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Propagation in dielectric rectangular waveguides
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We present a fundamental and accurate approach to compute the attenuation of electromagnetic
waves propagating in dielectric rectangular waveguides. The transverse wave numbers are first obtained as roots of a set of transcendental equations developed by matching the fields with the surface
impedance of the wall. The propagation constant is found by substituting the values of transverse
wave numbers into the dispersion relation. We have examined the validity of our model by comparing the computed results with those obtained from Marcatili’s equations and the finite element
method. In our results, it is shown that the fundamental mode is identical with that found in a perfectly conducting waveguide. Our analysis also shows that a hollow waveguide is found to have
much lower attenuation than its dielectric counterparts. Since the cutoff frequency is usually affected by the constitutive properties of the dielectric medium, for a waveguide designed for wave
with the same cutoff frequency, hollow waveguides turn out to be relatively larger in size.
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1. Introduction
Dielectric waveguides have been commonly used in integrated optics, as well as,
millimeter and submillimeter circuits, as transmission lines, filters, optical couplers,
reflectometers, power divider/combiner, resonators and phase shifters [1–7]. During
wave propagation, it is important to ensure that energy loss in the waveguides is minimized [8]. Hence, the availability of a mathematical model which is able to predict
accurately the propagation coefficient of waves kz is important in the design of waveguides. Wave propagation in a circular dielectric waveguide has been accurately computed based on the fundamental approach formulated by Stratton [9–13]. In Stratton’s
approach, the circular symmetry of the waveguide allows the analytical equations for
the eigenmodes to be expressed in a single variable, i.e., the radial distance r. Hence,
the propagation coefficient could be accurately computed from a single analytical
equation. However, unlike its circular counterpart, the expression for the propagation
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coefficient in a rectangular waveguide involves a 2D Cartesian coordinate and is, therefore, inherently more complicated to be formulated. Thus far, a similar rigorous and
fundamental technique such as that suggested by Stratton is not available for the case
of a dielectric rectangular waveguide. The existing formulations found in literatures
– either closed forms [14–19] or numerical solutions [19–33], have imposed certain
simplifications and assumptions in the process of derivation. The most apparent simplification found in these literatures is allowing the solution for Helmholtz equation
y
x
to be separated into pure E pq and E pq modes, where p and q represent respectively
the number of maxima of the electric fields in the x and y directions of the waveguide.
In a practical dielectric waveguide, however, a superposition of these two modes is
necessary to satisfy the boundary conditions [34–36]. Among these available techniques, Marcatili’s approach [19–21] turns out to be the most widely implemented.
This is partly due to its ability to produce simple and straight-forward analytical solutions; and partly, because the approach gives reasonably good results. By neglecting
the presence of fields at the edges of the rectangular waveguide, Marcatili has developed a pair of transcendental equations to solve for the transverse wave numbers, i.e.,
kx and ky. The propagation coefficient kz is then solved by relating kx and ky with the
wave number in the waveguide material k.
In [34], we have formulated a fundamental and accurate technique to compute
the propagation coefficient kz in an imperfectly conducting rectangular waveguide.
Here, we develop further this approach to the case of a dielectric rectangular waveguide. Like the method proposed by Marcatili, kz in our method is computed by relating
k with kx and ky, which are first numerically solved. However, unlike Marcatili’s approach, the fields at the edges of the waveguide are taken into consideration during
y
formulation. Since our method accounts for the concurrent presence of both E pq and
x
E pq modes, the propagation coefficient for either mode can be conveniently computed
using the same set of characteristic equations. We shall demonstrate that our method
gives more realistic results since it models closely the actual propagation of waves in
a practical waveguide.

