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Abstract: In this paper equilibrium short-rate models are compared against no-arbitrage short-rate
models. This article is composed of the introduction to this literature and a review, followed by
numerical examples of one-factor short-rate models; the Cox-Ingersoll-Ross (CIR) model and the
Vasicek model. No-arbitrage models were presented through the Hull-White (HW) model, the Binomial
lattice model for bond pricing and interest rate modelling, the Black-Karasinski (BK) model, and the
Heath-Jarrow-Morton (HJIM) model. The results prove that no single interest rate model exists that can
be used for all purposes. These models were compared in terms of volatility, mean reversion process
and convergence. The end results confirm the dependence of volatility on the level rate as a determinant
of the predictive success of these models.
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1. Introduction

Short-rate models are a mathematical model that are used in the evaluation of interest
rate derivatives to illustrate the evolution of interest rates over time by determination
of the evolution of the short rate dr(t) over time. The free short-term interest rate is
a key economic variable, since it affects the short end of the term structure and has
implications in the pricing of the full range of fixed income securities and derivatives,
see (Andersen and Lund, 1997). In the literature, most of the models for option or
discount bond pricing, or at least several of them, are developed in a continuous time
framework, with the arithmetic Brownian motion?, e.g. (Black and Scholes, 1973;
Merton, 1973). Other models such as the Vasicek (1977) model use the Ornstein-
-Uhlenbeck process? which is a Gauss-Markov process, that over time tends to drift
towards its mean function; such a process is termed as mean-reverting, see (Bjork,
2009). Mean-reversion is understood here as the change of the market return in the
direction of a reversion level as a reaction to a prior change in the market return, see
(Hillebrand, 2003). Empirical evidence on “on the extent to which stock prices exhibit
mean-reverting behaviour” can be found in (Poterba and Summers, 1988). The two
major classes of interest rate models can be described as: “no-arbitrage term structure
models” and “short rate models”, see also (Cairns (2004; Treepongkaruna and Gray,
2003).The first equilibrium models of short rate were built on the assumption of how
the economy works. Equilibrium models or short-rate models such as those developed
by Vasicek (1977), Dothan (1978), Cox, Ingersoll, Ross (1980), Cox, Ingersoll, and
Ross (CIR) (1985), the Ho-Lee Model (1986) was the first paper that developed this
idea prominently. Longstaff (1989, 1992), Longstaff and Schwartz (1992), Brennan
and Schwartz (1979, 1982) and Chan, Karolyi, Longstaff, and Sanders (hereafter
CKLS) (1992) all started with an stochastic differential equation (SDE) model and
developed pricing mechanisms for bonds under an equilibrium framework, in these
models drift and diffusion parameters are not allowed to vary over time, see also
(Buetow, Fabozzi and Sochacki, 2012). The inverse of the CIR model® is discussed in

! Definition of Brownian motion: Let (W, F)re(0,0) be an R-valued continuous stochastic
process in probability space (Q,F,P), then (W, Fy)reo,0) IS called standard Brownian motion
it W=0, W,—W,~N(0,t—s); W,—W, LF,. An RT valued process W, is called
T-dimensional Brownian motion with initial value x € R” if W, = x + (W}, ..., W), vt € (0, ),
where W} are standard Brownian motions, see (Ewald, 2007).

2 Suppose x4, (t), x5(t), ... x4 (t) are d dependent Ornstein-Uhlenbeck processes where dx;(t) =
—%axl-(t)dt + vadB;(t), where B;(t) are standard Brownian motions, va represents volatility and

at
—%a is a mean-reversion rate. Here x(t) follows normal distribution with (x,-(O)e_7; 1- e“”).

The squared radius of the vector x(t) isR(t) = X, x; () - dR(¢) = T, (2x;(0)dx; (8) +
d(x)(®)) =a(d — R®))dt + VAadW,(¢) ; 6 = ‘:—‘: and d = 2% and we have that r(¢t) = %.

0-2

3
3 Inverse of the CIR model is given as: dr = r{k(c? — ka)r}dt + o2dB, while the CIR model
1
1985 is given as: dr = a(B — r)dt + orz, where k in the first expression is a mean-reversion.
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(Ahn and Gao, 1999) and then (Ait-Sahalia, 1999). No-arbitrage models (no-arbitrage
bounds represent mathematical relations that are specifying limits on portfolio prices.
These price bounds are a specific example of good-deal bound, see (Birge, 2008)). The
general approach to option pricing is first to assume that prices do not provide arbitrage
opportunities. For a more general explanation on good-deal bounds see Bjork, Tomas,
Slinko, Irina. (2006). Black and Karasinski, (1991), Black, Derman, and Toy (1990)*,
Ho and Lee (1986), Heath, Jarrow, and Morton (1992), and Hull and White (1990,
1993) begin with the same or similar SDE models as the equilibrium approach, but use
market prices to generate an interest rate lattice. No-arbitrage models are the preferred
framework to evaluate the value of interest rate derivatives. The derivation of the
option prices is obtained by replicating the payoffs provided by the option using the
underlying asset and risk-free borrowing/lending. The simplest form of no-arbitrage
model is put-call parity to obtain values market prices of bonds that are exact.
Equilibrium models will not price bonds exactly. In this paper the authors took into
consideration: the Hull-White one factor model to simulate the price of a bond and the
total return of a bond portfolio, followed by the CIR model to simulate the daily short
rates. The tree models are presented through the Black-Karasinski (BK) model (the
(BK) Black-Karasinski model is a single-factor, log-normal version of the HW model),
and the Heath-Jarrow-Morton (HJM) model. The (HIM) Heath-Jarrow-Morton model
considers a given initial term structure of interest rates and a specification of the
volatility of forward rates to build a tree representing the evolution of the interest rates,
based on a statistical process (see also MathWorks® help center). These models use
sets of zero-coupon bonds® to predict changes in interest rates®. This paper compared
two types of models and drew conclusions as to which models are best suited to be
used (the authors tested their volatility with respect to the level rate, as a determinant
of the success of the model).

2. Fundamental theorem of asset pricing

Theorem 1. Suppose that bond prices evolve in a way that is stochastic, if 3Q = P,
under which for VT, the discounted price process P (t, T)/B(t) is martingale’ for all

4 Empirical investigation of the Black-Derman-Toy model (BDT) (Bali, 1999), uses the data set
originally constructed by Fama (1984) and then updated by the Center for Research in Security Prices
(CRSP).

5 Zero-coupon bond prices P(¢, T) by definition are related to forward rates: f(¢t,T) =
1 S

P(T,T) = 1; P(¢,T) = 5o eP DU COTORORED where (e, T): = [} e~k ds.

