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Abstract
The reverse annuity contracts and reverse mortgages are different and competitive products,
often mistakenly identified with each other. The purpose of the article is to compare the
products and an overview of their advantages and disadvantages, both for the individual
person and married couples. The matrix formulas of the calculating of the benefits value are
presented (under the assumption that the future lifetimes of married couples are independent).
The calculation of present values is based on the fixed interest rate and the interest rate
function depending on time k. Moreover the actuarial values are counted on the basis of the
Polish Life Tables from 2012.
Key words: reverse annuity contract, reverse mortgage, matrix notation.
DOI: 10.15611/amse.2014.17.06
1. Introduction
A very big progress in the development of medicine and the growing awareness within the
society of healthy nutrition and lifestyle, contributes to the increase of the life expectancy. In
the last sixty years, there has followed an increase of Polish life expectancy of about 10 years.
The society lives longer and significant decrease of mortality force is observed for people at
the retirement age (cf. [Marciniuk 2013]).
The social insurance pensions are low and may be insufficient to survive with dignity. In
this context, an important issue is the possibility of obtaining additional financial resources.
One of the solutions of obtaining extra financial resources might be to surrender their real
estate to a company interested in the acquisition of such a property, in exchange for whole life
monthly benefits. Low pensions, high bills for utilities and rent, often high expenditures on
medicines make it difficult to maintain a large property, especially in big cities or in
a situation when one of the spouses dies. Therefore a few years ago, on the Polish market
there appeared the so-called a reverse annuity contract. In return for the transfer of the
ownership onto the company, an owner is guaranteed by a notarial act the right to live in
property until his death and whole life annuity. The competitive product is supposed to be socalled reverse mortgage. In Poland, the works on the draft regulations finished in October
2013. This solution should be safer for the owner due to control Polish Financial Supervision
Authority (PFSA). In this case the owner of the property in return for a monthly pension
abandons proprietorship, however, not until after his death (cf. [Shan 2011]).
The reverse annuity contracts and reverse mortgages are different and competitive
products, often mistakenly identified with each other. The purpose of the article is to compare
the products and an overview of their advantages and disadvantages, both for the individual
person and married couples. The matrix formulas of the calculating of the benefits value are
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presented. The benefits are calculated under the assumption that the future lifetimes of
married couples are independent. The calculation of present values is based on the fixed
interest rate and the interest rate function depending on time t . Moreover the actuarial values
are counted on the basis of the Polish Life Tables from 2012.
2. Advantages and disadvantages of both products
The reverse annuity contract is the benefit, which an owner can receive in exchange for
surrender-ring his real estate to a company, i.e. mortgage fund, created especially for this
purpose. The owner is guaranteed the right to live in the property until his death by a notarial
act (cf. [Borys 2013]). The transfer of the ownership onto the company takes place after
signing of a notarial act. The payment of the pension is secured in section IV of the mortgage
register. The reverse annuity contract has selling nature and is offered to elderly people. The
benefits are paid for n years or the whole life. The value of benefits is determined on the
basis of the pensioner’s age x , the value of real estate W and the further life expectancy. The
advantage of this solution is that the company takes responsibility for the valorization of
pension, payment of the rent as well as any potential rises in this cost.
The reverse annuity contract is offered since 2005 by a few mortgage funds in Poland.
Due to competition, the firms compete in offering various additions to the basic reverse
annuity contracts. They take over maintenance fees and their price increases, pay the real
estate tax and perpetual usufruct tax, as well as add free health insurance, property insurance,
free legal advice, trainings and trips, etc. The funds also bear all costs related to the valuation
of real estate and reverse annuity starts. In theory, the agreement is irreversible and the heirs
do not have the ability to recover the surrendered property. However, one of mortgage funds
gives the possibility of a reversible contract after paying off the received benefits with the
interests and any other incurred costs (it is unregulated law, but goodwill of the fund).
Unfortunately, these contracts carry a big risk in a situation when the estate company goes
bankrupt. Then the elderly person, who formally is not an owner of the apartment, can be
evicted by creditors of the housing. The safety of customers is governed by the Civil Code, in
the event of the bankruptcy of the company remains the only investigation of rights through
the courts, which for the elderly, sick and lonely people can be a big barrier, not to overcome.
This is surely a disadvantage of this product.
For this reason, the society demands regulations and supervision of authority. The
competitive product, offered by state institutions, might be the reverse mortgage. It is
a product of credit nature offered to both the elderly and the young people. The legislative
works on the draft regulations were completed at the end of October 2013 (cf. [Borys 2013]).
This product could be offered only by the state financial institutions, controlled by the Polish
Financial Supervision Authority and the international financial institutions, subject to the
supervisory authorities in the EU Member States (currently still not offered).
In this case, the owner of the property in return for a monthly pension abandons
proprietorship, however, not until after his death. Moreover, his heirs have the ability to repay
the reverse mortgage to the financial institution and the recovery of housing during the first
year after the death of the owner. The security of transactions and the customer is guaranteed
by specially created Guarantee Fund overseen by The Polish Financial Supervision Authority.
Firstly, the customer must obtain a folder with detailed information and have time to make
a decision between 3 to 6 weeks. Secondly, a pensioner may terminate the contract without
paying the consequences if the benefit is lower by 15% than expected and if the benefit is not
paid already for 3 months in a row or six months all together (cf. [Borys 2013], [Biznes
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2013]). In addition, the heirs may receive extra money by selling the property at of higher
than valued price (cf. [Biznes 2013]). These are the advantages of this product.
Of course, there are also disadvantages. First, the benefit shall be paid in a fixed amount
for a pre-determined time and is not valorizated. Secondly, the owner has to pay operating
costs, taxes, etc. The amount of the benefit shall be determined only on the basis of the value
of the property and the interest rate (in determining the pension the age of the pensioner and
the future life expectancy is not taken into consideration (cf. [Davidoff 2009]).
A common feature of the reverse annuity contract and the reverse mortgage is receiving of
monthly benefits for the transfer of the real estate to a company. The customer receives only a
percentage  of the value of real estate W , where   0;0,5 (cf. [Biznes 2013]). Otherwise,
they are different products which vary as presented in table 1. Table 1 is prepared on the basis
of [Borys 2013], [Forbes 2013], [Biznes 2013] and [Marciniuk 2014].
Table 1. The differences between the reverse annuity contract and reverse mortgage
the reverse annuity contract
the reverse mortgage
nature of
selling nature
credit nature
product
age of customer elderly people
young and elderly people
instalment
period or whole life
single or period
who can offer
mortgage funds
the state and the international financial
institutions, subject to the supervisory
authorities in the EU Member States
right to the
passes after signing of a
passes 12 months after the death of the
property
notarial act
owner
security
governed by the Civil Code
regulated by the Act – ensure the
Guarantee Fund subject to the Polish
Financial Supervision Authority
breach of
impossible – the contract is
possibile in specific cases
contract
irreversible
bonus
yes
no
Source: own elaboration