2. Formulation
2.1. Fields in Cartesian coordinates
For electromagnetic waves propagating in the z direction of a rectangular waveguide, as
shown in Fig. 1, Helmholtz equations are expressed in Cartesian coordinates as [35–37]
2

2

∂ ψz
∂ ψz
---------------- + ---------------- + ( k 2 – k z2 ) ψ z = 0
2
2
∂x
∂y

(1)

where ψz is the z component of a two dimensional vector phasor ψ that depends on
the cross-sectional coordinates. To derive the field components in the waveguide, ψz can
be substituted with the longitudinal electric Ez and magnetic Hz fields.
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Fig. 1. Dielectric rectangular waveguide.

The transverse field components are obtained by substituting Ez and Hz into
Maxwell’s source free curl equations. Rearranging the transverse fields by expressing
them in terms of the longitudinal fields, we obtain the following:
dH z
dE z 
–j
-  k z -------------- – ω ε ------------H x = --------------------2
2 
dx
dy 
kx + ky

(2)

dH z
dE z 
–j
-  k -------------- – ω ε ------------H y = --------------------2
2  z dy
dx 
kx + ky

(3)

dE z
dH z 
–j
-  k z ------------- – ω μ -------------E x = --------------------2
2 
dx
dy 
kx + ky

(4)

dE z
dH z 
–j
-  k ------------- – ω μ -------------E y = --------------------2
2  z dy
dx 
kx + ky

(5)

where ε and μ are the permittivity and permeability of the inner core material, respectively. For a non-magnetic material, μ is identical with the permeability of free space μ 0.
Generally, the permittivity ε of a lossy material is complex and is given as [34, 38]

σ
ε = ε 0 – j -------(6)
ω
where ε 0 and σ are respectively the permittivity and conductivity of the material, and
ω is the angular frequency. However, since the conductivity of the dielectric material
is almost negligible, the imaginary part in (6) can be neglected and ε in the inner core

is usually taken as a real value. The permittivity at the wall, on the other hand, could
be either complex (for conductor) or real (for dielectric), depending on the cladding
material at the wall.
2.2. Fields in a dielectric rectangular waveguide
In general, the dielectric constant of a dielectric waveguide is higher than its surrounding medium, which, in most cases, is the air. This allows the fields to be confined most-
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ly within the waveguide and decays in evanescence beyond the boundary of the
waveguide. Since the fields are concentrated at the core of the waveguide, the resultant
tangential electric field Et and the normal derivative of the tangential magnetic field
∂Ht /∂an are at their minimal (but not necessarily zero) at the boundary of the waveguide. Using the method of separation of variables to solve (1), the longitudinal fields
can be expressed as:
E z = E 0 sin ( k x x + φ x ) sin ( k y y + φ y )

(7)

H z = H 0 cos ( k x x + φ x ) cos ( k y y + φ y )

(8)

where E0 and H0 are the constant amplitudes of the fields. The phase parameters φ x
and φ y , are referred to as the field’s penetration factors in the x and y directions, respectively [34]. The penetration factors account for the remaining fields at the boundary, which decays exponentially beyond the boundary. Since both Et and ∂Ht /∂an are
either at their maximum or zero at the centre of the waveguide, i.e.,
ky b
kx a
sin ------------ + φ x = sin ------------ + φ y = ± 1 or 0
 2

 2


(9)

where a and b are the width and height of the waveguide, respectively, then, the penetration factors can be found as:
pπ – k a

x
φ x = --------------------------

(10)

2

qπ – k y b

φ y = ---------------------------

(11)

2

y

x

In order to account for the coexistence of E pq and E pq modes, both longitudinal
fields must be present. Hence, substituting the longitudinal fields (7) and (8) into (2)
to (5), the transverse fields are obtained as:
j ( k z k x H 0 + ω ε d k y E 0 ) sin ( k x x + φ x ) sin ( k y y + φ y )
H x = ----------------------------------------------------------------------------------------------------------------------------------2
2
kx + ky

(12)

j ( k z k y H 0 + ω ε d k y E 0 ) cos ( k x x + φ x ) sin ( k y y + φ y )
H y = -----------------------------------------------------------------------------------------------------------------------------------2
2
kx + ky