6 A zero-coupon bond is a bond that, instead of carrying a coupon, is sold at a discount from its
face value, pays no interest during its life, and pays the principal only at maturity.

7 Martingale is a sequence of variables: x, x4, ... With finite means such that the conditional
expectation of x4 is given as: (xp411xg, .., Xn) = x,. One dimensional random walk is an example
of martingale, see (Doob, 1953).

_ dlog(t,T)
aT
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Vt: 0 < t < T. If this holds then the market is complete if and only if Q is a unique
measure under which P (t, T)/B(t) are martingales.

In the previous theorem: B(t) = B(0) exp ( fotr(s)ds) is a cash account

numeraire, (Q, F, P), is a probability space (sample space, event space, and probability
function) see Stroock (1999), Q is an equivalent martingale measure or risk neutral
measure, see Cairns 2004).

Corollary 1 First P(t,T) = Ej [exp (— ftTr(s)ds ) | Fy ] =
E, [exp (— fST:_tlr(s) ) | Fy ]

Where F, is a o algebra® generated by the price histories up to the time, E, implies
expectations with respect to the equivalent martingale measure. Fair value V(t) at

time t under x which is some F, measurable derivative payment payable, then

the discounted price process % is also martingale under Q@ so V(t,T) =

E, [exp (— ftTr(u)du ) x| Fe ] .

Proof: r, € A where A = {r_y;71y,11, 72}, where Py, = P[ri44|r] = 1, also
Pt t+2,1)=eTD[ge™i+(1—g)e "-1];0<qg; <1. Now let Z(t,T) =
P(.T)/B(t,T). Where D(t, T) = Ej [ﬁ |3—"t]. Where D is a martingale under Q by
the law of total conditional expectation. Now

Pti+2 -1
Ztt+2) = % = exp —f r(s) |e"TIEH[P(t + 1,t + 2)|F,]
s=t

= Ep[Z(t + 1,t + 2)|F.].

@

Z(t,t +2) is martingale under @ from t —»t + 1, by the martingale Re-
presentation theorem 3¢(t,T) which is a predictable process such that:
D(t,T) =D(0,T) + Xt p(s, T)AZ(s,s + 1). Now let p(t,T) = D(t — 1,T) —
¢(t,T) Z(t — 1,t + 1). The value of this portfolio which holds ¢ (¢, T) units of bonds
that matures at ¢t + 1,P(t —1,t +1) plus ¥(t,T) units of risk free bonds,
B:_1 — B;. The value of portfolio at time t after rebalancing is:

V(t,T)=¢(t+1, TP t+2)+yY(t+1,T)B(t)
=Blpt+1,T)Z(t, t+2)yY(t+1,T)=Bt)D(,T) @
=B[p(t, T)Z(t, t + DyY(t,T)
=¢(t, T)P(t, t + 1) + (¢, T)B(L).

8 Let P(x)is a P(s), then a subset Y, < P(x) is o-algebra if it satisfies: x € ¥, and is considered
tobeu,andifx € Y = x € Y; and if x4, x5, ... € Y then x = x; U x; ... see (Rudin, 1987).
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Since by the law of one price i.e. no-arbitrage V(T,T) = B(T)D(T,T) further
one can state that P(t,T)=e "t E [exp (— fST;tlr(s) ) | Tt] =e tEy
[P(t + 1,T)|r:] and the relevant Q probabilities are given in the theoremm .

3. The Vasicek model

The Vasicek model (1977) is a one-factor short-rate model, that describes interest rate
movements driven by only one factor of market risk. Vasicek (1977) proposed the
following model:

dr(t) = a(u — r)dt + cdW (t), 3)

where u is a risk-free interest rate; a represents a rate at which r(t) reverts to the long-
-term mean; o represents volatility of short-term interest rates; W (t) is the standard
Brownian movement under risk neutral measure Q, and u>0; ¢ >0; s > 0,
r(t + s) given r(t) is normally distributed under risk-neutral measure Q with mean and

var.(j + (r(t) - u)eaS;@).

Theorem 2. Under the Vasicek model prices of bonds are given as:
P(t,T) =explA(t,T)—B(t, T)r(t)],

LA = (BET) - (T - 0) (k- 25) - ZBLT)?.

_e—a(T—t

1
where: B =
a

Lemma 1: Laplace transform for | tT r(s)ds for given r(t); r(T) is:

T
PL=T,rv,w)=Elexp (—vj r(s)ds — wr(T)|r(t)] @)
¢
= eXp[c’q(ti T; v, (1)) - B(t; T; v, (,())],
_—at
where = T — t,B(t, T, v, w) = vB;(t, T) + wB,(t, T), where B, (¢, T) = - “—and

By(t,T) = ™%, Also, A(t,T,v,0) = —vA; (t,T) — WAy (t,T) +5v2C11 (,T)
+vw2Cy(5,T), where A (tT) = u (7 - 1‘e_m); Ay, T) = u(1 — e~aty
Also, C;,(t, T) = % (1—e 9% C,,(t,T) = %(1 —e %), From previous
ftTr(s)ds have a bivariate normal distribution under: Ey[r(t)|r(T)] =
B,(t, T)r(t) + A,(t, T) = u+ (r(t) —pwe *  and Eg [ftT r(s)ds|r(t)] =
By (t, T)r(0) + AL (6, T) = pr + (r(8) — p) o

a
5 1—e—2aT

Varg[r(®)|r(T)] = C22(t,T) =0 — and Varg [ftTr(s)dslr(t)] =

Variances are given as:
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C11(t,T) = [Zar— 3 +4e~%" — 7297, This lemma can be proven by the
Feynman- Kac formulag to see that: P, = (¢, T, r, v, w) satisfies PDE:

0P, 0P, 1 ,0°P

s +a(u—r)— EO’ 7 —urP, =0 ®)

st. P, =(t,T,r,v,w) = exp(—wr). The bivariate normality follows when one
observes that the log P, = (¢, T, r, v, w) is quadratic in v; w.O

The price at time t for given r(t) = r of a zero-coupon bond maturing at T is:

T
P=(T,r)=Eglexp (—f r(s)ds|r(t)] = exp[A(t,T) — B(t,T)r], (6)

_—at
—— and A(tT) = —A, (t,T) +

%Cn(t, T) = ( - ;7) (B(t,T) — (T —t)) — Z—QB(t, T)Z, s.t. boundary condition
P=({T,r)=1Vrm

where in the previous expression: B, (t,T) =

4. The Cox-Ingersoll-Ross (CIR) model (1985)

In the Cox-Ingersoll-Ross model (1985), the short-rate is assumed to satisfy the
following differential equation:

dr(t) = k(6 —r(t))dt + avrtdw(t), )

where k,0,0 >0 with 2k8 > ¢? and wis a Brownian motion under risk-free
measure. Now, let 0 < s < t < T, the short rate in the CIR model satisfies:

E(r@®)|F(s)) = r(s)e =) + g(1 — e ¥(=9) (8)

and also:

2

o T'(S)( —k(t-s) _ e—zk(t—s)) + O-—kg(l _ e—k(t—s))zl 9)
2

V(r@®|F(s)) =

In the CIR model, the price of a zero-coupon bond with maturity T at the time
te€[0,T] is given as: P(t,T) =A(t,T)e TWBED)  \where: A(t,T) =

® Feynman-Kac formula — Suppose 3P(t,x) that satisfies: —+f(t ) +—
R(x)P + h(t,x) = 0 st P(t,x) = P(x). Then AW (t) and a measure Q where the solutlon is glven
as  P(tx) = Eg[f, v(t,wh(u,xw))du + (&, DP(x(D)IF.]; t <T dx(t) = f(t,x(0))dt +

p(t,x(6)dW (£); V(t,w) = exp(— ftuR(x(s)ds) given that ftT Eg [(p(s,x(s)) Z—Z (s,x(s))]2 Tt] )
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2k6

(h+k)(T—t) P
2he 2z ) _ 2(eMT-9_1) T .
<2h+(h+k)(eh<T-f>—1)> and: B(t,T) = 5 T era=o—qy Nere: h = Vk* +20%.
Bond price dynamics in the CIR model is given as: dP(t,T) = r(t)P(t,T)dt —

a\rt B(t,T)P(t, T)dw(t). And:

1 (a*B*t,T)-Dr() p ovrt B(t,T)

dP(t, T) P(t,T) b+ P(t,T)

dw(t). (10)
Under T-forward measure'® Q7 the short rate r in the CIR model satisfies: dr(t) =

[kO + (k + 0?B(t, T)r(t)] + a/r(t) dwT(t). In the CIR model the instantaneous
forward rate with maturity T is given as: f(t,T) = kOB(t,T) + r(t) + By (t,T),
and satisfies the following stochastic differential equation': df(t,T) =

a7 (t)Br(t, T)dwT (t). Extensions of the models were provided most notably in
(Maghsoodi, 1996). There coefficients were replaced with time-varying functions in
order to make it consistent with a pre-assigned term structure of interest rates and
possibly volatilities, while one extension is given in Chen (1996), which is a three-factor

model. The unique solution to dr(t) = k(6 — r(t))dt + ovrtdw(¢) is given as:
t t
=T +f k(0 —r,)du+ af JrwW)dwW(u);s < t. (12)
S S

Hence: E (r¢|rg) = 15 + f:k(@ — E[ri|rsDdu,s < t.
Theorem 2. The Laplace transform for the joint random variables ( J tT r(s)ds,r(T))

givenr(t) is: P, (t,T,r,v,w) = Ey [exp (—v ftTr(s)ds — wrt(T)) |r(t) = r],
where P, = exp[A(t, T, w,v) — B(t, T, w,v)r], where:

y@+K(3)

AT, w,v) = Z%flog( o ): y(v) = VkZ + 207,

(62w+y(W)+k) (e?YWT- 42y (v) (12)

w2y W)+ ) —k)(e¥ T _1)42p(e¥ @ T-1)_ 1)
(a2w+y(W)+k) (e¥ D T-O 412y (v)

B(t,T,w,v) =

10 Where QT Brownian motion is defined as: dwT (t) = dw(t) + oB(t, T)/r(t) dt.
1 Forward rate dynamic in the CIR model is given as: dF(t,T,S) = a(F(t T,S) +

(T, s))

J(B(t $) = B&D) In( (T, F(ET,S) + 1D 53 dws (©).
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For zero-coupon bonds by taking v = 1;w = 0, and we have P,(t,T,r) =

7] B = (y+k) %
exp[c/l(T—t) —B(T —t)r], where: A(t) =2:_2910g< 2ye ( ) >;

(c2w+y+k)(e¥T-D+2y

— V2 2 B() = Grmereaia
y() =Vk? + 202 and also B(r) = (y+K)(eVT=1)+2y’

Proof : For the first part of the proof, let us recall that:
- ds—wr(T)

Pt T,7,v,0) = Eg [e v [T r(s) |r(t) = r] ;dr(t) = k(6 —r()dt +

a\rtdw(t), one can apply the converse of the Feynman-Kac formula to see that
2
P, (t, T,r,v,w) must satisfy the following PDE: % + k(@ —1) % + %ozr % —
vrP; =0, s.t. boundary condition P;(t,T,r,v,w) = e~“". For the zero-coupon
T

bonds prices: P(t, T,r) = E, [e‘ft r()ds| () = r] = P,(t, T,r,1,0), substitutiong

v =1; w = 0 one obtains the previous expression P;(t,T,r) = exp[A(T — t) —
B(T—t)r]m

5. The Hull-White model (1990)

Hull and White (1990) explored extensions of the Vasicek model (1977) that provide
an exact fit to the initial term structure®. One version of the extended Vasicek model
that they considered was:

dr, = [6(t) — ar;]dt + odB; (13)

and r =a [%t)— Tt] dt + odB;, where r is short-term interest rate and a,o are

positive constants. 8(t) is a function of time chosen to ensure that the model fits the
initial term structure. The variable 6(t) defines the average direction that » moves at
timet, and B,is a Brownian motion. A continuous-time stochastic
process w(t) for t = 0 with w(0) = 0 and such that the increment w(t) — w(s) is
Gaussian with mean 0 and variance t — s forany 0 < s < t, and increments for non-
overlapping time intervals are independent. Brownian motion (i.e. random walk with
random step sizes) is the most common example of a Wiener process. When a = 0,
the Hull-White model becomes its alternative Ho-Lee model (1986):

2 Hull and White (1990) provided simple framework of the Vasicek model: dr(t) =
a(u(t) —r())dt + odW(t), in order for the theoretical and observed prices to match the condition

required are: u(t) = %a%f(o, t)+f(0,t) + %(1 —e2t) P(t,T) = exp[A(t, T) — B(t, T)r(t)],

P(0,T) _ 0 —a(T-0\% (1 _ ,-2aty. _
705 FBEDS0.0) a(l—e )" (1—e729%); B(t,T) =

The Ornstein-Uhlenbeck process provides the following: r(t) = e%+(0) + afote‘“(t‘s)y(s)ds +
Jfote‘“(t‘s) aw; .