3. The individual model of reverse annuity contracts and reverse mortgages
In this section we apply lifetime and certain annuities to determine the value of benefits of
reverse annuity contracts and reverse mortgages, which are competing products. We use
multiple state modeling which is a stochastic tool for designing and implementing insurance
products. Then we adapt the multistate methodology in order to model reverse annuity
contracts and reverse mortgage in this paper.
Following [Dębicka 2013], for each insurance contract one can assign so called modified
multiple state model. That is, at any time the insured risk is in one of a finite number of states
labeled 1,2,..., N * . Each state corresponds to an event which determines the cash flows
(premiums and benefits). In particular, a state may represent such an event as death,
disablement etc. Let S *  {1,2,..., N *} be the state space and T * denotes the set of direct
transitions between states of the state space. Thus T * is a subset of the set of pairs i, j  , i.e.,
T *  i, j i  j; i, j  S * . The pair S * ,T *  is called a modified multiple state model and
describes possibilities pertaining to an insured risk.
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An insurance contract issued at time 0 (defined as the time of issue of the insurance
contract) is considered, and, according to plan, it is terminating at a later time n (n is the term
of policy). We focus on discrete-time model. Let X * (t ) denote the state of an individual (the
policy) at time t ( t  T  {0,1,2,..., n} ). Hence the evolution of the insured risk is described by
a discrete-time stochastic process {X * (t ); t  T} , with values in the finite set S * .
It follows from the very definition of the modified multistate model that all types of cash
flows at time k deal with the value of X * (k ) . The individual’s presence in a given state or
movement (transition) from one state to another may have some financial impact, such as:
-  j (k ) − a premium amount at some fixed time k if X * (k )  j ,
- bj (k ) − an annuity benefit at time k if X * (k )  j
Let C  cf j* (k ) k 0,1,...n  R ( n1)N denote cash flows matrix, where the cash flow cf j* (k ) is
*

j 1, 2 ,...,N *

a sum of inflows representing an income to a particular fund and outflows representing an
outgo from a particular fund. Hence C  Cin  Cout and Cin consists only of incomes to a
particular fund and Cout consist only of outgoes from a particular fund.
Before presenting formulas for annuity benefits for reverse annuity contracts and reverse
mortgages, we need to introduce some matrix notation. Let
T
T
S*  1,1,...,1  R N ,
S  1,1,...,1  R n1 ,
*