(13)

j ( k z k x E 0 + ω μ d k y H 0 ) cos ( k x x + φ x ) sin ( k y y + φ y )
E x = ------------------------------------------------------------------------------------------------------------------------------------2
2
kx + ky

(14)
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j ( k z k y E 0 + ω μ d k x H 0 ) sin ( k x x + φ x ) cos ( k y y + φ y )
E y = -----------------------------------------------------------------------------------------------------------------------------------2
2
kx + ky
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(15)

where ε d and μ d are the permittivity and permeability of the dielectric material, respectively.
2.3. Constitutive relations
At the boundary of the dielectric waveguide, the ratio of the tangential electric field Et
to tangential magnetic field Ht is related to the surface impedance Zs as [34–36]
Et
---------------------- = Zs
an × Ht

(16)

where an is a normal unit vector; Zs can be expressed in terms of the electrical properties
of the two mediums [39]
1
Z s = ---------------------------------------jω ( ε rd – ε r0 )b

(17)

where ω is the angular frequency, whereas ε rd and ε r0 are the relative permittivities of
the waveguide and the surrounding material, respectively. For simplicity, we are considering a single layer dielectric waveguide surrounded by air.
At the height surface of the waveguide where y = b, Ez /Hx = –Ex /Hz = Zs. Substituting (7), (8), (12), (14) and (17) into (16), the following relationships are obtained:
E0
–Ex
j
1
------------- = --------------------- --------- k z k x – ω μ d k y tan ( k y b + φ y ) = ---------------------------------------- (18a)
2
2  H

ω
(
ε
Hz
j
rd – ε r0 )b
0
kx + ky
H0
Hx
j
--------- = --------------------- ---------- k k + ω ε d k y cot ( k y b + φ y ) = jω ( ε r – ε r )b
d
0
2
2
 E0 z x

Ez
kx + ky

(18b)

Similarly, at the width surface of the waveguide where x = a, Ey /Hz = –Ez /Hy = Zs.
Substituting (7), (8), (13), (15) and (17) into (16), the following relationships are
obtained:
Ey
E0
–j
1
---------- = --------------------- --------- k z k y + ω μ d k x tan ( k x a + φ x ) = ---------------------------------------2
2


Hz
jω ( ε rd – ε r0 )b
kx + ky H0

(19a)

–Hy
H0
–j
-------------- = --------------------- ---------- k z k y – ω ε d k x cot ( k x a + φ x ) = jω ( ε r – ε r )b
d
0
2
2 

Ez
kx + ky E0

(19b)
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In order to obtain non-trivial solutions for (18) and (19), the determinants of the
equations must vanish. This leads us to the following set of transcendental equations
jω μ 0 k y tan ( k y b + φ y )
1
-------------------------------------------------------- + ---------------------------------------- ×
2
2
jω ( ε rd – ε r0 )b
kx + ky
jω ε 0 k y cot ( k y b + φ y )
× ------------------------------------------------------– jω ( ε rd – ε r0 )b
2
2
kx + ky

 k z k x 2
-
=  ------------------- k x2 + k y2 

(20a)

 k z k y 2
-
=  ------------------- k x2 + k y2 

(20b)

jω μ 0 k x tan ( k x a + φ x )
1
-------------------------------------------------------- + ---------------------------------------- ×
2
2
jω ( ε rd – ε r0 )b
kx + ky
jω ε 0 k x cot ( k x a + φ x )
× ------------------------------------------------------– jω ( ε rd – ε r0 )b
2
2
kx + ky

In (20), the transverse wave numbers kx and ky are the complex variables to be
solved for. A root-searching algorithm can be used to find the roots of kx and ky.
The solutions of kx and ky are then substituted into the dispersion relation which relates
the transverse wave numbers with the propagation coefficient kz:
kz =

2

2

2

k – kx – ky

(21)

Here, the propagation coefficient kz is a complex variable which is denoted as kz =
= β z – jα z, where β z is the phase coefficient and α z – the attenuation coefficient of the
waves. Hence, by extracting the real and imaginary values from kz, both the phase and
attenuation coefficients could be obtained.