1_e—a(’1‘—t)

where A(t) = log

a
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dr = 6(t)dt + odw. (14)
Function 6(t) can be calculated from the initial term structure: 6(t) = F;(0,t) +
2
afF(0,t) +‘27—a(1 —e~2at) The last term of the equation is small so if ignored

it: F:(0,t) + a[F(0,t) — r]. This shows that, on average, r follows the slope of the
initial instantaneous forward rate curve. When it deviates from that curve, it reverts
back to it at rate a. Or, when a current term structure is matched, Hull and White

(1993): 0(¢t) = af(o 2 af(0,t) + —(1 — e~2at) |t turns out that the time-s value
of the T-maturity dlscount bond has dlstrlbutlon see (Hull and White, 1996):
P(s,T) = A(s, T) = A(s, T) - BT (15)

—_e—a(T-s)
where B(s, T) = ——— and  InA(s5,T) = In el = B(s, T) - Ho2 -

g2(e™%T — =) (e2% — 1). These equations define the price of a zero-coupon bond at
a future time t in terms of the short rate at time t and the prices of bonds today. The latter
can be calculated from today’s term structure. P(s, T) is log-normally distributed. The
solution for 6 here is given as in (Gurrieri, Nakabayashi, and Wong, 2009):

Proposition 1. The proposed solution to the model is given as: 6(t) = %f(o, t) +
a(®)f(0,t) +- < atZV(O t) + a(t) V(O t)) where £(0,t) is the instantaneous

forward rate at time ¢, V(t) = ft o? (t,T)dt,o(t,T) = a(t)B(t,T).

Proof: The assumption here is that {r(t),t > 0} satisfies SDE dr; =
[0(t) — a(t)r]dt + adw,, t > 0,where {w,,t = 0} is a standard Brownian motion.
First, one notes that;

d (efé a(t)dtr(t)> = a(t)eh “Otr(t)dt + el * Ot qr(t) (16)

= 9(D)eh * O gp 4 g(t)eh * D g,

t t
Then for t; >t we have: r(t;) =r(t)e”le @O 4 [11g(s)e= L ()t
t
[lo(s) ek e®dgp also for 0<t<T we have that® P(t,T)=
E (eftTrst

.‘Ft). From the previous one can write:

13 Here F, is the information set or price history as defined before. The probability law in the
Markov models requires prices as input and the probability law of P (s, T)|F;, where t < s < T which
is equal to that of P (s, t)|x(t) in some finite dimensional Ito process. W is also a Markov process,
that is the law of {W(w): u > t} for a given F; is the same law of {W(u): u = t} for a given W, only.
W, is a martingale for s >t E[W(s)|F.] = W,. Also a stochastic process x(t) = x(0) +
fot a(u)du + fot b(w)dW (uw) where a(w) and b(u) are F,-adapted processes and [ Ot b(w)dW (u) is the
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P,T)=E (eftT ryds Tt) _

e-TOBET) g ( o T 6(s)B(sT)ds— [ 6(t)B(s,T)dBs

F) = (17)

o~ TOB(ET)- I} 6(5)B(s,)ds+3v(t,T) .

t t
Furthermore, £(0,t) = —%ln?(o, t) = r(0)e Joa®at fote(s)e‘fsla(t)dt

10 i} _ 10 1 02
ds =22y, and 20,0 = —a(®) (f(o, 0 +22v(, t)) v -2
If rearranged one obtains to 6(t) = %f(o, t)+a(t)f(0,t) +% :—;17(0, t) +

a(t)%V(O, t)) -

6. The Black-Karasinski model (1991)

Black and Karasinski (BK) developed a maodel, within a discrete time framework,
where the target rate, mean reversion rate and local volatility are deterministic
functions of t, see (Svoboda, 2004). The Black-Karasinski model (1991) assumes that
r evolves to:

dln T't = (Qt - (I)tlnrt)dt + O'tth. (18)

Black-Karasinski in a similar way to Hull-White introduced the “target interest
rate” u(t): dlog(r) = ¢;[(logu; — logr)ldt + o,dw,, thus the Black-Karasinski
model* in discrete time, where ¢ (t) or ¢, is:

1 Ot To )
=—(1-————), 19
o Tk( . ’_T¢—1 (19)

where 74 = ty4q — t;. Black, Derman, and Toy (1990) proposed a binomial model

with the volatility of a short rate r; proportional to r, This is also a single stochastic
model, and the interest rate determines the future evolution of all interest rates.
Buetow, Hanke, and Fabozzi (2001) suggested that the BDT model follows the
following stochastic differential equation: din(r) = (6(t) + p(t)) In(r) dt + atdw.
The mean reversion term p(t) depends on the interest rate volatility: p(t) =

Ito integral. The quadratic variation of x(t) is defined as:x(t) = fot b(w)?du or this can be written in

differential form as: d(x)(t) = b(t)?dt.Sometimes the previous can be written as:(d(x)t)? =
b(t)?dt.

14 How this expression appear? When mean-reversion is combined with the lognorm model, we
have three time-dependent factors so now the BK model is: d(Inr) = (8(t) — k(t) Inr)dt + o(t)dwy,
dropping ¢(t) to be the function of a(t) and if it is allowed p(t) to be the target interest rate, i.e. the
reversion rate, then: d Inr = ¢ (£)(6(t) — ¢p(t) Inr)dt + o dw, here ¢(t) is a mean-reversion.
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%ln(a(t)) =2 ( ) . This translates into: din(r) = (G(t) +Z (t))ln(r) dt + atdw,

where w is a standard Brownian motion under a risk-neutral probability measure,
g IS an instant short rate volatility. In the specification of the binomial tree BK model,
the mean reversion may be equated to the rate of change of local volatility, as the short-

-term interest rate gets closer to the target rate: ¢, = — — #T_ In the previous
t—1 t t—1

Tt
- 2
1+ 1+4¢(;—‘t1> Tieq
. 1
equation t; = t;q — t; , fromthere: = =

Jre 27 (%2)

t
\/—_ > 0 we have cf. (Svoboda, 2004):

and now by definition

el
1+ J1 +4¢ (”3—;1)2 T4

For ¢(t) > 0 i.e. positive mean reversion speed, 7, — 7,1 {and ¢(t) > 0 T,
the more pronounced is 7, — 7,4 .