T





J j   0,0,...,1 ,...,0   R N , I k 1   0,0,..., 1 ,...,0   R n1 ,
j
k 1




*
for each j  1,2,..., N and k  0,1,..., n .
T

*

For any matrix B  bij i , j 1 let Diag B be a diagonal matrix
n 1

 b11

0
Diag B   


0

0 

0 .
   

0  bn1n1 

0 
b22 

Additionally, in order to describe the probabilistic structure of { X * (t )} , for any moment

k  0,1,..., n let p *j (k )  PX * (k )  j  . We introduce P(k )   p*1 (k ), p*1 (k ),..., p N* (k )  and
T

*

 P( 0 ) 


 P(1) 
D
 R ( n 1)N
 


 P( n ) 

*

In case of { X * (t )} being modelled by a Markov chain [Christiansen 2012, Djehjche 2011], a
precise description of the construction of matrices D and P(k ) is given in [Dębicka 2012].
The following notation is useful to describe the interest rate. Let V  1, v,..., v n   R n1 be
the vector of discounting factors. The interest rate may be constant. It can also be a function
of time and v k  e  R k where R0,k is the immediate interest rate.
The reverse annuity contract is a product similar to a life annuity due contract in which
the owner of the real estate shall be treated as an insured, and the mortgage fund as an insurer.
Analogously, the reverse mortgage can be compared to a certain annuity payable in advance
T

0 ,k
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where the financial institution is treated as an insurance company. For both type of contracts
the modified multiple state model has the following form S * , T *   1,2, 1,2 , where state
1 means that the owner of the real estate is alive and state 2 means that the owner is dead. For
such a model matrix D is designed based on life tables.
In case of n-year reverse annuity contract and the n-year reverse mortgage
W if j  1 and k  0
b if j  1 and k  0,1,..., n  1
and bj (k )  
 j (k )  
0 besides
0 besides
where W is the value of the real estate and   0,0.5 (cf. [Biznes 2013]).
In case of reverse annuity contract, the value of benefit depends on W and on the age of
the owner of the real estate. It can be counted according to Theorem 1.
Theorem 1. Assume that the principle of equivalence is satisfied. For n-year reverse annuity
contract the cash flow matrix is determined for company’s mortgage fund and W is the
capital for which the value of benefit is calculated. Let b1 (k )  b denote the annuity payable
for period k , k  1 k  0,1,..., n  1 if the owner of real estate is alive at time k. For such
reverse annuity contract

b 

W

V I  I n1ITn1 DJ1
T

.

(1)

Proof.
From the company’s mortgage fund point of view, the W is an inflow representing an
income to mortgage fund and b are outflows representing an outgo from this fund. Note that
the stream of inflows and the stream of outflows moves between the company and the owner
of the real estate in the opposite direction. Thus they should assume appropriately positive or
negative values; since all payments are considered for one contracting party (company) and
 W  b

  b
C 

  b
 0


0   W
 
0  0
   
 
0  0
0   0

0    b
 
0    b
 
 
0    b
0   0

0

0
   Cin  Cout

0
0 

(2)

For the multistate insurance, the equivalence principle may be written in the following
form (by Corollary 1 in [Dębicka 2013])

VT Diag CDT S  0 .