3. Results and discussion
To validate our formulation, we compute the propagation coefficient kz of waves traveling in a WR10 silicon waveguide with size 2.4×1.3 mm2. Since Marcatili’s formulation has popularly been used in the design of dielectric rectangular waveguides [1–3],
we compare our results with those obtained from Marcatili’s approach and the finite
element method (FEM). The results from the FEM are simulated from Ansoft’s high
frequency structure simulator (HFSS). Unlike a hollow conducting rectangular wavey
guide in which TE10 is known to be the fundamental mode, Marcatili has suggested E 11
x
and E 11 to be the fundamental modes in a dielectric rectangular waveguide [19, 20].
In his analysis, however, none has been discussed on the condition when pq = 10.
WELLS has simulated the fields’ distribution in a dielectric rectangular waveguide [2].
It is shown in the results that some of the field patterns resemble closely that of the
TE10 mode, i.e., the cross-section exhibits half-wave field variation in the x-direction;

Propagation in dielectric rectangular waveguides

323

Attenuation [Np/m]

2000

1500

1000

500

0
2.5

7.5

12.5

17.5

22.5

27.5

32.5

Frequency [GHz]
y

y

Fig. 2. Attenuation of E 10 (dashed line) and E 11 (dashed-dotted-dotted line) in a dielectric rectangular
waveguide.

but almost uniform field distribution in the y-direction. WELLS’ result indicates that
mode 10 could have existed in a dielectric rectangular waveguide. However, it is not
certain if there is a switch in the fundamental mode from 10 to 11. Here, to further
analyze both modes, we have computed and compared the attenuation coefficient for
both pq = 10 and 11 modes using Marcatili’s transcendental equations. Since it is revealed in WELLS’ paper [2] that when a shield is coated at the wall of the waveguide,
y
y
E 11 changes to TE10, we have applied the equations which describe E pq in our calcuy
y
lation. As can be seen in Fig. 2, E 10 has a lower cutoff frequency fc than that of E 11 .
This is to say that, notwithstanding the material used for the wall, pq = 10 remains unchanged as the first mode to propagate in a rectangular waveguide. Indeed, such phenomenon is to be expected. Since it has been found that the first mode in a circular
dielectric waveguide remains similar to that of its hollow conducting counterpart [40],
naturally, this phenomenon should not have changed for the case of a rectangular waveguide as well.
y
Figures 3 and 4 depict the attenuation of E 10 in the dielectric rectangular waveguide. As can be clearly seen in Fig. 3, the attenuation predicted by both Marcatili’s
transcendental method and our method agrees very well with HFSS simulation result
at frequencies at the vicinity of cutoff fc. As shown in both Figs. 3 and 4, the attenuation
and the cutoff frequency fc predicted by Marcatili’s closed form equation are somewhat
lower than the simulation results. Since the closed form equation is a simplification of
its transcendental form, the significant discrepancies found using this approximate
method should be of no surprise at all and can be attributed to the assumptions made
to simplify the formulation. After close inspection on the attenuation above fc, it could
be observed from Fig. 4 that the attenuation computed using our method agrees very
well with the simulation results and is, in fact, almost indistinguishable with each other;
Marcatili’s transcendental method, on the other hand, has overestimated the attenuation exhibited in the dielectric waveguide. Hence, it is sufficient to say that although
Marcatili’s transcendental equation shows high accuracy below cutoff fc, it fails to give
accurate loss prediction for waves propagating above fc. One reason why our result is
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Fig. 3. Attenuation of E 10 below cutoff, computed using Marcatili’s closed form equations (dashed
-dotted-dotted line), Marcatili’s transcendental equations (dashed line), our method (solid line), and HFSS
simulation (dashed-dotted line).
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Fig. 4. Attenuation of E 10 above cutoff, computed using Marcatili’s closed form equations (dashed
-dotted-dotted line), Marcatili’s transcendental equations (dashed line), our method (solid line), and HFSS
simulation (dashed-dotted line).