(20)

Tt = Tt

7. The Heath-Jarrow—Morton model (HIM) (1992)

This model*® is generated through Heath, Jarrow, and Morton, 1990, 1991, 1992), who
formulated the dynamics of the forward rate curve f(t,T) where T is a time of
maturity, starting from a given initial curve f(0,T). They showed that the curve’s
arbitrage free risk-neutral dynamics is determined by the forward-rate volatilities
(t, T):

T
df (t.T) = f a(t,s)dsa(t, T)dt + o(t, T)dwy. (21)
t

This is effectively infinite dimensional SDE (Jamshidian, 2010), driven by the
finite dimensional Brownian motion. Regarding the volatility and the Gaussian

interest rate  (Jamshidian, 1991) showed: drt = (% + v(t) + x(t)(f (t,0) —
r(t))) dt + a(t)dw;, where the volatility assignment operator is: v(t) ==

fotaz (s,t)ds. The bond and option prices C are functions C(r,t) and satisfy the

5 The HIM methodology encompasses several new concepts: First a stochastic structure is
imposed on the forward rate, next the contingent claim prices are not dependent on the market prices
of risk, and third, the evolution of term structure is determined by the short-term interest rate.
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+ (dfc(l(t),t) +v(6) +(®(f (£, 0) - T(t))) ) 9% here finite-

or?’

PDE: 2
-difference implementation is enabled and so: f(t,T) = f(t,0) + e‘ftT"Sds
(re = £(0,0) + v(t) + B(t, T)), where: B(t,T):= ftT ek udu g As for zero-
coupon bond prices P(t, T), they are by definition related to forward rates: f(¢t,T) =

_w. (P(T,T) = 1), and where:

PO.T) pem(reo-re)-tvwpen
P(t,T) =——=e""" ’ 2 o 22
&N =505 (22)
This equation makes a valuation of a coupon bond at each exercised date of
aBermudan option'®. The fundamental solution C(t,r) of PDE for t<T

satisfies: C(ry, t) = | tT G(t,R,T)C(R, T)dR where:

_ (R-r@®)°
e 2(v(D-v(®)
G(t,R,T) =P(t,T) = . (23)

2n(v(T) — v(t))

For a fixed maturity,f (t, T) is an Ito process’ satisfying: df (t, T) = a(t, T)dt +
a(t,T)dW(t). Here a(t,T);a(t,T) depend upon F, = c({W(s):s < t}). Some
peculiar conditions in this model are as follows:

(i) VT,o(t,T); a(t,T), depend on history F; of W, wheret <s < T,

(i) [, o2(t,T)dt; [} la(t, T)\dt are finite f] [Sla(t,s)| is finite;

(iii) £ (0, T) is deterministic and satisfies, [ |£ (0, u)|du < oo;

(iv) E[| [ 0 (t, w)dWu|du|] < o, see (Caims, 2004).

16 A Bermuda option is a type of exotic options contract that can only be exercised on
predetermined dates, often on one day every month. Exotic options are hybrid securities that are often
customizable to the needs of the investor.

17 Probability triple is (Q, F,P), where w € Q under P and F, = c((W(u,w):0 <u < t}) is
asigma algebra, x(t,w) is a stochastic process adapted to F., L2(0,T) is a class of functions

g(t, w):[0,0) x O - R, and E{fOTg(t, w)? dt] < o, h(t, w) is an elementary function, e;(w) are
aset of function values, h(t,w) =X}, ej(w)I[t],‘th] (). 3n(t, w) < L?(0, t);E[fOT(g(t, w) —
h.(t, a)))zdt]. Ito integral of g(t,w)then is defined as: fng(t, w)dW(t,w) =
Tlilg fOT h; (t, w)dW(t,w), where T = T — t, while in the SDE case, suppose that dx(t) = a(t)dt +
b(£)dW(¢), let f(t,x):[0,00) x R > R be a €2 function and let Y(t) = f(t,x(t)) be a diffusion
process, then Ito’s formula for one dimensional diffusion processes is given as: dY (t) = Z—{ (t, x(t)) +

ar s of
5 (Lx@®)a®) + %ﬁ (& x(®)b(®)?] dt + =~ (t,x())b(O)dW (©).
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Lemma 2. VT; zero coupon bond price in the HIM model follows the Ito process
of the form, see also (Filipovic, 2009):

T
P((t,T)=P0) + f P(s, T)(r(s) + b(s, T))ds
o (24)
+f P(s, THv(s, T)dW(s);t < T.
0

In the previous expression: v(s,T) = — fST o(s,u)du; is the Treasury bond
volatility and b(s, t) = — [ a(s,u)du + 5 [[v(s, T)|%.
Proof: By the Fubini theorem'® for stochastic integrals one obtains here:

logP(t,T) = —fo(O,u)du
— J;T J:a(s,u)du — fOT J: o(s,u)dW(s)du = — _LTf(O, u)du

¢ 1
+f (b(s,T)—§||v(s,T)||2)ds
+ f o5, TYAW(s) (25)
+J; (f(O,u)+]0 a(s,u)ds+f0 a(s,u)dW(s))du
= log®P(0,T)

t 1 t

b(s, T) — = llv(s, )12 ) d T)dW

+ [ (r© + 5@ T =36 DIF)ds + [ v DawE)0

Previously r(u) = (f(0,u) + fgta(s, u)ds + fou a(s,u)dW(s) ).

8. Simulate the price of a bond using a Hull-White one-factor
model until the bond’s maturity

Here the authors used MATLAB to simulate the price of a bond using the Hull-White
one-factor model®® until the bond's maturity. First, they defined the zero-curve data, then
the CouponRate = 0, followed by the Hull-White parameters: « = 0.1;and ¢ = 0.01.

18 Consider RP valued stochastic process ¢ = ¢(w, t,s), with two indices 0 <t < s, satis-
fying the following properties: ¢ is progr®B[0, T]-measurable supl|¢(t,s)|| < . Moreover,
ts

T T T, T
Iy (3 ¢, )aw(®)) ds = [ (J; $(t, s)dw ().
19 The Hull-White one-factor model is specified using the zero curve, alpha, and sigma parameters.
Zero curve is used to evolve the path of the future interest rates.
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HW1F = HullWhitelF (RateSpec, alpha, sigma). Then the simulation parameters
are defined:

nTrials = 100; nPeriods = 12*5; ATime = 1/12. The simulation gives the fol-
lowing result:

Simulated Bond Price

100 T

95 -

90

Bond Price

85

80

75 L L . .
2019 2020 2021 2022 2023 2024 2025

Simulation Dates

Fig. 1. Simulation of the price of a bond using the Hull-White one-factor model until the bond's
maturitye¢ =0.1;and o = 0.01

Source: authors’ own calculation.

Simulated prices of the bond are converging in approximately five years, since the
start of the simulation.