(3)

Applying (2) to (3), we obtain VT Diag Cout DT S  VT Diag CinDT S . Observe that

Diag CDT S  k 0 I k 1ITk1CDT I k 1 . Moreover, for matrix C k (cash flow matrix with 1 in the
n





first k rows in the first column and zero besides) we have Diag Ck DT S  I  t k 1 It ITt DJ1 .
Now it is enough to observe that

 bVT Diag Cn DT S  WVT Diag C1DT S
n 1
 bVT I  I n1ITn1 DJ1  WVT I   I k ITk DJ1
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k 1



n 1





which in view of VT I  k 1 I k ITk DJ1  1 completes the proof of (1).
n 1

In case of reverse mortgage, the value of benefit does not depend on the owner’s age and
can be counted according to Theorem 2.
Theorem 2. Assume that the principle of equivalence is satisfied. For n-year reverse mortgage
contract the cash flow matrix is determined for company’s mortgage fund and W is the
capital for which the value of benefit is calculated. Let b1 (k )  b denote the annuity payable

for period k , k  1 k  0,1,..., n  1 independently of whether or not the owner of the real
estate is alive at time k. For such reverse mortgage
W
b  T
.
(4)
V I  I n1ITn1 J1
Proof.
The future cash flows (amounts paid according to mortgage contract) are discounted to
the present (to time 0) by some interest rate. This produces the present value of cash flows,
which is not a random variable (like in reverse annuity contract). In that case, the realization
of cash flows does not depend on probabilistic structure of process {X * (t ); t  T} and we have



v k  j1 cf j (k ) k 0 VT I k 1  j1 ITk1CJ j VT
k 0
n

N*

N*

n





I IT C j1 J j VT CS* .
k 0 k 1 k 1
n

N*

Then the equivalence principle implies that the actual value of the sum of cash flows 𝑐𝑓𝑖∗ (𝑘)
arising from the insurance contract equals 0, so we have

VT CS*  0 .

(5)

Applying (2) to (5), we get

VT CinS*   VT Cout S*







 bVT I  I n1ITn1 S  WVT I  k 1 I k ITk S
n 1



which in view of VT I  k 1 I k ITk S  1 satisfies the proof of (4).
n 1

4. The marriage model of reverse annuity contracts
In many cases the property owners are couples, therefore an important issue is enabling
the marriage reverse annuity contract when both spouses are alive, and then when one of them
dies. In the classical approach to two-life annuities, the remaining lifetimes of married
couples are assumed to be independent.
The modified multistate model for marriage reverse annuity contract is based on four
states: both spouses are alive (1), husband is dead (2), wife is dead (3), both spouses are dead
(4) and has the following form (cf. [Dickson, Hardy, Waters 2009])
S * , T *   1,2,3,4,1,2, 1,3, 1,4, 2,4, 3,4 .
The value of benefit in such a contract depends on W and on the age of the spouses, see
Theorem 1 in [Dębicka, Marciniuk]. For n-year marriage reverse annuity contract, we have
b  W

V T I  I n1ITn1 DJ1
.
V T I  I n1ITn1  I1I1T DS  1
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(6)

where b1 (0)  b and b1 (k )  b2 (k )  b3 (k )  b denote the annuity payable if at least one of the
spouses lives at time k. Matrix D is constructed for multilife insurance.
We note that (6) still holds for models that take into account additional options, as e.g.
divorces.
5. Numerical examples
The calculations presented in this section are made by the use of the own programs. It is
assumed that the fixed yearly interest rate i equals 3,79% and the value of the property
W  400 000 zł. Moreover the Svensson interest rate model R0, k is used. The parameters of
function R0, k are estimated by using the least-squares method on the basis of real Polish
market data, related to the yield to maturity on fixed interest bonds and Treasury bills from
03.03.20131. The estimation was made by the use of the Solver in Microsoft Excel. The
function R0, k has the following form (cf. [Marciniuk 2009], [De Rezende, Ferreira 2013]).
k
k
 

 
1  e     2  1 1  e 
k
k

 
where 0  0,0379, 1  0,0016,  2  0,0174,

R0, k   0  1

1 

1

1

k
k
 

 
 k 
  e    3  2 1  e    e 

k



 
3  0,006,  1  1,2242,  2
1

2

2


,
(7)


 2,5556 .