found to be in close agreement with the simulation result is that our method has not
only considered the interaction of fields at the boundary of the width and height surfaces, but also those at the four edges of the rectangular waveguide. By including the
analysis of fields at the edges, allowing the penetration of fields at the wall of the waveguide, as well as accounting for the superposition of modes, our method actually gives
a more realistic behaviour of the propagation of fields in the dielectric rectangular
waveguide.
Despite being popularly implemented in the millimeter and submillimeter circuits,
we found that data and analysis which compare the performance of both dielectric and
metallic waveguides are surprisingly rare in the literature. Here, we investigate the attenuation in three different kinds of rectangular waveguides, i.e., a silicon waveguide,
a hollow copper waveguide and a silicon waveguide coated with a copper wall. The size
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of both silicon waveguides remains as 2.4×1.3 mm2. Since the cutoff frequency fc of
a waveguide is dependent on the constitutive properties of the dielectric medium, as
follows [41, 42]:
pπ 2
qπ 2
1
f c = -------------------------------- ------------ + ------------
 a 
 b 
2π μ d ε d

(22)

we have adjusted the size of the hollow conducting waveguide so as to give the same
cutoff frequency fc as the other two waveguides. The size of the hollow waveguide is
given as 8.28×4.49 mm2. The attenuation in the silicon waveguide is computed using
(20) and (21). The attenuations in both the hollow copper waveguide and the silicon
waveguide with the copper wall, on the other hand, are computed based on the equations in [34]. For convenience, we outline the transcendental equations for computing
the transverse wave numbers kx and ky in [34] as follows:
jω μ 0 k y tan ( k y b + φ y )
-------------------------------------------------------- +
2
2
kx + ky

μ

0
--------------------------σc
ε c – j ----------

ω

jω ε 0 k y cot ( k y b + φ y )
× ------------------------------------------------------–
2
2
kx + ky
jω μ 0 k x tan ( k x a + φ x )
-------------------------------------------------------- +
2
2
kx + ky

×

σc
ε c – j ---------ω
---------------------------μ0

μ

0
--------------------------σc
ε c – j ----------

jω ε 0 k x cot ( k x a + φ x )
× ------------------------------------------------------–
2
2
kx + ky

 k z kx 2
-
=  ------------------- k x2 + k y2 

(23a)

 k z ky 2
-
=  ------------------- k x2 + k y2 

(23b)