8.1. Simulate the total return of a bond portfolio until maturity using
the Hull-White one-factor model

Now there is a simulation of total return of a bond portfolio until maturity by using the
Hull-White one-factor model, the authors define zero rates: Zero Rates = [-0.01 -0.009
-0.0075 -0.003 -0.002 —0.001 0.002 0.0075], and zero dates from which there are settle
date, zero times 12, where zero times are ZeroTimes = [3/12 6/12 15 7 10 20 30], coupon
rates are CouponRate = [0.035; 0.04; 0.02; 0.015; 0.042]. The defined Hull-White
parameters are @ = 0.1; and ¢ = 0.01. As can be seen in the following graph, the
simulated portfolio bond returns first are converging around zero returns but not zero,
and afterwards they are diverging. References to these models in the Matlab financial
toolbox are in (Brigo and Mercurio, 2006) and (Hull, 2011).
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05 Simulated Bond Portfolio Returns

0.4 r
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Simulation Dates

Fig. 2. Simulation of the total return of a bond portfolio until maturity using the Hull-White
one-factor model maturity « = 0.1;and o = 0.01

Source: authors’ own calculation.

Simulated Bond Price Ho-Lee model

100

all |
ao—’—’_"/,/_’///Trwj .
70| :
60 |

50 1

Bond Price

40 .

30 1

20 7

10 b

0 .
2019 2020 2021 2022 2023 2024 2025
Simulation Dates

Fig. 3. The Ho-Lee model ¢ = 0;and ¢ = 0.01

Source: authors’ own calculation.



Equilibrium short-rate models vs no-arbitrage models: Literature review... 57

When a¢ = 0 the Hull-White model becomes the Ho-Lee model and the simulated
bond price is depicted in the following graph®.

9. The Cox-Ingersoll-Ross process

The Cox-Ingersoll-Ross model?! is a continuation in the equilibrium short-rate models.
This exercise of the CIR model uses the following parameters: t = [0 0.25];
observation times, a = 0.2; mean-reversion parameter, b = 0.05; long-term
mean, s = 0.1; volatility r, = 0.04; starting value. The resulting empirical
distribution is similar to normal:

f(r(0.25)|r(0) = 0.04)

0.45

047

0371

0251

021

0 | | | | | I .
0 0.01 002 003 004 005 006 007 0.08 0.09

Empirical distribution

Fig. 4. The Cox-Ingersoll-Ross process empirical distribution of the interest rates

Source: authors’ own calculation.

20 In their basic forms these models are presented as follows: the Hull-White model dr =
[6(t) — a(®)r(t)]dt + a(t)dW(t). The Ho-Lee model is given as: dr(t) = 6(t)dt + a(t)dW(¢t).
Where dr is the change in the short-term interest rate over a small interval, 8(t) is a function of time
determining the average direction in which r» moves, chosen such that movements in r are consistent
with today's zero coupon yield curve, a is the mean reversion rate, dt is a small change in time, o is
the annual standard deviation of the short rate, W is the Brownian motion.

21 The CIR process satisfied the following equation: dr(t) = k(8 —r(t))dt + ovrtdw().
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In the second CIR, example parameters are: t = 0: 0.05; a = 0.2; b = 0.05;
s=[0.01.1.5]; ro = 0.04.

Sample paths of CIR processes with different values of o

T T T

o =0.01

0.14 Toe=01
c=05

0 0.1 02 03 04 05 06 07 08 09 1

Fig. 5. Sample paths of CIR processes with different values of ¢ = 0.01,0.02,0.5

Source: authors’ own calculation.

From the previous graph one concludes that for higher volatility, the parameter
sample path of the CIR processes has a higher drift.

10. The Vasicek model

The Vasicek function is given as: V = f(a, u, o, 7)?* and the model is:
dr(t) = a(u — r(t))dt + odW. (26)

From the previous graph it can be seen that on the first graph, the left amplitude is
positive when calculating from trough?® to peak or a bullish retracement, which is
a termto describe a minor pullback (a moderate drop in a stock or commaodities pricing
chart in an otherwise trend of recent peaks, this can be also called a consolidation, or
an asset oscillating between well-defined patterns of trade; i.e. market indecisiveness).

22 Here «a is the speed of the mean reversion, u is the risk-neutral long-term mean of the short rate,
o is the volatility or std. of the short rate, r is the current short rate at time t.

23 A trough is the stage of the economy’s business cycle that marks the end of a period of declining
business activity and the transition to expansion — or as in this example — a trough is the low end of
price decline and at the same time a point of transition to a high peak.
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Step Response Step Response
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Fig. 6. The Vasicek model Step response and the price amplitude?*

Source: authors’ own calculation.

From the above graphs it can be seen that a convergence takes more steps when the
security’s price is going through a positive shift, which is not the case in a minor
negative pullback. Pricing drops are relatively short in duration. The amplitude also
allowed to estimate the volatility (level) or the amount of risk present in a particular
investment. In the previous example the arguments in the function were: r = 0.07;
a=0.3; u= 0.08;0 =0.01, and the maturity matrix is given as mat =
[0: step: 10].

11. The Vasicek and CIR simulation of the daily short rates

An analytical solution in the Vasicek (1977) model is given as:
1 — exp(—a - mat) . o? o? - B?
B = ; A=\T— (B —mat) — ;
a 2% 4-a (27)
P=exp(A—B-r);

while an ODE solution in Matlab toolbox for the Vasicek (1977) function dy =
vasicek,q.(t,y) is given as:

B =(5) 0 Y@ -F @y @D =1-a @ @)

Apge = Y(:,1); Boge = ¥(:,2);

(29)
Poge = €xp(Aoge — Boge " 7);

24 Amplitude is the difference in a security's price from its wave cycle through (bottom) to the peak
of its price movement over a period of time.
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The Vasicek model®® is depicted in the following graph that presents the
convergence in the Euribor yields.

8 «10°2 Euribor Yields from Brownian Bridge Interpolation

0 10 20 30 40 50 60 70
Interpolation Time (Days into the Future)

Fig. 7. The univariate Vasicek interest rate model

Source: authors’ own calculation.

From the previous graph one can see that convergence in Euribor yields is achieved
in 60-70 days. Interpolations show the achievement of equilibrium yield of
approximately 7.4%. Once again, the CIR model was assumed to follow this
differential equation:

dr(t) = k(6 — r(1))dt + avrtdw(t). (30)

In the previous equation®: k, g, 8 > 0 with 2k6 > o2 w is a Brownian motion
under risk-free measure (for a reference see (Ait-Sahalia, 1996; Glasserman, 2004).

%5 Here also the Vasicek functions contain following arguments r» = 0.07; a = 0.3; u = 0.08;
o =0.01.

% Forward interest rate stochastic integral will be: f(¢t,T) = fot oorYe A=W dsdu +
fot oorYe MT=WdW ().  Thus, from  here:  df(¢t,T) = [opr? (©)B(t, T)e *T-9]dt +
oor?e 2 T-94W(u), where in previous: B(t,T) = ftT ooe6"ds = %00[1 — e MT-9]. Price
at the maturity will be: P(¢t,T) = exp — [n’(t, T)[r() — f(0,)] + én’z(t, T )z,b(t)], where: Y(t) =
fotaz(s, t)ds.
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Univariate CIR Short Rates
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Fig. 8. Univariate CIR short rates

Source: authors’ own calculation.

