To obtain values of the estimator of observed numbers of inversions, one 
ought to solve equations: 

�̂�𝑝 = 𝐹𝐹𝑛𝑛−1(𝐼𝐼𝑛𝑛), 
for 𝐼𝐼𝑛𝑛 ∈ {4,5,6,7,8,10}. Values from this set have been observed according to 
data from Table 6 (the last column). To solve the abovementioned equation, 
the module Solver was applied. Additionally, the value of the estimator was 
computed for 𝐼𝐼𝑛𝑛 ∈ {1,2,3,9}. The results of the computations are presented in 
the Table 8. 

For 𝐼𝐼𝑛𝑛 = 18 the estimated value of parameter 𝑝𝑝 is equal to 0.5. In  Figure 
2 there are distributions of the number of inversions for selected numbers of 
inversions and the probabilities that correspond with them. Figure 2 illustrates 
the significant difference between the random case corresponding with the num-
ber of inversions equal to 18 and the probability endowed with a value 0.5.  
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Table 8. Results of estimation 

Expert 𝐼𝐼𝑛𝑛 �̂�𝑝 

e1 10 0.402801 
e4 4 0.267075 
e5 7 0.349509 
e6 4 0.267075 
e7 6 0.326629 
e8 8 0.369373 
e9 4 0.267075 

e10 5 0.299673 
e13 7 0.349509 

- 9 0.386959 
- 3 0.226422 
- 2 0.173811 
- 1 0.102521 

Source: own calculations. 

Fig. 2. Distribution of inversions number for selected values of 𝑝𝑝 

Source: own work. 
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Similarly as shown in the papers [Bukietyńska 2017; Bukietyńska et al. 
2017; Czekała, Bukietyńska, Gurak 2017], the distribution of the inversions 
number may be used to test the hypothesis 𝐻𝐻:𝑝𝑝 = 0.5. In this paper the va-
lidity of such a hypothesis means the total randomness of the experts’ opinion. 
In this case, p-values are necessary to make a decision. These values are pre-
sented in Figures 3 and 4. 

Fig. 3. 𝑝𝑝-value, case 𝑛𝑛 ≤ 4 

Source: own work. 

Fig. 4. 𝑝𝑝-value, case 𝑛𝑛 ≤ 11 

Source: own work. 

Knowing the values from Figures 3 and 4 make testing the hypothesis 
about usefulness of an expert possible. 
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5. Summary

The presented example gives the method assigning the probability of a 
mistake to each expert. This probability may be identified with probability 𝑝𝑝 
occurring in the distribution of the number of inversions. These probabilities 
shall be used to construct the predictor, where weights will be characterized 
by inverse dependence in relation to the probability of mistakes. In this paper 
the case of ties was omitted. The cause being the fact that the distribution of 
inversions does not allow such a possibility. In the case of the experts 11th 
and 12th, ties are occurring twice. The heuristic solution of such a problem 
may be based on the consideration, in each of these cases, of two permutations 
using a replacement of ranks. Therefore one may obtain two possibly ob-
served values of inversion, which are included in the range presented in Table 
8. The situation seems to be more complex when one has too small a number
of observations. The presented method cannot be used in a situation that is
similar to the one related to expert 𝑒𝑒3. The case when one has to do with three 
choices is on the borderline of applying the method, however this was con-
sidered in the paper [Czekała, Bukietyńska, Gurak 2018].
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