×

ω

σc
ε c – j ---------ω
---------------------------μ0

where εc and σc are respectively the permittivity and conductivity of the copper wall.
Like the case of the dielectric waveguide in this paper, the transverse wave numbers
are first numerically solved. The solutions are then substituted into (21) to obtain the
attenuation constant of the metallic waveguides.
Figure 5 depicts the attenuation of the dominant mode in the waveguides at frequency f below cutoff fc, while Figs. 6 and 7 illustrate the attenuation beyond cutoff.
As can be observed in Fig. 5, at f below fc, the loss in the two silicon waveguides is
comparable to each other. At f above fc, however, Figs. 6 and 7 show that the silicon
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Fig. 5. Attenuation of the dominant mode below cutoff, in a silicon rectangular waveguide (solid line),
silicon rectangular waveguide with copper wall (dashed-dotted line), and hollow copper rectangular
waveguide (dashed line).
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Fig. 6. Attenuation of the dominant mode immediately after cutoff, in a silicon rectangular waveguide
(solid line), silicon rectangular waveguide with copper wall (dashed-dotted line), and hollow copper
rectangular waveguide (dashed line).
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Fig. 7. Attenuation of the dominant mode above cutoff, in a silicon rectangular waveguide (solid line),
silicon rectangular waveguide with copper wall (dashed-dotted line), and hollow copper rectangular
waveguide (dashed line).
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waveguide surrounded with the copper wall exhibits considerably higher loss. Since
wave propagation is generally confined within the waveguides, radiation loss is practically negligible in both types of waveguides. Hence, the two main factors which contribute to the loss in a waveguide are the dielectric and conduction losses [41]. The loss
in the metallic waveguide is found to be higher mainly because, besides having dielectric
loss at the silicon core, it also experiences conduction loss at the copper wall. With
the absence of the outer conducting wall, the dielectric silicon waveguide, on the other
hand, only experiences dielectric loss. This study confirms the notion that dielectric
waveguides are generally believed to have lower loss, compared to their metallic counterparts [1–3]. It is worthwhile noting, however, that there is one exceptional case in
which the loss in a metallic waveguide could be significantly lower than dielectric
waveguides. As shown in Figs. 5 to 7, the loss in the hollow conducting copper waveguide is considerably lower than that in the dielectric silicon waveguide. This is because air has generally much lower dielectric loss than any other kind of dielectric
materials. The low loss found in hollow waveguides is also the reason why hollow conducting waveguides are widely used in radio receiver systems built particularly to detect the extremely weak extraterrestrial signals at millimeter and submillimeter
wavelengths [43–46]. However, it could also be seen here that while hollow waveguides exhibit much lower attenuation, they come at the expense of size. For waveguides which allow signals with the same cutoff frequencies to propagate, the size of
the hollow waveguide is usually larger. After close inspection on (22), we can find that
the size of the hollow waveguide is about ε r1/2
times larger than its dielectric counterd
part. It is also worthwhile noting that the fabrication cost for hollow conducting waveguides is usually higher than dielectric waveguides as well. This is partly due to the
highly conducting material which is more expensive than dielectric; and partly also,
because the process involved in the fabrication of metallic waveguides is usually more
laborious. Unlike dielectric waveguides which generally require only the technique of
lithography, etching and dielectric deposition, fabricating metallic waveguides may require the additional step of electroforming the conducting layer onto the dielectric core.
Electroforming is an electrodeposition process which involves immersing the waveguide (which is solely dielectric at this stage) into a conducting electrolyte so as to
allow metallic ions to build up at the outer layer, forming a metallic coating at the waveguide. This additional step will certainly contribute to the cost in fabricating metallic
waveguides.

4. Conclusion
A fundamental and accurate technique to compute the propagation constant of waves
in a dielectric rectangular waveguide is proposed. The formulation is based on matching the fields to the constitutive properties of the material at the boundary. At the waveguide wall the surface current density divided by the tangential electric field is matched
with the surface impedance of the wall. Doing so, we obtain two sets of equations which
describe the surface impedance at the width surface and another two sets at the height
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surface. The equations admit non-trivial solutions only when their determinants are
zero. The expansion of the determinants lead to transcendental equations, whose roots
are the allowed values for the transverse wave numbers in the x and y directions, i.e.,
kx and ky , respectively, for different modes. The wave propagation constant kz could
be found by relating kx, ky , and kz using the dispersion relation.
The attenuation curves obtained are in good agreement with those obtained from
the finite element method (FEM). An important implication of this work is that the
fundamental mode is observed to be pq = 10. It is also observed that hollow conducting
waveguides exhibit much lower attenuation than dielectric waveguides. This can be
explained by the low dielectric loss in free space, compared to other dielectric materials. Although more superior in preserving the energy of the waves, for a signal with
the same fc to propagate, the hollow waveguide is generally much larger in size compared to its dielectric counterparts.
Acknowledgements – Part of this work has been supported by the Fundamental Research Grant Scheme
FRGS funded by the Ministry of Education, Malaysia (project: FRGS/2/2013/SG02/UTAR/02/1).
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