From the previous graph one can see the evolution of the short rate in one years’
time by using the CIR (1985) model.

12. The Binomial lattice model for bond price
and interest rate modelling

These models can be viewed as approximations to the more sophisticated models. The
study used martingale?’, see (Feller, 1971) pricing on this lattice to compute the bond
prices, which means using no-arbitrage models. The value process associated with the
Lo 6By, t =0
NobBut 21

trading strategy is defined as: V, = { , Where @ are trading strategies

(traders profiles), V; = f(0) is the value process, N is time or number of available
securities or bonds, in this case B bonds.A self-finance strategy is: V, = YN, 8,411 B¢,
the value of portfolio just before trade is equal to the value of the portfolio just after
trading: Viyq — Ve = XN 0 0¢41(Brs1 — Be), With a coupon bond payment C,, ,, then
6, is a self-financing strategy if: Vip; — Vi = XN 00:41(Besr + Cosq — Br).

27 Equivalent martingale measure Q = P(A) = Q(A) where A is a type of bond is given as: % =
t

E? [Zf;“fﬂz—"i + s ] the deflated price of a bond 22 s a Q-expectation of the terminal deflated

Niis Nits

value of any bond, so that there is no arbitrage.
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By definition, the price of a discount bond?® with maturity date T is given as, see (Li,

Ritchken, and Sankarasubramanian, 1995): P(t,T) = e~ J F69)ds  Ritchken and
Sankarasubramanian (1995) identify the class of volatility structures that permit the
terms structure to be presented by a two-state Markovian model®. To provide an
illustration of the binomial lattice no-arbitrage models, the study used the Matlab code
by Krishna (2021). Hence now the price of a bond is given as: P(t,T) =

P(0,T) : —fl0,H)-1p2(¢, T
(20D e M-FOO=E DO, where f(1,T) = [ £(twduand G(e) =

fot of (w,w)A?(u, t)du. In this example r, = 0.07;u = 1.3;d = 0.9;T = 5;
# = 90. The results are presented in the following tables. From the short-rate dynamics
of interest rate and accordingly the bond price, one can find the put/call option price.

Table 1. Short-rate dynamics of the interest rate model

0.07 0.0630 0.0567 0.51 0.0459
0 0.0910 0.0819 0.0737 0.0663
0 0 0.1183 0.1065 0.0958
0 0 0 0.1538 0.1384
0 0 0 0 0.1999

Source: authors own calculation.

Table 2. Underlying assets bound price

0.667 0.7555 0.834 0.901 0.9561 1.0000
0 0.6718 0.7722 0.8617 0.9378 1.0000
0 0 0.6935 0.8093 0.9126 1.0000
0 0 0 0.7418 0.8784 1.0000
0 0 0 0 0.8334 1.0000
0 0 0 0 0 1.0000

Source: authors own calculation.

Table 3. Binomial latice for call price

1.3466 2.1487 3.2225 4.4660 5.6090
0 0.733 1.3457 2.3444 3.7788
0 0 0.2537 0.5674 1.2556
0 0 0 0 0
0 0 0 0 0

Source: authors own calculation.

28 The forward rate diffusion process is given as: df(¢t,T) = ur(t,T) + ap(t, T)AW,, £(0,T),
T > t,where 4, (t,T) = oy (t,T) [ o7 (t, s)ds.

T
20:(t,T) = ap(t,t,)A(t, T) and (¢, T) = e~ Jr k@ax . ar(t, t) is the volatility of the spot rate,
K (x) is an exogenously provided deterministic function.
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Table 4. Binomial lattice for put option

0.655 0.212 0 0 0
0 1.1896 0.4507 0 0
0 0 2.1450 0.9753 0
0 0 0 3.8221 2.1583
0 0 0 0 6.6616

Source: authors own calculation.

13. The Black-Karasinski tree model

In this model®®, compounding = —1 and rates = [0.0275; 0.0312; 0.0363; 0.0415]. The
resulting tree models are as follows:

rTree Visualzation

Selection Visualization
®ran & Table

) Node and Children C)Diagram

Ot

StatTime EndTime Fath1 Path 2

0 1 1.028 1.028 ~
1 2 1.036 1.03%5

2 3 1.048 1.047

3 4 1.089 1.058

Fig. 9. The Black-Karasinski model table presentation

Source: authors’ own calculation.

30 In this extended exponential Vasicek model , = exp(z;); dz; = £[6; — z;]dt + adW,, and

the BK model is presented as: dinr, = (6; — ¢p.lnry)dt + o.dw,where ¢, = Ti (1 -
k

T¢ = tt+1 - tt'

Ot-1/Tp-1
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Visualzation
OPatn Table

@ Node and Children Diagram
Plot

1.04

1.04

1.03

Fig. 10. The Black-Karasinski model node presentation

Source: authors’ own calculation.

In the next two figures the Black-Karasinski model is presented as a plot and path
diagram presentation.

Tree Veazaon
. Szecmn Veazz;
e Cram
¢_¥Nooz ang Coen ® o3y
Cra

Fig. 11. The Black-Karasinski model path diagram presentation

Source: authors’ own calculation.
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Fig. 12. The Black-Karasinski model plot presentation

Source: authors’ own calculation.

The conclusion in this ‘no-arbitrage’ model is that the starting price does not differ

much from the closing price, and the ratio between the two is close to 1, i.e. 20

1.06
0.9717.
14. The Heath-Jarrow-Morton interest-rate tree

In this model®* the following parameters are given in order to estimate the path of bond
prices:

Rates = [0.1; 0.11; 0.12; 0.125; 0.13]; Volatility = [0.2; 0.19; 0.18; 0.17; 0.16];
and the CurveTerm =[1; 2; 3; 4; 5];

31 The fundamental result due to the HIM model regarding the diffusion forward rates is:
af (e, 7) = o(t,7) (J] o(t,5)ds)dt + o, TYAW,.or dr, = b(t,r)dt + o(t,7)dW,, b is not
correlated to ¢ due to no-arbitrage.
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rTree Visualzation

- y r ’ - Selecti Visualzation

®ratn & Table
{ONode and Chidren {\Diagram
TPt
Start Time EndTime Path1 Path 2
0 1 1.1 1.1 -
1 2 1.3823 1.383
2 2 1.194 1.194
2 4 1.587 1.587
4 5 2.126 1.425
-
0 1 2 3 4
Fig. 13. The Heath-Jarrow-Morton interest rate tree table presentation
Source: authors’ own calculation.
rTree Visualization
. . v r . Selecti Visualzation
®ratn CiTable
{ONode and Children @ Diagram
1.19
11
1.38 59
0

Fig. 14. The Heath-Jarrow-Morton interest rate tree diagram presentation

Source: authors’ own calculation.
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rTree Visu, jon

Selection Visualization
@ Path () Table
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(‘:' {é} Plot

242

0 1 2 3 4
Fig. 15. The Heath-Jarrow-Morton interest rate plot presentation

Source: authors’ own calculation.