The fixed interest rate i was chosen 3,79%, because the long-term rate  0 is equal to
0,0379. If the interest rate i is higher, the value of annuity will also be higher (cf. [Marciniuk
2014]). The differences between the value of benefits for i  3,79% and R0, k , determined by
the (7) formula, are not significant, therefore the fixed interest rate i or the function R0, k is
applied to the calculations.
The yearly value of benefit in case of the individual term reverse annuity contract is
presented for a 67-year-old woman and a 67-year-old man on Figure 1. The calculation is
made for n  5,6,7,...,33 years. The benefit is lower for the woman. The differences between
the annual annuities for the man and for the woman are increasing with the rise of n . An
older woman will get a lower benefit than an older man at the same age. The differences in
the amount of annuity disappear for n  22 . It is obvious that the benefit of the whole life
reverse annuity contract will be the same size as the benefit received from term reverse
annuity contract for 22 years.
The yearly value of benefit in case of the individual reverse annuity contract is presented
for woman and man (at the age of 67, 70, 75, 80 and 85 years) on Figure 2. The calculation is
made for n  10 and n  20 years and also for the whole life contract in case of Svensson
interest rate model. Again, it is possible to notice, that the benefits are lower for the woman
and the differences between the annual value of benefits are growing with increasing n and
x . The differences in the height of annuity are getting smaller for more and more large n .
For the elderly above the age of 75 years, there is no big difference whether the benefits are
paid for 20 years, whether it is the whole life reverse annuity contract.

1

Sources: www.money.pl/pieniadze/bony.przetargi/ and http://bossa.pl/notowania/stopy/rentownosc_obligacji/
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Figure 1 The yearly value of term reverse annuity contract for 67-year-old woman and man
for n  5,6,7,...,33 , W  400 000 zł, i  3,79% .
Source: own elaboration
45000
yearly value of benefit

40000

35000
30000

n=10, man

25000

n=20, man

20000

whole life, man

15000

n=10, woman

10000

n=20, woman

5000

whole life, woman

0
x=67

x=70

x=75
age x

x=80

x=85

Figure 2 The yearly value of reverse annuity contract for person at age x  67,70,75,80,85 for
different n and W  400 000 zł in case of Svensson interest rate model.
Source: own elaboration

Figure 3 The yearly value of benefits for term reverse annuity contract for a 67-year-old
woman and man for n  1,2,...,20 , W  400 000 zł in case of Svensson interest rate model.
Source: own elaboration

62

On Figure 3 the value of benefits is presented for term individual annuity contract for a
67-year-old person and for the reverse mortgage in case when R0, t is determined by the (7)
formula. It is easy to notice that the benefit is the smallest for the reverse mortgage for all n .
For small n the differences are smaller. It is possible that this contract is more profitable for
young people, who need cash fast and they do not sell the property. The benefit in this case
does not depend on age. If the reverse annuity contract was offered to young people, this
benefit would be lower.
The last part of numerical example is focused on the marriage reverse annuity contract. It
is assumed that the future lifetimes of married couples are independent. The article considers
a case, when the annuity is paid to both spouses at the same height and after the death of one
of them it is still paid to the other spouse in the same amount. The yearly value of these
benefits is presented in table 2 for man and woman at the age of 70, 75 or 80 years.
Table 2. The yearly value of benefits for the whole life marriage reverse annuity contract.
woman’s age
70
75
80

man’s age
75
15440
17390
19424

70
14752
16198
17560

80
15972
18418
21245

Source: own elaboration

The yearly value of reverse annuity contract increases with age. For a younger woman
and an older man the benefit is lower than for an older woman and a younger man. The
annuity for both spouses at the age of 80 years is higher by 44% from annuity for both
spouses at the age of 70 years, it is about 21% higher than in a situation where a woman is
aged 80 and a man aged 70 years and about 33% higher than for 70-year-old woman and 80year-old. When a woman is 80 years old and a man 70, the annuity is about 19% higher than
in the situation when both spouses are 70 years old and vice versa, when a man is 80 years old
and a woman 70, the difference is only 8%. The woman’s age has the greater impact on the
benefit.
6.

Conclusion

The paper presents and compares two products i.e. the reverse mortgage and the reverse
annuity contract on the Polish market. The way of calculation of the benefit using matrix
notation in case of a fixed interest rate and the Svensson interest rate model is presented. The
analysis of numerical examples leads to the basic conclusion that, although the reverse
mortgage has to be safe and competitive for the reverse annuity contract, the annual benefits
are always higher for the second product. The value of annuity depends on the age of
pensioner and the length of the contract. The benefit is lower for women in case of the
individual reverse annuity contract. On the Polish market, a marriage annuity contract is not
offered. Therefore, the consideration of this product is something new. The calculations show
a greater impact of a woman's age on the amount of benefit. For a younger woman and an
older man the benefit is lower than for an older woman and a younger man. All calculations
are made by means of own interfaces written in MATLAB.
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