This model gives the solution for the closing prices of [1.425;2.126] while the
first price is 1.1.

15. Conclusion

The Cox et al. (1985) model, and the Vasicek (1977) model are similar, they assume
that all interest rate contingent claims are based on short-term interest rates. The mean-
-reversion term in this model assumes that the yield curve on a bond or security cannot
follow random walk as in a stock movement. The mean reversion term meant that
short-term rate r is higher than the long-term 6, so that the short-term rate would fall
adjusting gradually to the long-term interest rate. Long-term interest rates will follow
random walk and a martingale sequence with finite means such that the conditional
expectation of x,,, 1 isgiven as: (x,1+11xg, .-, X) = Xy, See (Mishkin, 1978; Pesando,
1979). Conversely the short-term rate is lower than the long-term interest rate, and it
will rise to long-term rate, see (Ho and Lee (2004)%2. Now the arbitrage-free condition

% = A(r, t), where A is the market price of risk. No-arbitrage models are making

a departure from economic theory and they assume that the yield curve follows
a random movement, just like the model used to describe a stock price movement. One

32 Dybvig (1989) shows that the one-factor model offers an appropriate first-order approximation
for modelling the yield curve movement, i.e. that the yield curve can be confined to exhibit one-factor
movement where that factor is only movement in r.
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shortcoming of the no-arbitrage models such as the Ho-Lee (1986) and Hull and White
(1990) model, the Black-Karasinski model (1991), the Heath, Jarrow and Morton
(1992) model and binomial tree models is that interest rate movement does not exhibit
mean reversion process, and the volatility of the one-period rate is constant at each
node point.The assumption in the no-arbitrage models seems to be more unrealistic,
namely: first assuming a perfect capital market®, the yield curve can move only up
and down, one period interest rate volatility is the same in all of the states of the model,
there exists no-arbitrage opportunity in any node point on the binomial lattice. The
distribution used in the models is normal or log-normal namely: Vasicek (1977), Hull
and White (1990) used normal distribution, while Cox, et al. (1985), Black-Karasinski
model (1991) used log-normal distributions. The Heath, Jarrow, and Morton (1992)
model has become a popular term structure model in the interest rate derivatives
pricing theory. In the HIM (1992) model, the only inputs needed to construct the term
structure are the initial yield curve and the volatility structure for all forward rates. No-
-arbitrage models such as the HIM (1992) model are in general non-Markovian, and
contingent models are considered difficult to price with the lattice method. To solve
this problem the HIM (1992) model version used in this paper is a single-factor model
with a forward volatility structure that depends on the time and the time to maturity,
the instantaneous spot rate and forward rate to a fixed maturity. The results showed
that convergence in the Hull and White (1990) model was achieved in five periods
(years) since the start. Regarding the simulation of the total return on bond portfolio
until maturity using the Hull-White one-factor model, the results are that the bond
returns first converged around zero returns and afterwards diverged, and negative
returns are allowed — meaning that the premium exceeds the income the investor will
receive during their holding period. In this model, returns converged in four periods
(years) of time. In the simulated CIR model, the conclusion was that volatility was not
constant as in the no-arbitrage models, and that the higher volatility parameter sample
path of CIR processes has a higher drift. The simulation of the Vasicek model proved
that convergence takes more steps when the interest rate is going through a positive
shift. When a positive shift of price occurs in the Vasicek model, convergence is
achieved in five steps, In the case of a negative pullback of interest rate, convergence
is achieved in one step. Binomial lattice models were the first of the no-arbitrage
models simulated in this paper. From the example it can be seen that they are more
useful since they provide information about short-rate dynamics,underlying asset price
and the call price and put option, for binomial lattice models see (Benninga and
Wiener, 1999). In the Black-Karasinski model with constant volatility, the conclusion
was that when the starting price does not differ much from the closing price, the ratio
between the two is close to 1.The HIM model simulated in this paper gives the solution
of the closing price with a lower and upper bound. In conclusion it can be confirmed

33 The capital market is perfect when all of the investors have enough power to change the price of
an asset and all of them have access to the same information. On that market, the stock values adjust
rapidly to the new information, and stock values should, or reveal, all existing information.
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that there is no single interest rate model that can be used for all the purposes. The
authors concluded that since interest rate volatility is fundamental to the valuing of the
contingent claims and hedging interest risk, the models based on the rate structure
should focus on the dependence on the volatility of the level of the rate. This notion
was also put forward in the empirical literature, see: (Chan, Karolyi, Longstaff, and
Sanders, 1992).
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MODELE KROTKOTERMINOWE W ROWNOWADZE
A MODELE BEZ ARBITRAZU: PRZEGLAD LITERATURY
I PRZYKLADY OBLICZENIOWE

Streszczenie: W artykule poréwnano krotkoterminowe modele réwnowagi z modelami krotko-
terminowymi bez arbitrazu. Opracowanie sktada si¢ ze wstgpu do przegladu literatury oraz przyktadow
estymacji jednoczynnikowych modeli krétkoterminowych, modelu Coxa-Ingersolla-Rossa (CIR) oraz
modelu Vasicka. Modele bezarbitrazowe zostaly zaprezentowane poprzez model Hulla-White'a (HW),
model siatki dwumianowej do wyceny obligacji i modelowania stop procentowych, model Blacka-
-Karasinskiego (BK) oraz model Heath-Jarrow-Morton (HIM). Wyniki dowodza, Ze nie istnieje jeden
model stop procentowych, ktory mozna wykorzysta¢ do wszystkich celow. Modele te poréwnano pod
wzgledem zmiennos$ci, procesu rewersji $redniej i konwergencji. Wyniki koncowe potwierdzaja
zalezno$¢ zmiennosci od wskaznika poziomu jako determinanty sukcesu predykcyjnego tych modeli.

Stowa Kkluczowe: modele rownowagi, jednoczynnikowe modele krétkoterminowe, modele bez-
arbitrazowe, model Vasicka, model Hulla-White'a (HW), model Blacka-Karasinskiego (BK), model
Heath-Jarrow-Morton (HIM), model Coxa-Ingersolla-Rossa (CIR).
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